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Abstract

In this paper we describe a recently proposed formalism for comput-
ing quantum response properties with quantum Monte Carlo (QMC) tech-
niques. It is explained how this general formalism may be used to compute
dynamic multipole polarizabilities as well as perturbational components
of intermolecular interaction energies. Illustrative calculations for the dy-
namic dipole polarizability of the helium atom and for the perturbational
components of the interaction energy of He, are presented. The practical
limitations of this new scheme are discussed.

I. Introduction

Quantum Monte Carlo (QMC) methods are powerful techniques for
solving the Schrédinger equation. They have been applied with success to
a variety of problems including quantum liquids and solids, the electron gas,
nuclear matter, quantum spin systems, and the electronic structure of small
molecules. For a review of the various aspects and applications of QMC
methods, the interested reader is referred to [1]. Although some properties
other than the energy have been considered, most of the applications of
QMC to quantum chemistry have concerned calculations of total energies
of small molecules. In this work, we present a recently proposed method to
compute response properties of atomic and molecular systems with QMC.2
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Unlike ordinary expectation values involving only one state, response prop-
erties formally involve all the excited states of the system and for that. .
reason are known to be quite difficult to evaluate. The method we present
is based on-a new formulation of the Rayleigh-Schrodinger perturbation the-
ory suitable for quantum Monte Carlo simulations. In this formalism the - -
n-th order Rayleigh-Schrodinger perturbation term is expréssed in closed
form in terms of stochastic correlation functions of the perturbing operator.
These correlation functions may be easily evaluated along stochastic tra-
jectories generated by using standard Langevin techniques. This approach
is quite general and may be applied to various problems involving response
properties of quantum systems. The basic theoretical ideas of the method
are presented in Sec. II. For a more detailed presentation the reader is
referred to [2]. In Sec. III we discuss the application of this formalism to
the calculation of dynamic multipole polarizabilities. An illustrative cal-
culation for the dynamic dipole polarizability of the He atom is presented.
Our results are in excellent agreement with the accurate results of Glover
and Weinhold.® Section IV describes how to compute the perturbational
components of intermolecular interaction energies. Some illustrative calcu-
lations for the dimer He; are presented. Finally, the practical limitations
of the approach are discussed in Sec. V.

II. Expressing the n-th RS perturbational component in terms
of stochastic correlation functions

Consider a system described by its Hamiltonian H. A first step consists
in constructing a diffusion process from the ground-state wave function,
¢o, of H. This construction, which has been presented in detail in Refs. 4
and 5, is in fact present explicitly or implicitly in any Monte Carlo scheme
based on importance sampling. A possible way of characterizing a diffusion
process is to exhibit its Langevin equation. In the present case, we have

dR(t) = b(R(t))dt + dW (t) (1)

where ﬁ(t) is a compact notation for representing a point (at time t) in
the 3N-dimensional configuration space, that is R = (7}, ...,7x), where N is
the number of particles of the system; W represents the multi-dimensional
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Wiener process and I_;, the drift vector, is the only quantity depending on
the ground-state wave function ¢o:

b= Vio/do. (2) |

By employing a discretized version of the Langevin equa.tlon, stochastic
trajectories correspondlng to the diffusion process may be easily constructed
numerically by using a step-wise procedure. -

A basic quantity in the theory of Markovian diffusion processes is the
transition probability density which determines the dynamics of such pro-
cesses. It is possible to show (see Refs. 2,4 and 5) that in the present case
this quantity is closely related to the (imaginary) time-dependent Green’s
function of the quantum problem. More precmely, we have

o 8,0) = LB 5~ g () () e 1mi= 5 3)
¢o(R) 5
where ¢; are the exgenfunctlons of H with the correspondmg energies E;. It
should be noticed that the stationary density, p(R) of the diffusion process
(obtained by letting t go to infinity in the preceding formula) is nothing
but the usual quantum-mechanical probability density associated with the
ground-state wave function

P(Ii) = ¢02- (4)

Since any stochastic average may be expressed in terms of the transition
probability density and any quantum property in terms of the eigensolutions
of H, expression (3) may be used to connect both types of average. Let us
illustrate this idea on a specific example. In the following we are interested
in computing n-time autocorrelation functions of a local potential V. Such
correlation functions are expressed in terms of the stationary and transition
probability densities as follows:

V(R(0))..V (R(ux-1)) >=

/dﬁo...dﬁk..lV(ft’o)p(l—io‘) ,i:[lp(ﬁ.'—l — Byui—uia)V(R),  (5)

=1

]
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with up = 0. Here, < ... > denotes the average with respe‘c{; to stochastic
trajectories. By using Egs. (3) and (4) these correlation functions may be
given in terms of the eigensolutions of H and, after integrating out the time
dependency, may be finally expressed as perturbational quantities. For the
simple case of the second-order Rayleigh-Schrédinger perturbational term,

- we have .
aEf)=-[ < (V= <V S)BO) V=<V S)EE) > (6)

Indeed, by resorting to the basic definition of stochastic averages in terms
of probabilities, Eq. (5), by using expressions (3) and (4) for the probability
densities, and finally performing the trivial time-integral, we find

o |V |¢:>]

<¢

1#£0

(7

which is nothing but the usual expression for the second-order term. It
has been shown that similar expressions may be obtained for higher-order
perturbational terms. The general formula is written

n n too Un—1 ug
AES) = (~1) +1/0 du,,_lfo du,,_, fo du,

<V(R(O)V(B(w1))-V (B(un-1)) >0 - (8)

The derivation of this formula is given in Ref. 2. Here, the notation
< .... >¢ refers to the usual cumulant averages given by some well defined
linear combination of products of same and lower order moments.

At this point this scheme might appear rather formal since the ground-
state wave function of H (whose expression is needed to construct the drift
vector (2)) is generally not known. In fact, it is possible to avoid this
problem by introducing a new diffusion process defined from a known trial
wave function ¢r instead of the exact one. In order to compute the same
correlation functions, it is possible to show that one just has to introduce a
suitable weight factor in the preceding averages. For example, the n-time
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correlation functions are expressed as ‘
< V(R(0))...V(R(ur-1)) >=

= = [ (L (R(e))dn
< V(E(O) Y (Rumr))e S >4 o)

t/2 =
< e [ EEde

t—+o00
-

~

with 0 < u; < ... < ug_1, and where averages in the right-hand side of
the equation are defined with respect to the trajectories of the diffusion
process built from the trial wave function 7. In fact, formula (9) is noth-
ing but a generalization of the well-known Feynman-Kac formula.*® The
quantity Ep appearing in the weight (Feynman-Kac) factor is defined as
Hr /U7 and is usually referred to as the local energy. '

The main steps of this approach for practical computations of AEgg
may be summarized as follows: ‘

(1) Use formula (8) to express AE}Q in terms of some suitable combina-
tion of time-correlation functions of the perturbing potential with respect
to the diffusion process constructed from ¢o.

(2) Resort to formula (9) to express stochastic averages defined over the
diffusion process built from the generally unknown exact wave function in
terms of stochastic averages defined over the diffusion process built from a
trial wave function 7.

(3) Calculate stochastic averages from stochastic trajectories generated
by using a discretized version of the Langevin equation (1) (the drift vector
being constructed from #r).

It should be emphasized that this approach has some important advan-
tages with respect to commonly employed ab initio methods:

(1) No basis set expansions are used. Accordingly, well-known difficul-
ties associated with basis set calculations are avoided.

(2) Infinite summations appearing in the usual formulation of perturba-
tional components are not performed. Consequently, good representations
of the infinite (continuous) set of excited wave functions and calculations
of transition matrix elements of the perturbing operator between all inter-
mediate states are not needed. Actually, the resolvent of the unperturbed
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Hamiltonian (responsible for the occurence of infinite sets of: intermedi-
ate wave functions in the usual formalism) is implicitly taken into account
through the transition probability density of the diffusion process (Eq. (3)).
In practice, the transition probability density may be easily simulated (us-
ing the Langevin equation (1)) by employing only an approximate form for
the ground-state wave function of the problem. - : P

(3) Quantities difficult to evaluate within ab initio frameworks, such .
as electron-electron correlation contributions or high-order perturbational
terms (third-order for example) are in principle easy to evaluate.

However, there also exists a number of problems which make this scheme
rather difficult to apply to realistic molecular systems at the present time.
The most challenging difficulty is certainly to apply the Fermi statistics in
an efficient way. The discussion of this very important issue is postponed
to Sect. V. Let us first present the application of this formalism to the
computation of dynamic polarizabilities and perturbational components of

intermolecular interaction energies.
III. Computing dynamic multipole polarizabilities

Although it is possible to derive formulas for computing general re-
sponse properties such as dynamic hyperpolarizabilities or field-gradient
polarizabilities we shall restrict ourselves to the problem of evaluating dy-
namic multipole polarizabilities. Dynamic multipole polarizabilities of a
N-electron system at frequency w are

a(w) = of (w) + o (w) (10)
. < o | Q| i >*
N <@ || i >

a{c(“’)‘N,.;o Ei—Fotw (11)

where Q; stands for the multipole operator r' Pi(cos §). Now, by using the
same arguments as above in the derivation of Eq. (7) it is easy to see
that o (w) is essentially given by the Laplace-transform of the centered

two-time autocorrelation function of Q;, namely

+o0 _
of () = =N [ dre " Coi0,(7) (12)
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with
Caai(r) =< (@i— < @ >)(B(0))(@i— < @ >)(B(r)) >.  (13)

By employing formula (9), this correlation function may be exactly com-
puted from the stochastic trajectories of the diffusion process built from an
approximate trial wave function. It is important to realize that by using -
the basic definition of stochastic averages in terms of probability densities
(Eq. (5)) and by resorting to expressions (3) and (4) for these densities,
the following form for Cg,q,(7) is obtained

Cq.q,(r) = Z 1< ¢0 | (Qi= < Qi >) | ¢ >["e (B~ Fo), (14)

Accordingly, it is seen that this correlation function is written as an infi-
nite sum of real exponentials with true excitations energies of the unper-
turbed system as exponents, and squared centered transition moments as
amplitudes. Due to this form, it is natural to fit the calculated correla-
tion function by a function expressed as a sum of a finite number of real

exponentials, namely
N
CQ:Q!(’) = Zcie_hf‘ (15)
=1

Having an analytical expression of the autocorrelation function, ey(w) is
readily obtained from Egs. (10)-(12) and (15), one obtains

N ZNA,'C,'

a(w) = 'Z:; o (16)
We have applied this scheme to compute the dynamic dipole (I=1) polar-
izability of the helium atom. We found out that a three real exponentials
description was sufficient to correctly describe our data (that is, the auto-
correlation function (13) evaluated at different times). Results which are
presented in Table I are in excellent agreement with the almost exact re-
sults of Glover and Weinhold based on rigorous upper and lower bounds

for o=y (w) 32



Table I. Dynamic dipole polarizability for the ground-state of He.
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" Exact” results are taken from Ref. 3. Statistical errors are indicated

in parentheses. All quantities in atomic units.

f Frequency w This work ?Exact” 4]
0.00 1.39(2) | 17383
0.05 1.39(2) 71.387
0.10 1.40(2) 1.399
0.15 1.42(2) 1.419
0.20 1.45(2) 1.449
0.25 1.49(2) 1.489
0.30 1.54(2) 1.541
0.35 1.61(2) 1.610
0.40 1.69(3) 1.698
0.45 1.81(3) 1.815-

In order to illustrate the great flexibility of this approach, it is interesting
to present the calculation of the standard cg van der Waals coefficient given

by

3 oo
== I oun (1w) [*di
Co - /; | og=1(tw) |"dw

(17)

It is remarkable that in this approach no additional calculations are needed
in order to evaluate this quantity. The only thing to do is to insert expres-
sion (16) for ay(w) into (17) and to perform exactly the integration. When
this is done we obtain ¢s = 1.46(2) in excellent agreement with the result

of 1.46 quoted in Ref. 6.

IV. Computing perturbational components of the intermolecular

interaction energy

Computation of intermolecular interactions is another application of

the general formalism presented in Sec. II. The unperturbed Hamiltonian
is now given by the sum of the Hamiltonian of the noninteracting monomers
1]
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and the perturbing operator is nothing but the usual intermolecular inter-
action potential. Expressions of Sec. II may be readily used after replac-
ing the eigensolutions of the unperturbed Hamiltonian by the eigenfunc-
tions of the noninteracting system, ¢#¢?, with the corresponding energies
Ef+E?, where #M and EM (M=A,B) denote the eigensolutions of the iso-

lated monomers (for simplicity we consider only two interacting monomers

A and B). It should be remarked that the diffusion process contructed from
the ground-state wave function ¢4 ¢f in fact decomposes into two indepen-
dent sub-processes corresponding to both noninteracting monomers. This is
particularly interesting since it enables one to use a common set of stochas-
tic trajectories for computing perturbational components corresponding to
different relative orientation of the monomers.

The only new aspect involved is the problem of calculating exchange
contributions responsible for the repulsion at short distances. An approxi-
mate expression for the first-order exchange interaction energy (by far the
leading component) has been presented in Ref. 2. This formula enables
one to introduce most of the intramonomer electron-electron correlation
contribution. However, we shall not enter here in the quite involved details
of this formulation; for that the reader is referred to [2].

This formalism has been applied to the calculation of the first- and
second-order perturbational components of the interaction energy of two
helium atoms at very short distances. Results taken from Ref. 2 are pre-
sented in Tables II and III. Table II presents results obtained by using dif-
ferent wave functions for the monomers, namely the Hartree-Fock solution,
a highly-correlated wave function (giving 87% of the correlation energy)
and the exact wave function through the application of formula (9). Re-
sults show that intra-atomic correlation contribution to the first-order RS
interaction energy is certainly very small at these very short distances. Ta-
ble III presents the result obtained for the second-order RS contribution at
the interatomic distance of 2 a.u.. This result is compared with an ab initio
SCF perturbational calculation of the same quantity (method presented in
Refs. 7 and 8). It is seen that the intra-atomic correlation contribution to
this quantity is in fact important since it accounts for about 20 % of the

exact value.
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Table II. First-order RS interaction energy for the helium dimer
calculated with different wave functions. Statistical errors indicated
" in parentheses. All quantities in atomic units.

R HF w.f. Corr. w.f. Exact wf. |
1.5 ~0.0805(4) -0.0818(4) _ -0.080(4) .
1.6 -0.0686(4) -0.0693(4) -0.068(3)
1.7 -0.0575(5) -0.0578(3) -0.057(3)
1.8 -0.0477(4) -0.0476(4) -0.048(3)
1.9 -0.0390(3) -0.0388(2) -0.039(2)
2.0 -0.0318(2) -0.0314(2) -0.032(2)

Table III. Second-order RS interaction energy for the helium
dimer. Statistical errors indicated in parentheses. All quan-

tities in atomic units.
R AEZL(QMC) AEGNSCF) |
2.0 -0.0375(11) -0.030 ]

V. Present limitations

At first glance, it might appear that the method presented here has
little limitations and, consequently, should be the method of choice for
computing response properties. In fact, this is not yet true. We shall give
two major reasons for that.

i) Our first reason takes its origin in the difficulties encountered by
quantum Monte Carlo approaches for treating the electronic structure of
atoms or molecules. Indeed, it is known that a serious increase of statistical
fluctuations with the number of electrons treated is observed for atoms and
molecules (see, e.g., discussion in Ref. 9). In the present method, this
means that an increase of statistical fluctuations on intramonomer local
energies should be expected when treating systems of increasing size. In
practice, calculating systems having up to a dozen of electrons is considered
as a reasonable limit at the present time.
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ii) There is in fact a much more serious problem which makes this orig-
inal formalism still more difficult to apply to systems having more than
2 electrons. This problem results from the necessity of introducing Fermi
statistics for monomers in an appropriate way. In Ref. 2 it has been ex-
plained that, in contrast with QMC approaches designed t:of computing or-

dinary quantum averages (such as the total energy, the dipole nroment, etc

...), correlation functions involving operators evaluated at different times -
cannot be computed with the usual stable fixed-node approach. This means
that formulas presented in Sec. II, where the ground-state wave function
was supposed to have the correct fermionic antisymmetry properties, can-
not be directly applied as given. The basic reason is that nodal hypersur-
faces of the trial wave function play the role of infinitely repulsive barriers
for the stochastic trajectories (the drift vector (2) diverges at nodes). As a
consequence, eigenfunctions of H appearing in Eq. (3) are not the correct
ones but instead some new eigensolutions vanishing wherever the ground-
state wave function vanishes. Accordingly, response properties sensitive to
all excited states are biased. It is important to realize that the resulting
bias may be quite important and that it would exist even if exact nodes for
the trial wave function were used. In fact, there exists a natural solution
to this problem within the framework of QMC approaches. It consists in
using a bosonic-type trial wave function and making use of fermionic-type
projection functions in the averages to restore the Fermi statistics (nodal-
release type of approaches; see, e.g., Refs. 5,10-12). Let us denote as f
and g two such projections functions, the exact non-biased autocorrelation
function of the perturbing operator is then written

< V(E(0))..V(R(uir_)) >=

(0))...V (R(us lng(iz‘(t/z» LR

L < J(R(-t/2)V
2 (EL(R(s))ds

(B
e < F(B(~t/2))g(R(t/2))e I

>yr

(18)

However, the main difficulty in applying this scheme is that it is known
to be very unstable from a numerical point of view. The reason is that
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for large times t positive and negative contributions of Eq. (18) (corre-
sponding to bosonic-type contributions) nearly cancel and the resulting
fermion contribution becomes rapidly exponentially smaller than the sta-
tistical fluctuations. This well-known problem is generally referred to as
the "sign problem”. Very recently, Caffarel et al. have,proposed a new ap-
proach to extract more information from QMC correlation flinctions.!® Tn
this approach a Lanczos-type algorithm is used to increase The rate of con-
vergence of the long-time limit involved in Eq. (18), thus avoiding the use
of large times associated with large statistical fluctuations. The possibility
of applying such a scheme to compute nodal-release correlation functions
is presently examined. ‘

One of us (M.C.) would like to thank the CNRS, the NATO and the
Department of Physics at Urbana-Champaign for their financial support
during his visit at the University of Illinois. We thank the Groupement
scientifique ”Modélisation Moléculaire” IBM-CNRS for providing us with
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