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ABSTRACT. This paper discusses different ways of expressing quantum
properties as stochastic averages. It is explained how such a formal ma-
thematical connection between guantum mechanics and stochastic processes
may be used to compute quantum observables (Monte Carlo simulation). The
problems in applying stochastic methods to fermion systems are discussed
and a few illustrative results for atoms and molecules are presented.

1. INTRODUCTION

In the present paper we are concerned with the treatment of the non-
relativistic Schrodinger equation using stochastic (or Monte Carlo)
methods. The possibility of solving the Schrodinger equation using such
techniques may be easily understood when noticing the similarity between
the time-dependent Schrddinger equation in imaginary time and a genera-
lized diffusion equation. Most of the Monte Carlo methods developed so
far rest on this remark and then make use of a diffusion-like stochastic
process in configuration space. However, stochastic methods are more
general and, as an example, stochastic processes such as Poisson proces-
ses may be used (see below). The main object of this paper is to emphasi-
ze on the possibility of expressing quantum properties as stochastic
averages. A key point is that the underlying stochastic process from
which averages are taken may be chosen in many different ways. To illus-
trate this idea we present a number of methods based on various stochas-
tic processes. The methods presented here are the so-called variational,
diffusion and pure diffusion Monte Carlo methods and a method based on
the use of a generalized Poisson process. Other approaches have been
developed (1-6) but there will not be discussed here for reasons of spa-
ce. An important example is the so-called Green's function Monte Carlo
method (1-4) which has Ted to some important results. Once the mathema- .
tical connection between quantum and stochastic mean values has been
performed, the numerical evaluation of the stochastic averages may be
achieved by using standard statistical tools. An important point associa-
ted with the practical implementation of a Monte Carlo method is that
the efficiency of calculations (i.e. the accuracy obtained from a given
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amount of computer time) is strongly dependent on the stochastic process
used and on the property evaluated. To be able to exhibit a Targe number
of different stochastic processes for evaluating a given quantum proper-
ty is therefore important. In this paper the attention is mainly focused
on the theoretical part of stochastic methods; the main features of the
practical implementation are only outlined, for a detailed presentation
the reader is referred to the original works. A few illustrative results
for atoms and molecules are presented. The problems relatéd to the exten-
sion of such results to more complex systems are not discussed here (for
such a discussion see e.g. Refs. 7,8). Finally, in section 3 the problem
of imposing the constraints resulting from the Pauli principle for fer-
mion systems is discussed in the framework of Monte Carlo methods.

2. METHODS

Here we are concerned with quantum systems which can be described
by a Hamiltonian written in the form

H=--;-v*2. + V() (1)

where X refers to the 3N particle coordinates. Atomic units are used
throughout the paper. '

2.1. Variational Monte Carlo method

The purpose of the method presented here is to evaluate the total
energy associated with a given trial wave function ¥ by using a stochas-
tic procedure. This procedure represents an alternative approach to the
standard method based on the expansion of ¢ in terms of products of sim-
ple one-particle functions (gaussian in general) suitable for an easy
evaluation of the many-electron integrals. Unfortunately, such an ap-
proach prevents using sophisticated forms for ¢ . In contrast, in the
variational Monte Carlo method no expansion is performed and a rather
arbitrary form for y may be used without practical difficulties. In par-
ticular, it is possible to employ high-quality trial wave functions
which explicitly contain the interelectron coordinates rjj to properly
describe the electron-electron interaction. The method presented here
seems to have been first applied by McMillan (9) for boson systems and
by Ceperley et al. (10) for fermion systems.

The variational energy is defined as

S VHY dX '
= (2)
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and may be rewritten as follows
E(v) = fEL(i)p(i) dx

where the so-called Tocal energy E_ (depending on ;) {s written

-
Hp
EL(X) = — (4)
¥
and p(;) is a positive function given by
2
> )
X) = —s—r 5
p() = (5)

It should be noted here that only real-valued trial wave functions are
used in this paper since H (Eq. (1)) is real.

Now, the method consists in finding a stochastic process admitting
p(X) as stationary density. Such a process is by no means unique, two
examples are then presented in the following. Once the process has been
determined, the energy mean value may be rewritten as

E(vw) = < E > ) (6)

where < ... > stands for the expectation with respect to the stationary
density of the process.

This is a first (trivial) example of a quantum property (the energy
mean value) expressed as a stochastic average. As concerns the stochastic’
process, a first possibility is to use the Markov chain in configuration
space resulting from the famous algorithm of Metropolis, Rosenbluth, Ro-,
senbluth, Teller, and Teller (11). An essential property of this algo-

"rithm based on an acceptation/rejection procedure is that the only quan-

tity needed in the simulation is the ratio p(X)/p(X') (where %X and X'
are two arbitrary points in configuration space), a quantity which is

.independent of the unknown normalization term. For a presentation of this

algorithm widely used in many fields of physics, the reader is referred
to Refs. (11,12). A second possibility consists in defining a continuous
diffusion process in configuration space. Diffusion processes are charac-
terized by the set of their n-time probability densities which obey the
following general Fokker-Planck equation: (13)

(7)
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where L, the Fokker-Planck operator, is given by

52

> 3 >
= (D33(x).) - = —(by(x).) . - (8)
i,] BXiSXj j 3X1_- )

-

bj is the so-called drift vector and Djj the so-called diffusion matrix.
The stationary density D(x) of the process is defined by

]
LA (9.a)

or, equivalently

Lp = 0 (9.b)

Now, choosing

Dij = X S (10)
A
J > ij

the drift vector corresponding to the stationary density p is easily ob-
tained, we find

1 3p/3x; ‘

According to Egs. (9=11), it is then always possible to construct a dif-
fusion process admitting a given arbitrary positive function as statio-
nary density. Now, the problem of evaluating the stochastic average gi-
ven by Eq. (6) arises. For that, the energy mean value is rewritten as

G (12)

IIP]Z

E(v) = 1
I”‘N

where N is large enough, the equality being valid only as N goes to in-
finity. {%(1)} denotes a set of N points distributed according to p(X).

Such a set may be obtained by taking N points on any sample trajectory

(random walk) of the diffusion process. Sample trajectories are genera-
ted by using the Langevin equation associated with the process. This

equation is written (13)
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dX (£) = B(X(t)) dt + dW(t) (13)

+
where W is the multidimensional Wiener process and b is the drift vector
given by Eq. (11). A discretized form suitable for computer simulation

is ‘ : :
. -

K(t+at) = X(t) +b (K(t)) at + ry at? (14)

where the ;;' denote successive samples of a multidimensional Gaussian
random vector whose components verify <ni> = 0 and <rmjn3i> = 845 .

The integration of the Langevin equation (Eq. (13)) using the discretized
form (Eq. (14)) Teads to the so-called "short-time approximation" resul-
ting from the use of a finite time step At instead of an infinitesimal
one as required by the continuous form (Eq. (13)). Thus the estimator of
the energy is only exact as the time step used in the simulation goes to
zero. In contrast, no bias is introduced when using the Metropolis algo-
rithm since it is based on a discrete Markov chain instead of a conti-
nuous diffusion process.

We present in Table I some applications of the variational Monte
Carlo method for atoms and molecules. The results presented here are
issued from a work of Moskowitz and Kalos. (12) The trial wave func-
tions used in these calculations are of the form

(15)

»(X) = det D® det DB exp( = Ujj )
i>j

where det D® and det DB denote determinants of one-electron space orbi-
tals for electrons of o and g spin, respectively, and the Ui' denote

two-particle functions. The product of space-determinants is introduced
in order to take account of the ant1symmetry required by the Pauli pr1n-

ciple. This particular form is presented in section 3.
<

Total ground-state energies obtained with the variational Monte
(12) Energies are in a.u. Statistical uncertainties are
References for the quoted values may be found

Table I.
Carlo method.

in Ref. 12.

He Ho Lip
E(Monte Carlo) -2.9024(5) -1.1568(5) -14.932(3)
E(Hartree-Fock 1imit) -2.86168 -1.13363 -14.8719
E(exact) -2.90372 -1.1746 -14.9967
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2.2 Diffusion Monte Carlo method
: S

The so-called Diffusion Monte Carlo (DMC) method has been designed t
for removing the variational approximation inherent to the method pre-
sented above. This is accomplished by defining a generalized diffusion
process admitting the following stationary -density o .

Vo
p(X) = —4— (16) 2
S lDdJO dx
where ¢g stands for the exact unknown wave function, instead of ?
p(f) =2 /s »2 dx as used previously. This latter distribution was ob- f
tained as stationary density of the diffusion process corresponding to ;‘
the following Fokker-Planck operator: Re
ri
1 tr
L=2>2-9(b.) (17.a) Tt
2 th
sL
with : ap
: th
> 13 2

b = - vlog ¥ (17.b)
2 Ta
C
Now, a "generalized" Fokker-Planck operator is constructed by adding a 12
multiplicative scalar operator to L. We write in

L¥ = L - (EL(X) - ET) (18)
E(M

where EL(;) is the local energy defined by Eg. (4) and Et a trial energy.
After simple algebra,itis easy to be convinced that the stationary density
of this new process, defined by L*p = 0, is p(X) given by Eq. (16) if ET (
is chosen to be the exact unknown energy Eg. E(

. e

The new term added to the usual Fokker-Planck operator describes a —
branching process. Indeed, if this term were present alone in L*, the
resulting equation of evolution would be

2.3
oW
e = - (EL(X) - ET) W (19)
. inty
met.

that is, a rate equation. In practice, the branching process i; thus'si-
mulated by creating a number of replicas of each point in configuration of 1
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space according to the magnitude of the local energy. When kT is adjus-
ted to be the true ground-state energy, Egp, we have

<EL-Eg>=0 | (20)

- IR,

and thus the number of points is stabilized. e

~ Finally, the numerical simulation consists in deplacing a finite set
of points through configuration space using the Langevin equation(Eq.(14))
for the pure diffusion part of L* and branching according to Eq. (19)
for the scalar part. The stabilization of the total number of points
leads to an estimator of the exact energy, Eg, according to Eq. (20).
A detailed presentation of the method may be found in the basic paper of
Reynolds et al. (14) (See also Anderson (15)). A few illustrative nume-
rical results for atoms and molecules are displayed in Table II. The
trial wave functions used in these calculations are of the form (15).
The difference between the Monte Carlo results presented in Table II and
the exact results is due to the so-called fixed-node approximation re-
sulting from the use of trial wave functions with non-exact nodes. This
approximation which is quite good is discussed in section 3 devoted to
the many-fermion problem.

Table II. Total ground-state energies obtained with the diffusion Monte
Carlo method. (14) Energies are in a.u. Statistical uncertainties are
indicated in parentheses. References for the quoted values may be found
in Ref. 14.

Ho LiH Lip H20
E(Monte Carlo) -1.174(1) -8.067(2) -14.990(2) -76.377(7)
E(Hartree-Fock) -1.1336 -7.987 -14.872 -76.0675
<
E(exact) -1.17447 -8.0699 -14.9967 ~-76.4376

2.3. Pure diffusion Monte Carlo method

) The method presented here is based on the pure diffusion process
introduced above (Egs. (17)). In contrast to the Diffusion Monte Carlo
method, no branching is involved.

In the present approach it is convenient to rewrite the Hamiltonian
of the system in the form
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H = H(O) + Vp : (21) re
-t

where H(0) and V, are called "reference Hamiltonian" and "perturbing po- Re

tential", respecgively. The reference Hamiltonian 1seconstructed from

the trial wave function v as follows
.

1 v 2
wo) - - tg2 1YY (22)
2 2 v wh
ge
Stated differently, H(0) is the Hamiltonian of the form (1) verifying
H(0) y = 0 (23)
From Eqs. (21) and (22) we derive easily the expression of the pertur-
bing potential in terms of the trial wave function. One obtains vIn
1 %Zlb
Vg =V - = —— (24)
p 2 ¥
or, equivalent]
d y bet
' sic
]
Vp = — ~ (25)
v
Thus V, coincides with the local energy introduced above (Egq. (4)).
The time-dependent Green's function (in imaginary time) is defined
as
G(%.7:t) = <%l My (26)  The
[} ren
. . . def
For our purpose, let us define a 1ittle more general quantity ton
wine

1f.a(t) = <fo le o> (27)

where f and g are two arbitrary functions of X. By choosing f and g res-
pectively as §3/v and &y/v (where & is the Dirac's &-function) the usual Frq

Green's function (Eq.(2¥)) is recovered.

Now, it is shown how the generalized Green's function defined by
Eq. (27) can be expressed as a stochastic average with respect to the

|™
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reference diffusion process. We only give here the essential steps of
the derivation. For the complete derivation the reader is referred to
Ref. 16. A first basic ingredient consists in using the Trotter formula:

(eA/neB/n)" (23?

-

where A and B denote two arbitrary operators {(which do not commute in

general). Thus 1f.9(t) may be expressed as

f : -atH(0) —atyy n

IT.9(t) = 1im < fy | (e e Py |gu> (29)

n->+oo
with At = t/n
_)

Introducing the spectral resolution of operator X, namely

1= [ d¥ DR (30)

between each operator involved in the matrix element of the right hand
side of Eq. (29), we obtain after some manipulations

n >
n . . '
1f.9(t) = lim f'nod;i FEg)a(ty) e 0t B Vp (i)
i=

N>+

n=1 . _en(0)
x Lo h)vin) T ile™ ™ i3 (31)
1:

The key idea of the present approach is to interpret the quantity in pa-
rentheses as the (n+l)-time probability density of the diffusion process.
defined by Egs. (17). For that, we first remark that the reference Hamil-
tonian H(0) is connected to the Fokker-Planck operator L by the follo-
wing similarity transformation

1
L= - U] H(O) -_ . (32)
)
From Eq. (32) it follows
AtH(0 X
Xle atH( )|§> ) Gletth (33)

»(¥)
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In the latter formula <§|éAtL[§> is the time-dependent Green's function
of the Fokker-Planck equation associated with L , i.e., the transition
probability density of the diffusion process. We thus write

p(317.4t) = <Yl F|> I (34)

-

Note that in this notation X is the conditioning var{ab1e. Using Eqgs (33)
and (34) we then obtain

n-1 r+1(0) n-1 v
¥ (Xg)w(Xp); 0<71|e BT e = wz(;o)_l’l(’.] p(X;]Xj41.4t) (35) ¢
'l: 1: -i
t
Now, by invoking the fundamental property for stationary Markovian pro- n
cesses , namely é
e
-> -> > n-l > -> ¢
Pn(X1.t15.--5%Xn,tn) = p1(x7); 1r>(x1']x1'+1,t1+1-t1) (36) E
‘I:
where p, is the n-time probability density of the diffusion process,
Eg. (35) may be rewritten as I
n-1 - (0) )
W(R0)w(Kn). 0<§,-|e MR i1 = ppa1 (%0401 .. i %p.nat=t) (37)
‘|'_"
Finally, expression (31) for 1T.9(t) is written
F
n > tt
11.9(¢) = Tin_ [ f(Xo)a(in) &™*F zZ Vplxi) N
n—->+co : ’ Tc
n ti
X pn+1(3<>0,0;3?1,At;...;i’n,t)'rlodii (38)
'|=
‘ To
The right hand side of Eq. (38) may be interpreted as the expectation
value of the functional f(X(0))g(X(t))exn(-sVy(X(s))ds) over the trajec-
tories (or sample paths) of the reference diffusion process. It is of
interest to note that, in contrast to other methods, not only the $ta-
tionary density of the diffusion process is used, but also its dynamics
through the transition probability density. In order to illustrate the
basic idea of the paper the quantum matrix element is written in the Fi
form of the following stochastic average

<¢ .

1f.9() = < F(X(0))g(K(1)) exn(= s Vp(X(s))ds) > (39) <
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where < ... > stands for the expectation value with respect'to the diffu-
sion process.

Another point of view is to consider Egq. (38) as defining a func-
tional integral. (17,18) We thus write

> > ot s - " O
ifaa(e) = [ FOO0)g(K(E)) exp(- 1 Vp(K(shds) 0¥X (40)

Q(0,t)

where D¥X denotes the diffusion functional measure associated with the
diffusion process and Q(0,t) the set of continuous trajectories defined -
in (0,t). In fact, the basic formula above (Eq. (40)) is a generaliza-
tion of the well-known Feynman-Kac formula (17,18). This latter formula
may be recovered by choosing the constant as function y-and é3/¢ and
§+/% as functions f and g, respectively. Now, it is possible fo further
eXtend the generalized Feynman-Kac (GFK) formula (Eg..(40)) into a so-
called full generalized Feynman-Kac (FGFK) formula by inserting local
operators Ai(?) at different times into the evolution operator e~
Essentially, the derivation is identical (see Ref. 16) and we obtain

119 (it tg) <f¢!e—tlHAle-(t2_t1)HAz...Aqe_(t-tq)ngw>
A1...Aq ]
-> > > > t N

From the general quantum matrix element involved in the latter formula,
the desired quantum observables may be extracted. (16) Let us present
some examples. In the following formulas the subscript ig refers to the
Towest eigenstate of H (denoted as ¢10) with non-zero overlap with func-
tions fy and gy.

Total energy:

1 > > t >
E. = 1lim - — Log < f(X(O))g(X(t))exp(-fovp(X(s))ds) > (42)

10 toteo t ¢

First order mean values:

< FORODAGK(E))9(R(8)) exp(-rglp(i(s))ds) >
= 11m

> > t., ,> (43)
trbo < F(X(0))g(X(t)) exp(-sgVp(X(s))ds) >

<oigloig>
vt; €10,tL
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Second order mean values:
CaB(t) = Z <oig|AloK><o|Blo1g> e " (EkEig)

FOK(0))ACK(£1))B(X(£1+) ) g (X(£) ) exp (- ST (K(s) ) dspr ()

= 1im = = >
tote < F(X(0))g(X(t))exp(-s Vo (X(s))ds) >
4 ¥t € D,t[

From Cpg(t) it is possible to show that response properties such as sta-
tic or dynamic polarizabilities may be derived. (16)

In principle, the numerical evaluation of the stochastic averages
would require to sum over the unlimited number of stochastic trajecto-
ries in configuration space defined in (0,t). In practice, it is possi-
ble to escape from this difficulty by using the ergodic character of the
reference diffusion process. This latter property holds only if the sta-
tionary density of the process is integrable. (16,19) In the present
case it requires that the trial wave function is square-integrable, a
condition which is easily fulfilled. Thus, by using the ergodic property
the ensemble-averages (over the complete set of trajectories) may be ex-
pressed as time-averages along any single sample trajectory (or any fi-
nite number of sample trajectories) of the process

t >
< f(X(O))Al(X(tl) Aq(X(tq))g(X(t)) eXD(-fo Vp(X(s))ds) >

= lim —-f FX(0) (1)) A KO (tg41)). . AG(X (O (tge)) g(X(O)(tr))
T—)+oo

t+r >
x exp(- IT Vp(X(0)(s))ds) dr (45)

L}

where X(O)(s) denotes an arbitrary trajectory of the diffusion process.
Such a trajectory may be obtained by using the Langevin equation (Egs.
(13) and (14)) as explained in subsection 2.1.

)

Finally, the main ideas of the present quantum Monte Carlo method
can be summarized as follows
1. Express the desired quantum observables in terms of stochastic avera-

ges by using the FGFK formula.

2. Invoke the ergodic property to convert the ensemble-averages into
time-averages along any sample path of the diffusion process.

3. Use the discretized Langevin equation for constructing step by step

an arbitrary sample path.
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We present in Tables III and IV some results (20) for %ﬁa11 systems.

Table III. Total ground-state energies obtained with the pure diffusion
Monte Carlo method. (20) Energies are in a.u. Statistical uncertainties
are indicated .in parentheses. References for the quoted values may be

found in Ref. 20. -
He Bett Ha
E(Monte Carlo) -2.9038(10) -13.655(11) -1.175(1.7) .
E(Hartree-Fock) -2.8617 -13.6113 -1.1336
E(exact) -2.90372 -13.6556 -1.1745

Table IV. Ground-state properties for Hp molecule obtained with the
pure diffusion Monte Carlo method. (20) A1l quantities are in a.u. and
statistical uncertainties are indicated in parentheses. References for
the quoted values may be found in Ref. 20.

‘Ry-y = 1.4 Ry-y = 4

Monte Carlo Exact Monte Carlo Exact
Eo -1.175(1.7) -1.1745 -1.0167(7) -1.01637
<rip~> 0.587(2.6) 0.5874 0.263(1.5) 0.2630
<rip> 2.169(9) 2.1690 4.33(1.5) 4.327
<ri22s 5.63(4.5) 5.632 20.6(1.3) 20.569
<rp> 1.550(6) 1.5499 2.86(1.3) 2.863
<rp=l> 0.908(4) 0.9128 0.610(3.5) 0.6136
<rpd> 3.04(2) 3.036 10.79(8.5) 10.815
<rarp> 2.71(2) 2.704 6.68(2.3) 6.663
<riar2a> 2.33(1.5) 2.321 6.57(3) 6.551
<riarzg> 2.39(1.5) 2.385 9.82(3) 9.806
<z1zp> -0.156(5.5) -0.1596 -3.39(6) -3.392
<X1X2> -0.055(3.5) -0.0551 -0.039(4.5) -0.0384 *
<z2> 1.02(2) 1.023 4.74(4) 4.708
<x2> 0.76(2) 0.762 1.05(1.5) 1.054
<rey> 2.55(4) 2.546 6.85(5.5) 6.815
Qla) 0.9(1) 0.91 1.3(1.5) 1.38

(a) Q -denotes the electric -quadrupole moment of the molecule.
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2.4. Use of generalized Poisson processes

Following Maslov and Chebotarev (21)(see also Ref. 22) quantum pro-
perties may be expressed as stochastic averages by using the time-depen-
dent Schrodinger equation written in real time. This Jeads to introduce
Poisson processes instead of diffusion processes. As an example, we
shall derive here the expression of the Fourier transform of the time=
dependent wave function in terms of an expectation value with respect to
a suitably generalized Poisson process. Additional quantum properties
(such as evolution of quantum observables) can be derived (23) but are
not considered here. The numerical evaluation of stochastic averages ba-
sed on Poisson processes seems to have never been considered (to our
knowledge). In fact, this is not a straightforward task. The main reasons
are i) the oscillatory character of the integrands and ii) the quite
restrictive conditions imposed on the potential. Nevertheless, a precise
analysis of the methodology motivated by computational purposes remains

to be done.

‘Let us decompose the Hamiltonian H as follows
H=Hg +V (46)

where Hg is the free Hamiltonian and V the potential energy of the sys-
tem. The Fourier transform of the time-dependent wave function P(X,t)

is written

P

> .
BE.t) = [k e PRy (47)
the converse formula is written

W(X.t) = —— Jdp e X (5.t) (48)

L}

where d is the dimension of the relevant space (3N for electronic pro-
blems). The time evolution of y(X,t) is given by

¢

o(ht) = e RO % boy (49)

Let us use the interaction representation. Defining U(t,tg) as follows

U(t,tg) = o 1Hot e-1(t-t0)H o~ THoto (50)

Ir
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we can rewrite Eq. (49) in the following form

-iHgt - |
v(%,t) = e 0%yt tg) e MO0 (%, tg) (51)

Now, from def1n1t1on (50) it is easy to derive the equat1on of evolution

for U(t,tg) -
5 U(t,tg)
i = V(t)U(t,tg) (52)
ot
where V(t) = o ot V(t) ¢~ THot (53)
Equation (52) may be rewritten in the equivalent form
U(t,tg) =1-1 ¢ V(t)U
to) =1 1Jt0 D)U(t,tg) dr (54)

By iterating Eq. (54) it is found that

oo . tZ
Ult,tg) =1+ = (-i)" dt e dty V(tp).
n=1 tg " Jto 1 V(tn).VEL) (55)
Using Eg. (5;) and expressions (55) and (53), the Fourier transform of
¥(X,t) is written as

>

de e1 X 1H0t{1+2( 1)nj dtn szt n 1H0tn -j+l y

-1H t Hot -
0tn-j+1y ¢ 1Hoto(2q) dfdp' ip' w(ﬁ‘.to)(sé)

Introducing the Fourier transform of V we finally obtain

0 + | +
BF.t) = e ThOBI(Et0) 55 oy o+ 2 (1) Caty. . [ Pty [0 §(p
. ., to =1 ) to n Jto IJ(Z'H)d V(pn)--.
f i(3y) o~ 1h0(B) (t-tn) =ihg(B-F1) (tn-tn-1)
@nd ' |
. > > >
e Tho(P=p1..=Pn) (t1-t) o3 B t0) (57)
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where ho(g) = p2/2 stands for the free Hamiltonian in momentum-coordi-
nates.

.5 Now, let us define a stochastic process which permits to interpret
¥(p,t) as an expectation value. In the pure diffusion Monte Carlo method
(subsection 2.3), the expectation value was defined by

I

> s
<F(X(s))> = 1im< F(XQ,05X1.At;. .. 5Xy,t=nat) >
N>+
> n -
;xn,t).IIdX1 (58)

' > > > -> ->
= lim '[ F(xg.05x1.8t5...3Xpn.t) pp+1(x0.05x7,4L; ...
: i=0

N->+eo

where pp41 denotes the (n+l)-time probability density of the diffusion
process and F a rather arb1trary functional of the trajectory. Now, F
is a function of (n,t1,...,tn,B1,-..,Pn) where n€IN, t4€(0,t) and

picRY . The average is defined by

t dbn_ - pl y
Fln,ti. B3> = ¢ n>0J dtp,. . j?jtl J(Z“) V(p o 31)

X F(n,tl,...,tn,Bl,...,En) (59)

>

p
2 )d V(E) is a positive (bounded)
™
T
measure; u stands for the "total mass", that is u = .f q V(p)
(27)

This definition is valid only if

We verify that

- t"
tu o L] (60)

<1> = e
n=0 nt

The probability of having a given value n is obtained as follows

—n) = 'tu t2 dgn o> _EEL_ ~
P(N=n) = J dtn. .Jtodtlj(zﬂ)d V(pn)...f(zﬂ)d V(37)

t -
) (tu)" otu (61)
n!

then N is a Poisson process.
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The average defined above (Eq. (59)) is thus identified to the ex-
pectation value with respect to a generalized Poisson process whose tra-
jectories are piecewise constant with a finite number n of jumps. The
number of jumps is random and is given by a standard Poisson random va-
riable. In addition, these jumps are uniformly distribyted on the time
interval (0,t) and their amplitudes are distributed according to the

density 0(3)/(2n)d . Finally, @(3,t) is written as the foTTbWing expéec-
tation value " -

. .t 23 o>
VBt = ot ¢ o 1ft0h(p P(T))dT(_i)N F(B-Ptg).tg) > (62)

' >
where N stands for the usual Poisson process (Eq. (61)) and P(t) is
given by :

HOE _é':le(ti-r) B (63)
1:

where 0 is the step function

°(x=( ] o

3. THE MANY-FERMION PROBLEM

This section is devoted to the problem of imposing mathematical
constraints resulting from the Pauli principle for fermion systems. As a
general rule Monte Carlo methods do not involve spin-coordinates. The
Pauli principle must be then expressed in a spin-free formalism. In
usual space-spin formalism, it is known that the complete wave function
(depending on space and spin coordinates) must be antisymmetric. Since
only spin-free Hamiltonians are considered here, the wave function can
be written as a product of a space function and of a spin function or &s
a linear combination of such products. On the other hand, the variables
of the spin function can take only two values (spin-1/2 particles are
treated here), and thus the spin function cannot be antisymmetrized with
respect to more than two variables. It results from these constraints «
that symmetry properties of space functions (i.e. eigenfunctions of H)
cannot be arbitrary. On this result is based the partition of eigenfunc-
tions of H between so-called fermionic states (with physical symmetry)
and bosonic states (with non-physical symmetry). An illustrative example
is the lowest symmetric eigenfunction of H which becomes non-physical as
the number of spin-1/2 particles is greater than two. Further explana-
tions concerning the formulation of the Pauli principle in a spin-free
formalism may be found in Refs. 24-26. Now, in order to obtain physical
solutions to the Schrodinger equation it is necessary to construct
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space functions ¢ belonging to the different physical symmetry subspaces.

The most current form used so far for such space functions is as follows
(14,27) .

N N N/2+S N/2-S ‘
d(ry,....rN) = det(_rﬁ ui(ry)) det('r& uj(ri+n/24s)) (64)
i= i= - .

o

where {uj} is a set of (N/2+S) different one-electron space orbitals, N
the number of electrons, and S the total spin determining the desired

type of symmetry.

Now, it is explained how to introduce such functions in the frame-
work of Monte Carlo methods. For that, let us return to the very basic
idea of this paper, namely, the possibility of expressing quantum pro-
perties as stochastic averages. From this idea follow two natural ways
for introducing the symmetry requirements. First, they may be introduced
into the underlying stochastic process. This approach is referred to as
the fixed-node approach. Second, symmetry may be introduced into expec-
tion values by using so-called projection functions. We then speak of
projection methods. Such an alternative based on the basic idea of sto-
chastic methods is common to all Monte Carlo approaches. However, for
concreteness, we illustrate these two procedures in the particular case
of the pure diffusion Monte Carlo method presented in subsection 2.3.

Let us consider the problem of evaluating the total energy. Accor-
ding to Egs. (42) and (39) the quantity to evaluate is

1f.9(t) = <fule H|gu> (65)

Expanding the matrix element by using the resolution of the identity
associated with the spectral resolution of H, we obtain

1f.9(t) = 3 <Foloi><¢i|gu> e CEi (66)
1

Now, symmetry is introduced by choosing space functions f.g and ¥ so

that fy and gy belong to the desired physical symmetry subspace. Indeed, «

once this has been done, scalar products <fy|¢;> and <¢j|gy> correspon-
ding to non-physical levels vanish. The two approaches are

i. Fixed-node approach

This approach consists in choosing f=g=1 (no projection functions)
and a trial wave function ¢ of the form (64). In fact, more sophistica-
ted choice for v may be used by multiplying (64) by a symmetric factor
which does not change the type of symmetry (essentially for including
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cusp conditions as it is done in form(15)) - According to its symmetry
properties, such a function must have some nodal hypersurfaces. These
nodal hypersurfaces, where the drift is infinite (see Eg. (17.b)), are
seen as infinite barriers for any sample trajectory. The diffusion pro-
cess is then decomposed into a juxtaposition of subprocesses in sub-
domains delimited by the nodes of y. These nodes are not changed in the
Monte Carlo simulation. This is the reason why this method~-is referred. .
to as a fixed-node approach. In addition, if the nodes of.the trial wave
function are not exact, which is usually the case since symmetry requi-
rements do not determine entirely the nodes of the exact wave function,
(28) a bias in the results will appear. This is the origin of the so-called
fixed-node approximation. (14) An example of such an approximation may
be found in Table II (see also Table V below).

ii. Projection method

In contrast to the fixed -node approach, no approximation occurs.
The trial wave function is chosen to be nodeless (bosonic) and symmetry
js introduced by choosing space functions f and g with adequate symmetry.
A new aspect associated with this choice is that averaged guantities do
not have a constant sign. In fact, it is possible to show that the posi-
tive and negative contributions nearly cancel. (6,16,29,30) From such a
situation result serious numerical difficulties. However, by choosing
properly the trial wave function and the projection functions it is pos-
sible to attempt to keep under control these difficulties. This is the
basic idea of the so-called nodal relaxation method of Ceperley and
Alder (30) and of the so-called release-node projection method of Caffa-
rel and Claverie. (16,20) We present in Table V some very good results
obtained by Ceperley and Alder in the framework of the Green's function
Monte Carlo method using the nodal relaxation algorithm.

Table V. Total ground-state energies obtained with the Green's function
Monte Carlo method using the nodal relaxation algorithm. (30) Energies
are in a.u. Statistical uncertainties are indicated in parentheses.
References for the quoted values may be found in Ref. 30.

H3 LiH Lip H20
E(fixed-node) -1.6606(2) -8.067(1) -14.990(2) -76.39(1) .
E(release-node) -1.6617(2) -8.071(1) -14.994(2) -76.43(2)
E(exact) -1.66194 -8.0705 -14.9967 -76.4376




104

This work is devoted to the memory of Pierre Claverie who was res-
ponsible for its development but not for possible errors contained in

the present report.
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