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I. PRESENTATION DU DOCUMENT

Ce document est organisé de la maniere suivante. Dans une premiere partie (Section II)
je présente la synthese de mes travaux. Dans le cadre de cette habilitation, j’insiste plus
particulierement sur les travaux effectués apres ma these. J’ai été amené a diriger ou a co-
diriger un certain nombre d’étudiants en maitrise, DEA ou these. J’en donne la liste dans la
Section III. La liste complete de mes travaux publiés se trouve dans la Section IV. Comme
je le soulignerai dans mon projet de recherche les méthodes Monte Carlo quantique (MCQ)
appliquées a I’étude de la structure électronique des molécules sont & un moment important
de leur développement: elles deviennent en effet compétitives vis a vis des méthodes ab
initio plus traditionnelles [Density Functional Theory (DFT) et/ou méthodes Hartree-Fock
+ traitement de la corrélation électronique]. Afin d’illustrer ce point important je consacre
la Section V a une discussion des “Méthodes Monte Carlo quantique en Chimie Théorique”.
J’y présente les méthodes MCQ en quelques mots, je discute ensuite les difficultés théoriques
et pratiques, et je donne enfin I’ “Etat de I’Art” concernant les applications. Dans la derniere
partie (Section VI), je présente mon projet de recherche. Enfin, pour faciliter 'acceés & mes
résultats principaux je fournis en fin de document (Section VII) une copie de mes papiers

les plus significatifs.






II. SYNTHESE DE MES TRAVAUX

L’essentiel de mon activité de recherche porte sur le développement et l'application
de méthodes nouvelles pour la résolution de I’équation de Schrédinger (probleme a N-
corps quantique). Les problemes que j’ai abordés sont les suivants. Etude de la structure
électronique des atomes et des molécules: calcul des énergies totales, des énergies de liaison,
des observables autres que 1'énergie (moments dipolaires, valeurs moyennes diverses), des
propriétés dynamiques (polarisabilités multipolaires, coefficients de van der Waals, etc..);
détermination des forces intermoléculaires; calcul des spectres ro-vibrationnels (énergies de
point-zéro, excitations fondamentales), et, finalement, étude des propriétés électroniques
ou magnétiques des systémes étendus modélisés par des Hamiltoniens effectifs (modele de
Hubbard, modele de Heisenberg, etc..).

Le point fort de mon activité concerne les approches stochastiques connues sous le nom de
méthodes Monte Carlo quantique (quantum Monte Carlo, QMC). Cependant, j’ai également
utilisé et développé la plupart des méthodes usuelles pour le traitement du probleme a N-
corps quantique. En Chimie Théorique, il s’agit principalement des méthodes dites ab initio
que j’ai utilisées pour le calcul des forces intermoléculaires par méthode de perturbation a
symétrie forcée (Symmetry Adapted Perturbation Theory, SAPT). En matiere condensée,
j'ai eu recours aux méthodes dites de Diagonalisation Exacte (méthode de Lanczos), aux
méthodes du groupe de renormalisation basée sur la matrice-densité (DMRG), aux méthodes
Monte Carlo quantique a température finie (Path Integral Monte Carlo), et aux méthodes
Monte Carlo classiques -algorithmes locaux et non-locaux- pour les systemes de spins. Enfin,
chaque fois que cela est possible, j'essaye d’analyser les résultats numériques a l'aide de
solutions exactes connues ou construites pour l'occasion (systeme d’oscillateurs exactement
intégrable, systemes a faible nombre d’electrons, ansatz de Bethe) ou de modeles effectifs a
fort pouvoir prédictif: méthodes du groupe de renormalisation perturbatif ou bosonisation

pour les systemes d’électrons a une dimension.

A. Rappel de mes travaux de these

Réf: Voir papiers A et B en Annexe.

Dans un premier temps il me semble utile de rappeler brievement le point essentiel de
ma these. Pendant cette période nous avons développé une approche originale de résolution

de I'équation de Schrodinger par méthode stochastique. Au centre de cette approche est



I’expression de la solution de I’équation de Schrodinger sous la forme d’une intégrale fonc-
tionnelle a la Feynman (intégrale de chemin). Plus précisément, nous avons généralisé la
formule de Feynman-Kac (FK) définie sur un processus stochastique Gaussien (diffusion
libre) a une nouvelle formule basée sur un processus non-Gaussien définie a partir d’une
fonction d’onde d’essai pour I'état fondamental. Dans cette derniere formule, I'intégrand
usuel e J V. ou V est le potentiel total et ou l'intégrale est prise le long d’un chemin, est
remplacé par un nouvel intégrand “écranté” de la forme e~ JEL on E; est un potentiel
construit a partir de la fonction d’essai, E;, = Hir/1r (le potentiel V' correspond au cas
particulier, ¢»y = 1). En effectuant ce changement de mesure fonctionnelle, les trajectoires
browniennes libres de la formule de FK sont remplacées par des trajectoires browniennes dans
un champ de dérive extérieur dépendant de la fonction d’essai (terme dit de dérive). Grace
a cette formule généralisée des simulations numériques précises sont possibles. En effet, si
Y7 est choisie suffisamment “proche” de la solution exacte, les fluctuations de 'intégrand,
e Er e long des trajectoires browniennes peuvent étre rendues suffisamment faibles pour
permettre la convergence du calcul numérique de l'intégrale fonctionnelle dans un temps
réaliste. Pendant ma these j’ai illustré sur des exemples simple la faisabilité pratique d’une
telle approche (He, Hy, systemes d’oscillateurs 1D tres simples). Il est important de noter
que dans un contexte plus général une telle méthode doit étre vue comme une variante
des méthodes dites méthodes Monte Carlo quantique (quantum Monte Carlo, QMC). Sans
entrer dans les détails (pour cela voir partie V) la méthode QMC la plus répandue est
la méthode dite Diffusion Monte Carlo, DMC. Développée d’une maniere indépendante de
notre approche, elle contient en fait les mémes ingrédients: utilisation d’une fonction d’essai
Y, définition d’'un mouvement brownien avec terme de dérive, définition du méme potentiel
écranté Hip/1¢r, appelé “energie locale”, et calcul de valeurs moyennes statistiques. La
seule différence importante réside dans le traitement de 'intégrand de Feynman-Kac. Dans
notre approche, il s’agit d'un poids “porté” le long des trajectoires. Dans les approches dites
DMC ce terme est traité par 'intermédiaire d’un processus de mort-naissance (terme dit de
“branching”) simulé a l'aide de régles de création/disparition appliquées a une population
assez grande de répliques du systeme. A chaque pas Monte Carlo chaque configuration est
supprimée ou dupliquée un certain nombre de fois proportionnel en moyenne a I'amplitude
du poids de FK local. On peut montrer que les valeurs moyennes obtenues sont essentielle-
ment les mémes. Notre approche, qui n’introduit pas de processus de branching, est connue
sous le nom de méthode “Pure Diffusion Monte Carlo”, PDMC. Notons que, contrairement
a la méthode DMC, la méthode PDMC est parfaitement bien définie mathématiquement

(le processus avec branchement ne conserve pas la probabilité totale et ceci pose un cer-



tain nombre de difficultés théoriques). Cette propriété nous a permis de généraliser assez
facilement la méthode PDMC a des situtations variées (voir plus loin). Contrairement aux
méthodes avec branchement, le nombre de marcheurs utilisé est constant (a la limite on peut
n’utiliser qu'un seul marcheur) et aucun biais associé au controle de population n’existe.
Malheureusement, la méthode PDMC n’est pas parfaite. A grands temps de projection

“t] Jes

[temps imaginaire ¢ qui permet d’extraire les quantités exactes grace a 'opérateur e
fluctuations statistiques peuvent croitre de maniere incontrolée. Toutefois, si I'on dispose
d’une fonction d’essai d’une qualité suffisante on peut montrer que ce probleme ne pose pas
de difficultés pratiques (la convergence en temps est atteinte tres vite) et la méthode PDMC
apparait comme la méthode de choix (pas de biais systématique et controle des fluctuations
statistiques). De nombreuses applications ont été menées au laboratoire et par d’autres
groupes dans le monde en utilisant cette approche. Néammoins, quand la fonction d’onde
n’est pas de qualité suffisante les fluctuations statistiques croissent trop vite et la méthode
PDMC devient inefficace. Cette difficulté est particulierement présente dans les simulations
des modeles de la matiere condensée. En effet, il est tres difficile de construire des fonctions
d’essai de qualité constante lorsque la taille du systeme étudié augmente (probleme de con-
sistence en taille, “size-consistency”). Il est alors imperatif d’avoir recours aux méthodes

DMC avec branchement qui, elles, demeurent stables mais sont biaisées.

B. Depuis la these

Apres ce rappel concernant mon travail de these je résume mes différentes contributions

depuis cette époque.

1. Propriétés dynamiques

Réf: Voir papiers E, J et O en Annexe.

Comme je viens de le mentionner dans la partie précédente, la méthode PDMC est d’une
grande souplesse mathématique. Ceci nous a permis de I’étendre facilement au calcul de
propriétés autres que I'énergie. Notre contribution essentielle dans cette direction a été le
calcul des propriétés dynamiques. Nous avons montré comment il était possible d’écrire les
termes de perturbation Rayleigh-Schrodinger a un ordre quelconque, sous la forme de fonc-
tions de corrélations a N-point (cumulants) du processus stochastisque sous-jacent (variante

stochastique du fameux “linked-cluster theorem”, [1], [2]). Ce formalisme a été appliqué au



probleme du calcul des polarisabilités atomiques et moléculaires et des coefficients de van der
Waals [1], [2], [3], [4]. Ces quantités, dont la connaissance est importante dans de nombreuses
applications en optique et en matiere condensée, sont difficiles a évaluer avec les méthodes
traditionnelles. Par exemple, dans le cadre de notre formalisme, les polarisabilités dipolaires
peuvent se réécrire sous la forme d’une intégrale temporelle de la fonction de corrélation
a deux points de 'opérateur dipolaire le long des trajectoires browniennes. Contrairement
aux méthodes traditionnelles de la physique moléculaire qui reposent sur une évaluation
explicite du terme de perturbation du second-ordre correspondant, notre méthode ne fait
intervenir aucune représentation des états excités ou du continuum. C’est évidemment un
point tres intéressant. Nous avons effectué des calculs systématiques pour 'atome d’Hélium
et la molécule d’hydrogene (polarisabilités multipolaires statiques et dynamiques). Nous
avons également évalué les coefficients de van der Waals régissant l'interaction des différentes
especes a longues distances. Nos résultats, qui ont été comparés aux meilleurs résultats de
la littérature, sont excellents. Pour des quantités comme les polarisabilités multipolaires
dynamiques (dépendant de la fréquence du champ extérieur), certains de nos résultats sont
les seuls disponibles. Nous avons également appliqué ces idées au probleme du calcul des
forces intermoléculaires par méthode de perturbation. Ce travail est présenté dans la par-
tie suivante consacrée aux forces intermoléculaires. Malheureusement, ’extension de ces
résultats a des systemes a grand nombre d’électrons n’est pas facile, a cause du fameux
“probleme du signe” inhérent aux simulations Monte Carlo quantique pour les fermions

(voir la sous-section 3: “Probléme du signe pour les fermions”).

2. Forces intermoléculaires

Réf: Voir papiers D,E,N en Annexe

Une connaissance précise des forces intermoléculaires est essentielle pour les simula-
tions de la matiere condensée. Deux classes de méthode sont employées pour déterminer les
champs de force: les méthodes supermoléculaires qui calculent I'interaction comme différence
des énergies totales des especes en interaction et les méthodes perturbatives qui décomposent
I’énergie d’interaction sous la forme d’une série de termes de perturbation dans le potentiel
intermoléculaire (formalisme SAPT, Symmetry-Adapted Perturbation Theory). Les défauts
et les avantages des deux méthodes sont bien connus. J’ai essentiellement travaillé sur la
seconde approche qui a un contenu plus physique car I’énergie d’interaction est effectivement

petite et un calcul de perturbation est naturel. De plus, cette méthode permet de construire
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de maniére cohérente des représentations simplifiées de qualité pour le champs de force [5].
Dans un calcul SAPT I’énergie d’interaction est décomposée en une somme de contributions
qui, a leur tour, sont décomposées en une composante champ moyen (Hartree-Fock) et une
composante résiduelle due a la corrélation électronique intramonomere. En pratique, les
calculs sont généralement limités au premier ordre complet (électrostatique et contribution
d’échange du premier ordre) et au deuxieéme ordre Rayleigh-Schrodinger (termes d’induction
et de dispersion), les contributions étant calculées au niveau Hartree-Fock. Nous avons
développé une méthode originale pour évaluer les termes d’échange du second-ordre dans le
cadre des méthodes ab initio sur base au niveau Hartree-Fock [6]. En accord avec d’autres
groupes nous avons trouvé que ces contributions sont loin d’étre négligeables. Des calculs
ont été effectués pour plusieurs dimeres par liaison hydrogene fortement ou faiblement liés
[7]. Des comparaisons systématiques avec la méthode supermoléculaire et la méthode mixte
(calcul supermoléculaire Hartree-Fock + énergie de dispersion calculée par perturbation)
ont été effectuées. Afin d’avoir une description complete de I'interaction, il est nécessaire
d’évaluer l'effet de la corrélation électronique intramonomere sur les composantes de per-
turbation, ainsi que l'importance des composantes d’ordre supérieur a deux. En utilisant
le formalisme Monte Carlo quantique présenté précédemment (voir sous-section 4: “Pro-
priétés dynamiques”) nous avons pu évaluer pour la premiere fois ces contributions dans le
cas de l'interaction He-He [4]. Les résultats ont mis en valeur le role important joué par la
corrélation intra-atomique et le troisieme ordre de perturbation. Nous avons montré que,
dans la région d’équilibre, le développement de ’énergie d’interaction limité au troisieme
ordre est suffisant pour représenter correctement l'interaction. Au-dela de I’application par-
ticuliere a l'interaction He-He, cette étude met en lumiere dans un systeme non-trivial le role
respectif de chacune des contributions intervenant dans une liaison de type van der Waals.
C’est évidemment un point tres important pour la compréhension générale des liaisons de

ce type.

3. Probléme du signe pour les fermions

Réf: Voir papiers F,I en Annexe

Nous avons proposé deux méthodes pour atténuer le fameux “probleme du signe” pour
les fermions (pour une présentation de ce probleme, voir la section “Méthodes Monte Carlo
quantiques en quelques mots” de la partie V).

Premiére tentative: Accélération de la convergence des estimateurs en fonction du “temps

11



de projection” [8]. Dans ce travail nous avons adapté 'algorithme de Lanczos a nos données
Monte Carlo. Il en résulte une convergence bien plus rapide de I'estimateur de ’énergie (et
des autres estimateurs). Nous avons appliqué cette approche au cas de la molécule LiH.
Malheureusement, nous nous sommes rendus compte que la méthode n’était bien condi-
tionnée que si le bruit statistique sur les éléments de matrice calculés était suffisamment
petit. L’augmentation exponentielle de I'erreur statistique pour les fermions est trop bru-
tale pour que cette méthode soit vraiment efficace pour les systemes de taille importante
(notons cependant que cette méthode est maintenant utilisée par plusieurs groupes dans le
contexte des simulations des modeles effectifs de la matiere condensée théorique)
Deuxieme tentative: Application de la méthode du maximum de 'entropie aux données
Monte Carlo quantiques [9]. Cette approche permet en principe un contréle rationnel (&
partir de principes généraux de statistique, approche dite “Bayesienne”) de l'effet du bruit
statistique sur les données pures. Son application a la molécule LiH (& la distance d’équilibre)
nous a permis de calculer une des valeurs les plus précises de la littérature pour ’énergie
totale de cette molécule. Une fois encore, le caractere exponentiellement croissant de Ierreur
statistique pour les fermions limite les possibilités pratiques de cette approche pour les

systemes plus gros.

4. Spectres ro-vibrationnels

Réf: Voir papier C en Annexe

Il est important de rappeler que les méthodes Monte Carlo quantiques peuvent étre
appliquées a tout probleme décrit par une équation de type Schrodinger. Nous avons ainsi
appliqué notre méthode générale de résolution de I’équation de Schrodinger au probleme de la
détermination du spectre ro-vibrationnel des molécules [10]. Pour cela nous avons généralisé
notre formalisme au calcul des excitations fondamentales d’un systeme de vibrateurs anhar-
moniques couplés de maniere quelconque (aucune approximation, régime non perturbatif).
Nous nous sommes concentrés sur les excitations fondamentales qui sont les excitations les
plus intenses dans l'infrarouge, et qui sont celles que mesurent les expérimentateurs. Afin de
déterminer ces excitations nous avons introduit un ansatz pour leurs hypersurfaces nodales.
Nous avons illustré le fait remarquable que cet ansatz semble donner essentiellement la solu-
tion exacte pour des problemes réalistes. Nous avons appliqué cette approche a des systemes
modeles et a des systemes d’intérét physique (molécule CO adsorbée sur une surface de Pal-

ladium). A T'occasion de ce travail nous avons découvert un certain nombre de propriétés
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topologiques des régions nodales des fonctions d’onde (voir sous-section suivante).

5. Propriétés des noeuds des fonctions d’onde

Réf: Voir papier H en Annexe

Dans ce travail nous avons voulu comprendre la validité de 'ansatz que nous avons
proposé pour les hypersurfaces nodales des fonctions d’onde des excitations fondamentales
d’un ensemble d’oscillateurs couplés arbitrairement [11]. Notre hypothese de travail est que
le nombre de sous-volumes nodaux est toujours égal & deux pour ces états excités particuliers.
Nous avons donné un ensemble d’arguments généraux qui semblent montrer que ceci est vrai
dans le cas ou les oscillateurs peuvent étre découplés a I'aide d’un seul parametre, ce qui est
généralement possible avec des oscillateurs réalistes. Dans le cas d’oscillateurs plus généraux,
nous avons pu construire explicitement un contre-exemple ne vérifiant pas notre hypothese.
Ce contre-exemple est non trivial et n’a pu étre obtenu qu’en ayant recours a un programme
de calcul symbolique (MAPLE). Le probleme général des conditions précises de validité de

notre ansatz reste encore ouvert.

6. Meilleures fonctions d’onde d’essai

De nombreux efforts ont été produits pour développer des fonctions d’onde d’essai de
qualité. Les fonctions d’onde utilisées sont essentiellement monoconfigurationnelles. Nous
avons effectué une étude portant sur I'utilisation de fonctions d’onde multiconfigurationnelles
dans 'approche dite des noeuds-fixés (fonctions d’onde issues du programme MOLPRO).
Les résultats obtenus sont bons, mais un peu décevants. En effet, de cette étude ne ressort
pas un critere bien défini qui nous permettrait de sélectionner efficacement les configura-
tions a retenir dans la simulation (nos résultats sont présentés dans la publication [12]).
Je pense que des formes beaucoup plus physiques pour ces fonctions peuvent encore étre
exploitées. Une premiere contribution dans ce sens a été effectuée lors d’un travail ex-
ploratoire que j’ai mené avec une étudiante de deuxieme cycle (Séverine Zirah), [13]. Nous
avons étudié les résultats obtenus avec des formes issues de calculs de type valence-bond
(VB) pour des petites molécules (LiH et Lis). Les fonctions VB sont tres attrayantes. Elles
ont avantage d’étre a la fois compactes et tres physiques (description des structures de
Lewis). Elles permettent une “lecture” simple des processus en jeu. Notons, en passant,

que contrairement aux approches sur base, la non-orthogonalité des orbitales ne pose pas

13



de problemes techniques particuliers pour les méthodes Monte Carlo. Afin de bien décrire
chacune des composantes de la fonction VB (structures neutres et ioniques) et de bien
séparer les différents effets, nous avons introduit un terme de Jastrow différent pour chacune
d’elles. Nos résultats sont intéressants : apres optimisation des parametres il est possible
de “lire” sur les parametres associés a la corrélation électronique dynamique les diférents
types de réorganisation électronique qui ont lieu pour chacune des contributions physiques.
Malheureusement, avec ces formes VB les fluctuations statistiques restent encore trop im-
portantes (les structures VB contiennent la bonne information globale, mais pas les détails).
Je crois que ce type de fonction d’onde mérite d’étre réexaminé dans un formalisme ou les
fluctuations statistiques inessentielles de haute énergie (électrons de coeur) sont évacuées par
d’autres moyens (utilisation de pseudo-potentiels ou, mieux, du principe de zéro-variance

discuté dans la sous-section 8: “Principe de zéro-variance généralisé”).

7. Méthode de reconfiguration stochastique

Réf: Voir papier T en Annexe

Comme je I'ai expliqué précédemment (Sous-section I1.A), la méthode PDMC est une
méthode tres générale et d'une tres grande souplesse. Malheureusement, a grands temps de
projection [temps imaginaire ¢ qui permet d’extraire les quantités exactes grace a l'opérateur
e "] les fluctuations statistiques peuvent croitre de maniére incontrélée. En collaboration
avec Anatole Khelif, mathématicien a Paris VII, nous avons regardé en détail les fondements
mathématiques des algorithmes QMC de type Diffusion Monte Carlo, avec et sans branche-
ment [14]. Dans un premier temps, nous avons étudié le comportement a grands temps de
projection de la méthode PDMC. Nous avons montré rigoureusement que la “probabilité
effective” associée a un état, telle qu’elle est construite par la méthode PDMC, ne converge
pas vers une valeur déterministe quand le temps de projection tend vers l'infini. Notre
analyse mathématique conclut donc a ce qu'on a appelé la “divergence du PDMC”. Notons
que ce mauvais comportement a grands temps est une chose connue dans la communauté,
souvent sous le vocable “explosion de la variance”, mais aucune preuve rigoureuse n’en avait
été donnée. Insistons sur le fait que malgré cette difficulté, et comme nous l'avons déja
dit, la méthode reste malgré tout une méthode précieuse lorsque des fonctions d’onde de
qualité suffisante sont disponibles (en particulier, ceci est le cas pour les molécules). Apres
ce premier résultat nous avons essayé de construire un algorithme Diffusion Monte Carlo

qui concilie les avantages des méthodes avec et sans branchement, c¢’est a dire qui soit sta-
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ble, comme 'approche DMC, et non-biaisé, comme ’'aproche PDMC. Nous avons montré
que c¢’était possible et nous avons élaboré une méthode mixte qui emprunte des élements
aux deux approches. En quelques mots, la méthode consiste a effectuer un calcul de type
PDMC, non pas avec un seul marcheur ayant un poids individuel w; (poids de Feynman-
Kac), mais avec une population de M marcheurs ayant un poids total donné par la moyenne
des poids individuels. Comme les fluctuations du poids total sont beaucoup plus faibles
que les fluctuations des poids élémentaires (méthode PDMC standard) le temps de projec-
tion a partir duquel le mauvais conditionnement de la méthode apparait, est rejeté a des
temps beaucoup plus grands. Afin de récupérer le résultat exact on montre qu’'un terme
supplémentaire analogue au terme de branchement doit étre introduit. C’est 1’étape dite de
reconfiguration stochastique de la population de marcheurs. Aux étapes usuelles de diffusion
et de dérive des M marcheurs, on rajoute une étape supplémentaire consistant a choisir M
nouveaux marcheurs parmi les M marcheurs constituant la population courante avec une
probabilité donnée par p; = w;/ Zjﬂile (certains marcheurs sont donc choisis plusieurs
fois, d’autres ne sont pas choisis). Utilisant ces deux ingrédients fondamentaux (PDMC
pour une population de marcheurs, reconfiguration de la population) nous avons proposé
une méthode optimale qui minimise les fluctuations statistiques (méthode DMC dite avec
reconfiguration stochastique optimale). Cette méthode optimale est construite de maniere
a ce que 'algorithme tende a la fois vers la méthode DMC et la méthode PDMC, quand
le nombre de marcheurs tend vers 'infini et/ou les poids individuels deviennent constants.
Il est important de souligner que la méthode de reconfiguration n’est en fait pas nouvelle.
L’idée fondamentale a été proposée il y a plus d’une quinzaine d’années par Hetherington
[15] et semble avoir été oubliée. Tres récemment (en 1998) Sorella et collaborateurs 1'ont
réintroduite et appliquée a quelques problemes de la matiere condensée. Pour notre part,
nous avons développé notre algorithme indépendamment. Notons cependant que, comme
nous l'avons montré, notre algorithme est plus général et plus efficace, il constitue une

version optimale des approches de type reconfiguration stochastique.

8. Principe de zéro-variance généralisé

Réf: voir papiers S,U en Annexe
Les méthodes Monte Carlo quantique présentent une propriété dite de variance-zéro pour

I’énergie. Disposant d'une fonction d’onde d’essai approchée, notée 11, ’énergie est évaluée

comme valeur moyenne d’'une quantité appelée “énergie locale” sous la forme
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1Y :
<E>=_Y E [z (1)
NiH
ol I'énergie locale est donnée par:

Ep, = Hyp/vyr (2)

et {x(i)} i—1,v représente un ensemble de IV tirages Monte Carlo de configurations du systeme
avec une distribution qui peut différer d’'une méthode QMC a 'autre (pour une présentation
plus détaillée se reporter a la section V.A “Méthodes Monte Carlo quantiques en quelques
mots” ). Le point important est que les fluctuations statistiques sur l'estimateur de I’énergie
[formule (1)] dépendent directement des fluctuations de I’énergie locale, Eq.(2). Pour un
nombre de pas MC fixé N (et donc un effort numérique donné) plus la fonction d’onde
d’essai est “proche” de la fonction d’onde exacte inconnue plus les fluctuations statistiques
(et donc lerreur finale sur notre estimateur) sont faibles. A la limite d’une fonction d’essai
exacte I'estimateur ne fluctue plus du tout. Cette propriété est la propriété dite de variance-
zéro. Elle joue un role fondamental pour calculer avec précision les énergies totales de
systemes complexes.

Dans ce travail nous avons étendu la propriété de variance-zéro a n’importe quelle ob-
servable physique du systeme. Soit O une observable quelconque, on a montré qu’il est
toujours possible de construire une observable O dite “renormalisée” qui possede la méme

valeur moyenne:
<0>=<0> (3)

mais dont les fluctuations peuvent étre beaucoup plus faibles que celles de O [16].
L’observable renormalisée peut étre construite assez simplement. Elle dépend essentielle-
ment d’une fonction que l'on a appelée “fonction auxiliaire”. On a montré qu’il existe une
équation qui détermine complétement cette fonction. La solution exacte correspond a une
annulation totale des fluctuations (principe de zéro-variance généralisé).

Il est important de souligner que notre principe de zéro-variance est en fait tres général et
s’applique a tout type d’algorithme Monte Carlo. La seule condition requise est 1'existence
d’une densité stationnaire connue. Nous avons appliqué cette idée a quelques calculs Monte
Carlo classiques (algorithme de Metropolis standard pour le modele d’Ising) et quantiques
(méthode DMC pour I'atome Hélium) Nous avons montré sur ces exemples simples qu'il est
possible de gagner un a plusieurs ordres de grandeur en temps de calcul.

La premiere application réaliste, ¢’est a dire pour un probleme réellement difficile, a con-

cerné le calcul des forces par méthode Monte Carlo quantique. Un des objectifs centraux
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de la chimie théorique est la prédiction des structures spatiales des édifices moléculaires
(géométrie d’équilibre correspondant a 'annulation des forces) et a la structure des forces
internes entre atomes en fonction de la géométrie (calcul des modes propres, dynamique des
noyaux, etc.). Toute méthode de calcul électronique se doit donc d’étre capable d’évaluer
avec précision non seulement les énergies totales et les propriétés élémentaires (distribution
des charges, moments multipolaires, etc.) mais aussi les forces entre atomes au sein d’une
molécule. Jusqu’a ce jour, et malgré des efforts importants, le calcul des forces par méthode
Monte Carlo quantique est resté un probleme tres difficile. Notons que tres récemment,
Filippi et Umrigar ont proposé un formalisme QMC pour les forces, qui semble donner pour
la premiere fois des résultats stables pour quelques molécules diatomiques [17]. Néammoins,
leur formalisme -basé sur un principe d’échantillonnage corrélé et une transformation spéciale
de coordonnées- ne permet pas de converger vers le résultat exact et il n’est pas encore tres
clair comment controler cette erreur. En utilisant le principe de variance-zéro il est possi-
ble de proposer une méthode simple et tres stable de calcul des forces. Plus précisément,
grace a la fonction auxiliaire liée au principe de variance-zéro, il est possible de diminuer de
maniere drastique les fluctuations associées a la force locale (%). La diminution obtenue
est trés importante car la variance associée a la force nue est en fait infinie! (au voisinage
d’une collision électron-noyau f ~ 1/r? ot r est la distance entre particules et < f? >= c0).
Le principe de variance-zéro permet sans difficulté de ramener cette variance infinie a une
quantité finie. La figure suivante présente I'amélioration spectaculaire obtenue pour le cal-
cul de la force a la distance d’équilibre de la molécule C, [18]. En abscisse, j’ai porté une
quantité proportionnelle au nombre total de pas Monte Carlo effectués (et donc a leffort
numérique). La courbe principale avec de grandes fluctuations correspond a un calcul stan-
dard avec la force nue (non-renormalisée). On observe une tres mauvaise convergence en
fonction du temps de simulation et, surtout, la présence de discontinuités importantes liées
a 'apparition de configurations électroniques comprenant des rapprochements d’électrons et
de noyaux (variance infinie). En pratique, il n’y a aucun espoir de faire converger un tel
calcul. La deuxieme courbe obtenue avec une expression renormalisée pour la force montre
un comportement extrémement satisfaisant. A I’échelle de la figure la courbe est en fait
totalement convergée. Insistons sur le fait que les deux calculs sont faits de front et que le
deuxieme calcul convergé ne nécessite pas d’effort numérique supplémentaire par rapport au

premier.
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FIG. 1. Convergence en fonction du temps calcul (nombre N de pas Monte Carlo pour chaque
marcheur) de l'estimateur de la force F'(R) a la distance d’équilibre pour la molécule Ca. La courbe
associées aux grandes variations correspond & 'utilisation d’un estimateur “nu”(non-renormalisé)
de la force, la courbe convergée & un estimateur “renormalisé” (utilisation du principe de vari-

ance-zéro).

9. Etude des modéles effectifs de la physique du solide

Je me suis également intéressé aux propriétés des électrons dans les solides. De maniere
générale, il s’agit de déterminer la nature de 1’état fondamental du systeme, I'existence ou
non de transition de phase a température nulle, ainsi que les propriétés thermodynamiques.
Nous nous intéressons plus particulierement au régime dit de corrélation forte pour les
électrons (répulsion coulombienne grande devant la largeur de bande), régime pertinent pour
les nouveaux supraconducteurs a haute température critique. Les Hamiltoniens utilisés pour
modéliser les systemes considérés sont les Hamiltoniens effectifs de la physique du solide:
modele de Hubbard a une ou plusieurs bandes, modeles de spins de Heisenberg, etc. Au-dela
de l'intérét évident du probleme en soi (comprendre le mécanisme a 'origine de la supra-
conductivité a haute température critique), il est important de souligner que le probleme
fondamental qui consiste en la détermination des propriétés de 1’état fondamental d’un en-

semble d’électrons dans un régime non-perturbatif, est tout a fait similaire a celui rencontré
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pour les atomes et les molécules (probleme a N-corps quantique). Il est donc important
de développer et de confronter les techniques utilisées dans les deux domaines. Je présente

maintenant plusieurs applications réalisées.

10. Modéle de Hubbard en dimension infinie

Réf: Voir papier L en Annexe

Dans ce travail nous nous sommes intéressés au modele de Hubbard lorsque la dimension
spatiale D tend vers l'infini [19], [20], [21]. Cette limite, qui peut paraitre au premier abord
assez académique, est en fait tres féconde. En effet, elle permet de simplifier énormément
le probleme tout en conservant une partie de la richesse de comportements issue de la
corrélation électronique. Notons que cette limite de dimension infinie est également utilisée
en physique moléculaire depuis quelques années. Nous avons développé une méthode orig-
inale pour la résolution des équations du modele de Hubbard en dimension infinie. Nous
avons étudié la transition de Mott & demi-remplissage (transition métal-isolant due a la
corrélation) et la possibilité d’apparition de la supraconductivité dans un modele de Hub-
bard & deux bandes (par exemple, une bande d pour les atomes de cuivre et une bande
p pour les oxygenes dans CuQO). Notre méthode est maintenant utilisée couramment par

différents groupes travaillant sur les modeles sur réseau en dimension infinie.

11. Modeéle de paires unidimensionnel.

Réf: Voir papier P en Annexe

Il s’agit d'une seconde application portant sur un modele d’électrons décrivant
I'appariement de paires d’électrons de spins opposés sur un meéme site [22]. L’intéret de
ce modele est qu’il décrit la formation de paires d’électrons d’extension spatiale tres faible,
une des caractéristiques originales des paires impliquées dans les nouveaux supraconduc-
teurs. Ce modele a donné lieu ces dernieres années a une controverse sur la nature de ’état
fondamental a demi-remplissage et a faible intensité de saut des paires sur le réseau. Cer-
tains auteurs ont prédit un comportement assez conventionnel, d’autres prédisent 1’existence
d’une phase exotique. Afin de comprendre 'origine de cette controverse, nous avons mis en

ceuvre plusieurs techniques. Nous avons effectué des calculs de diagonalisations exacts par
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méthode Lanczos, avec des conditions aux limites variées afin de comprendre comment le
systeme répond a une perturbation, et également des calculs basés sur la méthode dite du
groupe de renormalisation numérique utilisant la matrice densité [DMRG, White (1991)].
Cette derniere méthode est extrémement puissante et permet de calculer ’état fondamental
d’un systeme 1D étendu avec grande précision. En utilisant toutes nos données et en faisant
appel aux prédictions a tailles finies des systemes critiques (invariance conforme) nous avons
montré que les effets de taille finie pour le modele de paires sont tres singuliers, et que le
modele ne semble pas présenter de phase exotique. De plus, dans le cadre de la théorie
de Luttinger pour les fermions unidimensionnels nous avons proposé un scénario expliquant

pourquoi certains auteurs ont cru déceler une phase exotique dans ce modele.

12. Modele de Hubbard sur les hypercubes. Quelques résultats exacts.

Réf: Voir papier Q en Annexe

Dans ce travail nous avons présenté un certain nombre de résultats exacts pour le modele
de Hubbard usuel défini sur les hypercubes [23], [24]. L’hypercube a D dimensions est
défini comme 1’ensemble des 27 sites de coordonnées 0 ou 1 dans les D directions d’espace.
En D=1 il s’agit d'un segment & deux sites, en D=2 du carré usuel, en D=3 du cube (8
sommets), etc. Le modele de Hubbard est un modele central de la matiere condensée. Il
contient les éléments minimaux requis pour décrire la compétition qui existe entre la tendance
a la délocalisation des électrons (énergie cinétique) et la localisation due a la répulsion
électronique (effet de l'interaction). De plus, c’est un candidat potentiel pour 'existence
d’une phase supraconductrice d’origine purement électronique sans couplage extérieur (type
phonons). Bien str, ce dernier point est controversé et reste a vérifier. De nombreux travaux
ont été effectués ces dernieres années pour comprendre les différentes phases de ce modele.
Tres peu de résultats exacts sont connus. Essentiellement, il existe la célebre solution de
Lieb et Wu en dimension 1 [25] et quelques résultats quasi-exacts en dimension infinie [26].
Pour les dimensions intermédiaires de nombreux calculs numériques ou approximations plus
ou moins controlées ont été présentées, mais il n’existe pratiquement pas de résultats exacts.
En utilisant les tres grandes propriétés de symétrie des hypercubes nous avons pu obtenir
plusieurs résultats intéressants pour les systemes a faibles remplissages. Dans le cas de
deux électrons nous avons présenté la solution analytique complete du modele. Nous avons

22D

montré que le spectre de I’'Hamiltonien ( niveaux d’énergie) est constitué d'une partie

composée de niveaux indépendants de 'interaction coulombienne et d’une partie non-triviale
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dépendante de l'interaction. Chaque niveau, ainsi que sa dégénérescence, a été calculé.
Au-dela des propriétés énergétiques, nous avons également donné une expression exacte
sous forme explicite de la fonction de Green a une particule du modele. Cette fonction
permet de calculer les propriétés dynamiques les plus importantes du modele. Finalement,
en introduisant un formalisme de variables de spin adapté aux remplissages plus importants,
nous avons pu montrer comment le modele de Hubbard peut se réécrire sous forme d’un
Hamiltonien de spin assez simple tenant compte des symétries de 'hypercube. Dans le cas
du remplissage (N; = N, N; = 1) nous avons montré que 'espace de Hilbert associé a la
partie “dure” du probleme (dépendant de l'interaction) peut étre dans certains cas réduit

de manieére tres importante.

13. Modéle de Hubbard SU(N) unidimensionnel.

Réf: Voir papier R en Annexe

Dans ce travail nous avons présenté une étude tres complete du modele de Hubbard
“SU(N)” aune dimension [27]. Ce modele est une généralisation tres simple et trés naturelle
du modele de Hubbard usuel. Au lieu de considérer deux types d’électrons (“up”,“down” ou
électrons «v et ) ayant une symétrie SU(2) dans I’espace de spin, nous avons généralisé au cas
de N types ou “couleurs” avec une symétrie SU(N). Nous savons, grace a la solution exacte
par ansatz de Bethe de Lieb et Wu [25], que pour le cas usuel N = 2 et a demi-remplissage,
il n’y a pas de transition métal-isolant pour une valeur non-nulle (U # 0) de l'interaction
coulombienne. A U = 0 les électrons libres forment un métal parfait, et des que l'interaction
est branché le systeme devient isolant. Nous avons montré que pour le cas N > 2 ceci n’est

plus vrai. Nous avons démontré qu’il existe une transition de Mott métal-isolant a demi-

T N2—4
2 N-1

remplissage (un “électron” par site) a une valeur non nulle [U, ~ sin 7). Ceci est un
résultat remarquable: les systemes possédant une transition métal-isolant provoquée par la
compétition subtile entre la délocalisation électronique (phase métallique) et l'interaction
sont actuellement énormément étudiés. Ce modele représente a mon avis le systeme le plus
simple et le moins artificiel qui possede une telle transition. Il s’agit d'un cas d’“école”
qui devrait etre beaucoup étudié dans la suite. Pour démontrer l'existence d’une telle
transition nous avons confronté deux types d’approches complémentaires pour les systemes
électroniques unidimensionnels. Le cadre théorique dans lequel nous nous sommes placés est
I’approche par bosonisation pour les fermions 1D. En collaboration avec deux spécialistes

de ce type d’approche (P. Azaria et P. Lecheminant) nous avons pu prédire non seulement
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Iexistence de cette transition mais aussi nombre de prédictions qualitatives et quantitatives
sur le comportement en fonction de 'interaction U et du nombre de couleurs N de plusieurs
quantités physiques. L’approche par bosonisation est une approche extrémement puissante.
Elle permet de donner un contenu physique aux excitations collectives de basse-énergie et
a leurs interactions. Malheureusement, bien qu’il s’agisse intrinsequement d’une méthode
non-perturbative, il subsiste un aspect perturbatif dans 1’évaluation de certains parametres
caractérisant I’'Hamiltonien effectif de basse-énergie (parametres dits de Luttinger). Afin de
controler totalement le scénario de la théorie, il est impératif d’estimer ces parametres de
maniere non-perturbative et indépendante. C’est ce que nous avons fait en étudiant par
méthode Monte Carlo quantique le comportement basse-énergie de systemes finis de taille
croissante (jusqu'a 32 sites). Sans entrer dans les détails, nous avons pu montrer d’une
maniere extrémement convaincante que le scénario prévu par la bosonisation est tout a fait
correct. L’évolution de 'Hamiltonien effectif basse-énergie est compatible avec une phase
métallique a petites valeurs de U et une phase isolante a grands U. De plus, nous avons
pu localiser de maniere tres précise la valeur critique de l'interaction ou la transition a
lieu. Dans le cas SU(3) on trouve par exemple U, ~ 2.2 et U, ~ 2.8 pour SU(4). No-
tons qu’a l'occasion de ce travail nous avons proposé plusieurs améliorations importantes
pour les approches Monte Carlo quantique sur réseau. Une des améliorations les plus no-
tables a été de montrer qu’il était possible d’intégrer exactement 1’évolution temporelle du
systeme quand celui-ci est bloqué dans une configuration donnée. Ceci permet de réduire
de siginificativement les fluctuations statistiques des calculs, particulierement a grands U
ol la répulsion coulombienne limite I’espace de phase des électrons. Cette amélioration est
de portée tout a fait générale pour les systémes sur réseau (matrice Hamiltonienne finie).
Un autre point important a été de montrer comment calculer les parametres de Luttinger
de 'Hamiltonien effectif basse-énergie. Dans la littérature ces parametres sont en général
calculés par diagonalisation exacte (méthode de Lanczos). Malheureusement, de tels calculs
sont limités a de petites tailles pour des chaines finies. En introduisant des Hamiltoniens
intermédiaires appropriés nous avons montré comment calculer exactement ces parametres
dans une formalisme Monte Carlo quantique. En particulier, nous avons trouvé un procédé
pour s’affranchir des termes oscillants, liés aux conditions aux bords “twistés”, qui sont si

difficiles a calculer par méthode Monte Carlo.
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14. Modéle de Hubbard bosonique a deux dimensions

Réf: Voir papier G en Annexe

Dans ce travail nous nous sommes intéressés au probleme des systemes de bosons en
interaction forte modélisés par un Hamiltonien de Hubbard sur réseau bidimensionnel [28].
A température nulle, il est connu que deux types de transition de phase, connectant une
phase supefluide et une phase isolant de Mott, existent pour ce modele. A densité entiere
constante, une premiere transition apparait lorsque le parametre de répulsion du modele
approche une valeur critique. A répulsion suffisamment grande, on observe également une
transition quand la densité passe par des valeurs entieres. Ce probleme a été étudié dans
le cadre d’une approximation variationnelle de type Gutzwiller. On a montré qu’il est
alors possible de décrire de maniere analytique la transition superfluide-isolant de Mott
du systeme. Cet ansatz pour la fonction d’onde reproduit correctement le diagramme de
phase du systeme. Des calculs Monte Carlo quantique nous ont également permis d’étudier le

comportement de la densité superfluide du systeme au-dela de 'approximation de Gutzwiller.

15. Systémes de spin classiques

Réf: Voir papier M en Annexe

Dans cette étude [29], [30] nous nous sommes intéressés aux propriétés thermodynamiques
des systemes de spin représentés par des modeles effectifs de type Heisenberg. Différentes
techniques Monte Carlo ont été appliquées ou développées pour comprendre la nature du
fondamental et des transitions de phase de ces systemes. Une de nos premieres applications a
concerné le modele d’Heisenberg bidimensionnel. Dans ce modele de base de la physique des
systemes de spin, nous avons illustré comment le calcul de la raideur de spin (spin-stiffness)
pouvait étre un outil précieux pour la compréhension de la nature de I’état fondamental
et de ses excitations. La raideur de spin est reliée a la réponse du systeme de spins a
une rotation des spins de bords (twist). La maniere dont la raideur de spin évolue avec la
taille du systeme est directement liée aux types d’excitations élémentaires présents dans le
systeme. Nous avons vérifié avec tres grande précision que la raideur de spin suit exactement
le comportement prévu par le groupe de renormalisation appliqué a un modele décrivant le
systeme comme un ensemble d’ondes de spin en interaction. Afin d’obtenir ces résultats,

nous avons proposé de simuler le modele a ’aide d’'une méthode de Monte Carlo non-locale
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(adaptation de l'algorithme de Swendsen-Wang), c’est a dire une méthode qui construit
des agrégats de spins de taille importante a basse température (suppression du phénomene
de “ralentissement critique” au voisinage d’une transtion de phase continue). Nous avons
montré qu’il est essentiel d’utiliser une telle approche pour obtenir des résultats raisonnables.
Un deuxieme développement entrepris a été de généraliser ces résultats aux systemes de
spins frustrés [30]. La physique des spins frustrés est riche et donne lieu & de nombreuses
polémiques. En particulier, le role des excitations topologiques est mal compris. Afin d’en
étudier les effets nous nous sommes proposés de comparer les prédictions des modeles effectifs
basse-energie des systémes frustrés bidimensionnels (modele o-nonlinéaire) aux simulations
numériques dans les cas avec et sans topologie. Nous avons montré qu’une fois encore a basse
température les prédictions du groupe de renormalisation sont en accord avec les données.
A des températures intermédiaires, nous avons mis en valeur les effets provoqués par les
défauts. Il est important de souligner qu’ il est bien connu que la simulation des systemes
classiques frustrés a l'aide d’algorithmes non-locaux est difficile. Nous avons proposé une
généralisation de ces algorithmes qui permet de conserver les performances des systemes

non-frustrés.
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V. METHODES MONTE CARLO QUANTIQUE EN CHIMIE THEORIQUE
A. Les méthodes Monte Carlo quantique en quelques mots

Ramenées a leur plus simple expression, les méthodes Monte Carlo quantique consistent
a faire évoluer une population de marcheurs a 'aide d'un ensemble de regles probabilistes
et a évaluer les valeurs moyennes quantiques au moyen d’estimateurs statistiques appropriés
sur I’ensemble de toutes les positions obtenues pour les marcheurs. Par marcheur on entend
un point x dans I'espace de configuration complet du systeme. Par exemple, si on considere
une molécule comprenant N électrons, il s’agira de ’ensemble des 3N coordonnées spatiales
x = (r1,...,rn) des électrons (on suppose ici les noyaux fixes, mais on peut également traiter
les noyaux). Dans la littérature on parle de marcheurs, de répliques, de points, voire de psip
(¢ particles). Notons que les degrés de liberté de spin n’apparaissent pas explicitement mais
sont pris en compte en imposant 'antisymétrie sous 1’échange des coordonnées spatiales des
électrons «a et § séparément. Les regles stochastiques définissent les “regles du jeu” de la
simulation. On peut définir plusieurs ensembles de regles et plusieurs sortes d’estimateurs
qui donnent les mémes valeurs moyennes. Cette variété de choix explique les nombreuses
variantes QMC existant dans la littérature. Pour ne citer que les principales: Diffusion
Monte Carlo, Pure Diffusion Monte Carlo, Projector Monte Carlo, Green’s function Monte
Carlo, Lattice Green’s function Monte Carlo, etc.

Afin de clarifier la situation on peut définir deux grandes classes de méthodes Monte
Carlo quantique: les méthodes Monte Carlo dites variationnelles (Variational Monte Carlo,
VMC) et les méthodes Monte Carlo dites “exactes”. Signalons qu’il existe aussi des ap-
proches Monte Carlo dites a température finie permettant d’évaluer les moyennes thermo-

dynamiques (Path Integral Monte Carlo, World-line MC, etc.) mais je n’en parlerai pas ici.

1. Méthodes Monte Carlo variationnelles

Dans ce type d’approches on se propose de calculer les valeurs moyennes quantiques
associées a une fonction d’onde d’essai 17 (x,p) supposée connue et donnée sous forme
analytique. Ici, x représente I’ensemble des coordonnées spatiales et p un jeu de parametres
permettant de faire varier la fonction d’essai. Par exemple, dans le cas de I’énergie on cherche
a évaluer I'énergie variationnelle suivante:

_ Jdxyr(x,p)HYr(x, )
B [ dxipr(x, p)*
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Cette expression peut facilement se réécrire sous la forme:
Ey(p) =<< EL(x,p) >> (5)

ou le symbole << ... >> représente la valeur moyenne définie relativement a la densité de

probabilité de présence associée a r:
w(x,p) = Ur*/ [ dxir® (6)
et
<< L >>= /dx (X, p)... (7)

Dans la formule (5) la quantité moyennée est appelée “énergie locale”. Elle est définie par

I’expression:

EL(x,p) = Hr(x,p)/¢r(x,p) (8)

Cette quantité joue un role central dans les méthodes MC quantique. C’est une fonction
locale (elle ne dépend que du point courant x) et qui est homogene a une énergie. Lorsque
la fonction d’essai est exacte, elle se réduit a I’énergie exacte. Si on est capable de construire
un ensemble de configurations qui se distribuent dans ’espace avec la densité m, alors un
estimateur de I’énergie est donné par la valeur moyenne arithmétique des valeurs de 1’énergie
locale:

1 ;
Ey(p) = Plggo 2 > By [x9]. (9)
i—1

Construire des configurations dans un espace de grande dimension qui soient distribuées
selon une densité non-triviale -mais donnée analytiquement- est un probleme bien connu des
simulations. Pour cela on a recours a l'algorithme de Metropolis ou a I'une de ses variantes
[1], [2]. Les regles du jeu sont alors les suivantes:

1°7¢ regle: Etape de déplacement. Pour un marcheur donné siué en x on propose une

nouvelle position y a I'aide d’une densité de probabilité de transition choisie préalablement,

p(x —y).

2€m€

regle: Etape d’acceptation-refus. La nouvelle position y est acceptée avec proba-

bilité ¢(x,y) donnée par:
q(x,y) = Min[l, 7(y)p(y — x)/m(x)p(x — y)] (10)
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Dans le cas ou la position y est refusée, on considere que la nouvelle position est donnée par
x (on fait du “sur place”).

On peut montrer que, quelle que soit la configuration initiale de la population de
marcheurs et quelle que soit la probabilité de transition choisie, pourvue quelle soit ergodique
-une condition assez simple a réaliser [2]- 'ensemble des positions successives construites avec
ces regles simples se distribuent selon la densité 7 (pour une démonstration mathématique,
voir mes notes de cours [2]).

Afin d’accélérer I’échantillonnage de I'espace de configuration, on choisit une probabilité
de transition qui admet comme distribution stationnaire une densité proche de 7. De plus,
il faut que cette densité soit facile a échantillonner. La solution communément utilisée a la

forme suivante:

pix =y, = (=] e[ EX DT (1)

ou 7 joue le role d'un pas de temps et b est un vecteur appelé vecteur dérive (“drift vector”)

et qui est donné par

b = Vir/¢r. (12)

On peut montrer que, dans la limite d'un pas de temps infinitésimal, cette probabilité de
transition admet 1% comme densité stationnaire. De plus, elle s’écrit comme un produit
de 3N gaussiennes indépendantes (une gaussienne pour chaque coordonnée) et est donc
tres facile a échantillonner. La partie “diffusive” de la probabilité de transition permet
aux marcheurs de visiter I’ensemble des configurations possibles du systeme; la partie dite
“déterministe” associée au vecteur dérive permet, quant a elle, de “pousser” les marcheurs
vers les régions de grande probabilité (échantillonnage selon I'importance ou “importance
sampling” ).

Ce premier exemple simple de méthode Monte Carlo quantique permet d’appréhender
les aspects essentiels des méthodes stochastiques. Les regles a appliquer sont simples et tres
faciles a programmer sur machine. Les quantités a calculer sont locales et il n'y a pas de
calculs d’intégrales a effectuer. L’essentiel de I'effort numérique consiste a évaluer la dérivée
premiere (vecteur dérive) et seconde (énergie locale) de la fonction d’essai. L’avantage prin-
cipale de ces méthodes est donc de permettre le calcul des valeurs moyennes associées a
une fonction d’onde variationnelle de forme a priori quelconque. Ceci est évidemment un
avantage important par rapport aux méthodes ab initio plus traditionnelles définies a partir
d’un développement de la fonction d’onde restreint a des produits de fonctions a un électron

et qui nécessitent le calcul de nombreuses intégrales élémentaires.

35



2. Méthodes Monte Carlo exactes

Dans cette partie je montre comment s’affranchir de I'approximation variationnelle ,
c’est a dire calculer les quantités exactes du systeme. Différentes regles du jeu permettent

d’atteindre cet objectif. Nous présentons ici les deux principales approches:

a. Méthode introduisant un poids dans les valeurs moyennes: Pure Diffusion Monte Carlo

Cette méthode est 'approche que j’ai plus particulierement développée pendant mon
travail de these [3], [4], [5], [6]. Sans entrer dans les détails on peut montrer qu’en utilisant
les mémes regles que précédemment, et au prix de lintroduction d’ un produit de poids
élementaires dans les moyennes, on peut construire des estimateurs pour les propriétes ex-

actes. Par exemple pour le cas important de I’énergie totale, on a la formule suivante:

Er[xW] + Ep[xPw[x@] + Ep [x®w[x@]w[x®] + B [x®]w[xPwx®wx®] + ...

Fo= I+ 0x®] + wx®]uwx®] + wx@uwx®]uwx®] + ..
(13)
ou le poids w(x) est donné par:
w(x) = exp [-T(EL(x) — Er)] (14)

olt Er est une énergie de référence arbitraire et les x() représentent la suite des configura-
tions engendrées. La formule précédente pour 1'énergie est 1'analogue de la formule (9). Le
cas variationnel est obtenu en prenant les poids tous égaux a un, w = 1. Notons, qu’en
pratique, la formule (13) précédente est loin d’étre optimale, nous n’entrerons pas dans ce

genre de considérations ici.

B.Méthode avec processus de mort-naissance (branching): Diffusion Monte Carlo

La méthode QMC la plus populaire est certainement la méthode dite Diffusion Monte
Carlo ou le poids w est introduit dans les regles probabilistes plutot que dans les estimateurs
comme précédemment. Pour ce faire, on rajoute aux regles 1. et 2. du cas variationnel une
nouvelle étape qui consiste a détruire ou faire un certain nombre de répliques des marcheurs

en fonction du poids local w (processus dit de branching). En pratique:

3¢m¢ regle: Etape de branching. Pour chaque marcheur le nombre de copies effectué est

pris égal a:
m = int(w + ) (15)
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ou 7 est un nombre aléatoire uniforme compris entre 0 et 1.

Notons que dans cette approche ou le nombre de marcheurs n’est plus constant il est
nécessaire d’introduire une étape de controle de population (il faut éviter que le nombre total
de marcheurs diverge ou s’annule...). Ceci peut étre réalisé assez simplement de différentes
manieres, nous n’entrerons pas dans ces détails. Le point important est qu’on peut démontrer
que la nouvelle densité stationnaire obtenue avec cette étape de branchement supplémentaire

est maintenant égale a:

(%) = Ur(x)o0(x)/ [ dxior(x)o(x) (16)

au lieu du carré de la fonction d’onde d’essai comme dans le cas variationnel ou la méthode

PDMC. Ici, ¢o(x) représente la fonction d’onde exacte inconnue. En prenant la moyenne de

I’énergie locale sur cette nouvelle densité on obtient un estimateur tres simple de 1’énergie
exacte:

1 & :

Ey =<< Ep>>r = lim e ;EL[X(Z)] (17)

Nous venons de donner les éléments-clefs des méthodes Monte Carlo quantique. Il nous

suffiront pour la suite. Pour une présentation complete on peut se reporter par exemple a

(7], [8], ou [9]. Faisons toutefois quelques remarques importantes:

e [l existe une propriété dite de variance-zéro pour 1'énergie totale. Plus la fonction
d’essai est “proche” de la fonction d’onde exacte, plus les fluctuations de 1’énergie
locale sont faibles. A la limite d’une fonction d’essai exacte, le résultat exact est obtenu
quel que soit le nombre de pas Monte Carlo. La conséquence de cette propriété est
qu’il est extréemement important d’utiliser les “meilleures” fonctions d’essai possibles
pour réduire 'effort numérique. Notons également que nous avons tres récemment
généralisé cette propritété de variance-zero au calcul de n’importe quelle observable

physique. (voir section I1.B.8, “Principe de zéro-variance généralisé”).

e Nous avons présenté dans ce qui précede des estimateurs pour 'énergie totale. On
peut également écrire des expressions analogues pour toutes les propriétes autres que
I'énergie (observables, forces, polarisabilités, etc.), méme si leur calcul n’est pas tou-

jours aussi facile que celui de I’énergie.

e Nous avons limité notre présentation au calcul des propriétés de I’état fondamental.
En théorie, les états excités peuvent également étre abordés. En pratique, les calculs

sont en fait beaucoup plus instables que pour ’état fondamental.
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e [l existe deux sources de biais systématiques dans les calculs: I'approximation a temps
court Eq.(11) associée au choix d'un pas de temps 7 non-infinitésimal, et l'erreur de
controle de population dans le cas des méthodes avec branching. La premiere erreur
peut étre supprimée en utilisant une version un peu plus sophistiquée des méthodes
DMC (méthodes Green’s function MC, [10]). On peut également, et c’est la solution
généralement adoptée, faire plusieurs calculs avec des valeurs différentes du pas de
temps et extrapoler a zéro. En ce qui concerne 'erreur de controle de population on
peut également réduire 'erreur en prenant des populations suffisamment grandes et
en extrapolant a population infinie (en pratique, cette erreur décroit tres vite avec le

nombre de marcheurs).

e Les approches Monte Carlo quantique sont extrémement bien adaptées au calcul sur
ordinateur. On peut tres facilement vectoriser ou paralléliser les codes (simplement en
considérant des marcheurs indépendants sur des processeurs indépendants). De plus,
les besoins en mémoire centrale sont extréemement limités. Ce sont des méthodes de

simulation assez idéale du point de vue informatique.

Avant de terminer cette partie il est important de discuter le traitement pratique des

contraintes résultant du principe de Pauli pour les électrons.

3. Contraintes associées au principe de Pauli: le probléeme du signe

Le fait que les électrons soient des fermions et donc obéissent au principe de Pauli im-
plique que la fonction d’onde électronique ait des propriétés d’antisymétrie bien spécifiques
par rapport aux échanges d’électrons. Dans un formalisme purement spatial, comme celui
présenté ici, on peut montrer que la fonction d’onde doit étre antisymétrique dans I’échange
des coordonnées spatiales des électrons de méme spin (sans contrainte particuliere pour les
électrons de spin différents). Une telle contrainte implique que pour plus de deux électrons
la fonction d’onde ait un signe non-constant. Dans un calcul variationnel ceci ne pose au-
cune difficulté particuliere: la densité m donnée par I’équation (6) est positive et peut étre
construite sans difficulté particuliere. En revanche, dans le cas des méthodes exactes la
densité stationnaire 7 = ¥rdo, Eq. (16), n’a plus un signe constant puisqu’en général les
domaines de I'espace de configuration (domaines nodaux) ou la fonction d’onde d’essai et la
fonction d’onde exacte ont le méme signe, different. Deux grandes classes d’approche ont été

proposées pour résoudre cette difficulté. Elles correspondent aux deux solutions naturelles

38



qui s’offrent a nous: soit introduire le signe dans les estimateurs comme un poids, soit in-

corporer le signe directement dans le processus stochastique lui-méme.

a.Signe dans les estimateurs: les méthodes exactes mais instables

En théorie, il n’y a aucune difficulté a tenir compte de 'antisymétrie de la fonction
d’onde exacte en l'introduisant dans les estimateurs a l'aide d'un projecteur. Pour cela il
suffit de prendre comme fonction d’essai une fonction essentiellement égale a la valeur absolue
d'une fonction fermionique et d’introduire le signe fermionique dans les estimateurs. Sans
entrer dans les détails, on parle alors soit de méthodes “transientes” (transient methods),
soit de méthodes avec “relachement des noeuds” (nodal-release methods). En opérant de
la sorte aucune erreur systématique n’est introduite. Malheureusement, en pratique, de
telles approches sont tres difficiles a faire converger. La raison fondamentale réside dans le
fait qu’a grands temps de simulation la partie positive et la partie négative des estimateurs
signés deviennent essentiellement égales, et c’est la différence exponentiellement négligeable
qui nous intéresse! Comme 'erreur statistique est proportionnelle a la somme, et non a la
différence des parties positives et négatives, le rapport signal sur bruit devient excessivement
mauvais. Plus précisement, on peut montrer que l'erreur statistique croit exponentiellement

avec le temps calcul T de la maniere suivante:

exp [K(EOF — EOB)T}
VT

ol ¢ et K sont deux constantes positives et Eyp et Eyp sont respectivement les énergies fon-

oF =c¢

(18)

damentales fermioniques (celle qui nous intéresse) et bosoniques (essentiellement, 1’énergie
qui correspondrait a des électrons qui auraient tous le droit de se condenser dans le niveau le
plus bas). On peut également montrer que la différence AE = (Eyr — Epp) qui commande
Iexposant de I'exponentiel croit également tres rapidement avec le nombre de particules!
Ce probleme sévere est connu sous le nom de “probléeme du signe”. En trouver une solution
est considéré comme un des problemes les plus importants de la physique numérique. Re-
marquons tout de méme qu’une telle formule ne signifie pas que tout calcul exact pour des
électrons soit désespéré. Elle signifie seulement, qu’a ce jour, tout algorithme QMC exact
est intrinsequement instable. Des procédés astucieux ont été développés pour amoindrir les
difficultés liées au probleme du signe et des calculs “exacts” sur des systemes réalistes ont
pu étre menés a bout malgré ces difficultés. Nous reviendrons sur ce point dans la section

suivante: “Monte Carlo quantique en Chimie Théorique: ou en est-on?”).
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(.Signe dans le processus: approximation des nceuds fixés (fixed-node QMC)

Afin de contourner la difficulté du signe dans les estimateurs il est naturel d’essayer
de construire des regles probabilistes qui incorporent directement ’antisymétrie. Ceci peut
étre réalisé tres simplement en utilisant I'algorithme usuel présenté précédemment et une
fonction d’onde d’essai correctement antisymétrisée. Le point nouveau par rapport au cas
d’une fonction d’essai a signe constant est que les lieux (hypersurfaces) ou la fonction d’essai
s’annule (on parle des zéros ou des noeuds de la fonction d’onde) deviennent des barrieres in-
franchissables pour les marcheurs (le terme de dérive donné par 1’équation (12) correspond a
un terme infiniment répulsif pres des noeuds). En pratique, les marcheurs restent donc piégés
dans les sous-volumes nodaux découpés par les nceuds de la fonction d’essai. Ceci revient
a résoudre I'équation de Schrodinger avec de nouvelles conditions aux limites (annulation
de la fonction d’onde exacte aux nceuds de la fonction d’essai). L’instabilité liée au signe
disparait alors completement. Malheureusement, le prix a payer est l'introduction d’une
erreur systématique (I'erreur dite “fixed-node”), résultant de la position approximative des
neeuds de la fonction d’essai. Cependant, et c¢’est un point important, on peut démontrer

qu’un calcul “fixed-node” est un calcul variationnel, c’est a dire qu’on a la propriété:

Ey(Fixed — Node) > Ey(Exact) (19)

B. Monte Carlo quantique en chimie théorique: ou en est-on?

En nous appuyant sur les quelques éléments présentés dans la section précédente on
peut maintenant discuter I’“état de I'art” en chimie théorique des calculs électroniques par

méthode Monte Carlo quantique.

1. Probleme du signe.

Le premier point qu’il s’agit de commenter est la nature des difficultés associées au
probleme du signe pour les atomes et les molécules. Comme nous venons de le dire, il existe
deux grandes classes de méthodes pour traiter ce probleme: les méthodes exactes mais
instables (“transient” ou “nodal-release” methods) et les méthodes stables mais approchées
de type nceuds fixés (fixed-node). La premiere classe de méthodes a été appliquée avec
succes a des systemes comportant des atomes tres légers. On peut citer le calcul de la

surface de potentiel complete H + Hy — Hy + H qui joue un role important dans les calculs

40



de dynamique quantique [11] ainsi que quelques calculs “tous-electrons” pour des petits
systemes (LiH,Lis ..., voir par exemple la revue récente d’Anderson [8]). Notons que pour
des systemes homogenes en densité, comme les liquides et les solides quantiques, des calculs
a tres grand nombre d’électrons sont également possibles. On peut citer le célebre calcul
du gaz électronique uniforme par Ceperley et Alder [12] qui sert a calibrer les méthodes
de type Density Functional Theory (DFT). Ce calcul correspond a une résolution exacte
par méthode Monte Carlo quantique de I’équation de Schrédinger pour un grand nombre
d’électrons (jusqu’a 246 électrons) a l'aide d’un schéma exact avec relachement des nceuds.
On peut également citer le calcul du diagramme de phase de I’hydrogene en fonction de
la pression qui a été effectué sous différentes conditions [13]. Dans ce type de calculs,
les auteurs se sont méme affranchis de 'approximation de Born-Oppenheimer en résolvant
I'équation de Schrodinger complete pour un grand nombre de protons et d’électrons (jusqu’a
plusieurs centaines). Dans ces exemples, les quantités ¢, K et AE = Eyr — Eyp de la formule
fondamentale (18) sont suffisamment petites pour que l'estimateur de 1'énergie “converge”
dans un temps raisonnable. Physiquement, ceci est relié au fait que le systeme simulé a
une densité électronique relativement homogene sans grandes variations d’échelle en son
sein. Dans le cas des molécules, ceci n’est absolument pas le cas. A cause du principe de
Pauli et du caractere tres inhomogene de I'attraction coulombienne des noyaux (avec charge
éventuellement élevée), on doit décrire une densité électronique tres structurée. Il y a des
régions de coeur a haute densité d’énergie et des régions de valence beaucoup plus homogenes.
Les zones ot les liaisons chimiques s’établissent doivent étre décrites avec précision. Il faut
également étre a un niveau de précision tres grand pour espérer retrouver les effets subtils
a longues distances (par exemple, les forces de van der Waals). Mathématiquement, cela
se traduit par le fait que le préfacteur ¢ de la formule (18) (relié a la qualité de la fonction
d’onde d’essai utilisée) doit absolument étre réduit le plus possible et que Iécart énergétique
AFE = Egr — Eyp entre le fondamental physique et le fondamental “bosonique” (tous les
électrons dans l'orbitale la plus basse) est tres grand a cause de la structure en couche tres
prononcée.

Pour conclure, imaginer des calculs exacts pour des systemes moléculaires lourds et
structurés n’est actuellement pas réaliste & cause du comportement pathologique, Eq.(18).
Cependant, et c’est le point fondamental, I’expérience numérique a montré que la méthode
a neeuds fixés représente une tres bonne approximation pour les molécules. Ceci est parti-
culierement vrai pour I’énergie mais cela semble aussi étre vrai pour un certain nombre de
propriétés au prix de développements spécifiques (voir, par exemple, le calcul tres récent du

dipdle de la molécule CO par Schautz et Flad [14]). Comme nous 'avons déja mentionné une
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propriété tres intéressante des calculs fixed-node est le fait qu’il existe un principe variation-
nel pour I'énergie, Eq.(19). L’expérience montre qu’en choisissant, par exemple, les noeuds
d’une fonction d’onde de type Hartree-Fock 'erreur fixed-node est déja tres petite. Pour fixer
les idées, nous présentons dans le tableau I quelques résultats obtenus pour ’énergie totale
de petits atomes et molécules (calcul “tous-électrons”). On voit que l'erreur fixed-node ne
représente pour ces systemes que quelques pourcents de 1’énergie de corrélation totale. En
d’autres mots, 'approximation fixed-node est tout a fait satisfaisante. Notons qu’on obtient

également ce type de précision pour les calculs QMC avec pseudo-potentiels (voir plus loin).

TABLE I. Energies totales (“tous-électrons”) calculées par méthode Monte Carlo variationnelle
(VMC) et par méthode QMC dans 'approximation des noeuds fixés (fixed-node). L’énergie de
corrélation (EC) totale obtenue dans chaque cas est donnée en pourcentage. L’erreur statistique

sur le dernier chiffre est donnée entre parentheses.

Atome ou Molécule Ey(HF) Es(VMC) EC(%) Ep(Fixed-Node) EC(%) Ey(Exact)

He (pas de nceuds) -2.86168 -2.9037244(1)® 100.0000(2) -2.90372437
LiH 7987 -8.06973(26)°  99.4(3)  -8.0699(10)°  100(1)  -8.07021
Li 1487152 -14.98850(4)  94.43(4)  -14.9938(1)?  98.7(1)  -14.9954
Ne -128.54705 -128.9011(1)  90.56(2)  -128.9236(2)" 96.32(4) -128.93755
H,0 -76.0675  -76.20(3)° 36(8) -76.430(20)f  90.5(7)  -76.4376
N -108.9928  -109.4376(5)  80.94(8)  -109.505(1)%  93.1(2) -109.5423
Fy -198.7701 -199.4101(6)  84.23(8)  -199.487(1)%  94.3(1) -199.5299

@ Réf. [15]; ® Réf. [16] © Réf. [17]; ¢ Réf. [18]; ¢ Réf. [10] £ Réf. [19]

2. Choix de la fonction d’essai

Comme nous 'avons déja mentionné, un aspect fondamental qui détermine la qualité
des simulations est le choix de la fonction d’essai utilisée, 1. Plus cette fonction d’onde
est “proche” de la solution inconnue plus les fluctuations statistiques sur ’énergie totale
sont faibles. De nombreux efforts ont été faits pour choisir les meilleures approximations
possibles. Il est important d’insister sur le fait que le choix des formes possibles est tres
large puisque, contrairement aux méthodes sur base, aucune intégration de la fonction n’est
effectuée au cours de la simulation. Seule la dérivée premiere [vecteur dérive, Eq.(12)] et
la dérivée seconde [énergie locale, Eq.(8)] par rapport aux 3N variables sont requises. Sans
entrer dans les détails des nombreux travaux effectués, on peut dire que les formes les plus

élaboréees considérées a ce jour s’écrivent essentiellement de la maniere suivante:
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r = exp [Z Z Uo(Tias Tja, Tij)] Z cKDethetg (20)
i<j a K

La partie déterminantale est constituée d’'une somme sur un ensemble de configurations
au sens des méthodes ab initio traditionnelles. Les orbitales moléculaires utilisées provien-
nent généralement d’un programme ab initio sur base et sont le plus souvent réoptimisées
dans le cadre de la méthode Monte Carlo quantique. Le nombre de configurations utilisées
ne peut pas étre tres important car le Laplacien de la fonction d’essai doit étre calculé a
chaque pas Monte Carlo, et on effectue des millions de pas. Le préfacteur qui est écrit
sous une forme exponentielle est habituellement désigné sous le vocable “terme de Jastrow”.
C’est une partie qui dépend explicitement des coordonées interelectroniques r;; et de leur
couplage avec les distances electrons-noyaux r;, (I'indice grec porte ici sur les coordonnées
nucléaires). Ce terme joue un role tres important : il permet d’incorporer dans la fonc-
tion d’onde les comportements corrects de la fonction d’onde quand les électrons sont tres
proches (conditions dites de CUSP) ainsi que la réorganisation du nuage électronique quand
la corrélation explicite entre électrons est prise en compte. En introduisant des parametres
variationnels dans les fonctions U, et la partie déterminantale, il est possible de chercher
des représentations optimales. Il est important de noter que cette étape d’optimisation
des parametres (éventuellement en grand nombre) peut étre effectuée relativement aisément
dans un formalisme QMC grace a la méthode dite de “lI’échantillonnage corrélée” introduite
il y a une dizaine d’années par Umrigar et collaborateurs [20]. Les résultats obtenus avec
de telles représentations sont déja tres bons. Suivant les systemes, on peut récupérer assez
facilement entre 40 et 90 % de I’énergie de corrélation au niveau variationnel. Quelques

exemples illustratifs sont présentés dans le tableau I (calculs VMC).
Notons que le développement de fonctions d’onde d’essai de qualité constitue encore a
mon avis un theme d’étude crucial pour les méthodes Monte Carlo quantique. En particulier,
des formes beaucoup plus physiques pour ces fonctions peuvent encore étre exploitées. Nous

avons déja discuté cet aspect dans la section I1.B.6: “Meilleures fonction d’essai”.

8. Probléeme des électrons de coeur.

En utilisant les fonctions d’essai que nous venons de présenter on peut calculer 1’énergie
totale électronique pour des systemes moléculaires comprenant au maximum une vingtaine
d’électrons. Comme nous 'avons déja discuté, le nombre maximal d’électrons qui peut étre
traité dépend en fait tres fortement de la distribution des charges nucléaires. Définir un

tel nombre sans faire référence aux propriétés du potentiel exérieur n’a pas réellement de
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sens. La raison principale de I'existence de cette limite réside dans la difficulté de maitriser
les fluctuations internes dues aux électrons de cceur des atomes. De nombreuses tentatives
ont été faites pour résoudre ou contourner cette difficulté. L’idée la plus naturelle qui
vient a l'esprit est évidemment de geler les électrons de coeur d’une facon ou d’une autre
comme cela est effectué dans les méthodes ab initio sur base. Plusieurs propositions ont
été faites dans cette direction (Hamiltoniens modeles, pseudo-Hamiltoniens, “damped-core”
approches, etc.). On ne détaillera pas ici ces différentes tentatives (pour cela, se reporter au
livre de Hammond et collaborateurs, [7]) mais on notera que ce n’est qu’assez récemment
qu'un algorithme stable et de portée générale a été mis au point [22]. Le résultat-clef a été
de montrer que 'utilisation de projecteurs de type “potentiels de cceur effectifs” (Effective
Core Potentials) et de fonctions d’onde d’essai de grande qualité pour les électrons de valence
permet d’obtenir en pratique des résultats de grande qualité. L’Hamiltonien des électrons

de valence est écrit sous la forme:

1=
Hval - Z _ivf + Z Vzoc(ria) + Z ZaZB/Raﬁ + Z 1/7'1']’ + Wnonloc (21)
7 e a<f i<j
ou Vi, décrit I'attraction électron-noyau usuelle et W0 €st I'opérateur non-local qui

projette sur les états de coeur:

Waontor = 3 3 0(ria) Vim(a) [ %Y, (€%,) (22)

i Im
ol v; représente le pseudo-potentiel radial et Y}, les harmoniques sphériques usuelles.

L’expérience montre que, si 'opérateur est rendu local de la maniere suivante (la non-localité

est a priori difficile & implémenter dans un schéma Monte Carlo)

Wiocatise(X) = Whontocthr (%) /17 (%) (23)

et quune fonction 11 de qualité suffisante (c’est un point important) est utilisée, alors la
méthode donne des résultats tres satisfaisants. Pour illustrer le type de résultats obtenus
nous présentons dans la tableau II quelques énergies de liaison d’agrégats et de molécules
organiques, calculées avec des pseudo-potentiels dans 'approximation des nocuds fixés. Les

résultats comparés aux résultats expérimentaux sont toujours tres bons.

44



TABLE II. Quelques énergies de liaison calculées par méthode Monte Carlo quantique (QMC)
dans 'approximation des noceuds fixés et utilisation de pseudo-potentiels. L’erreur statistique sur

le dernier chiffre est donnée entre parentheses

Energies de liaison(eV) de quelques molécules organiques® HF LDA QMC Exp.

Méthane (CHy) 14.20 20.59 18.28(5) 18.19
Acétylene (CoHy) 12.70 20.49 17.53(5) 17.59
Ethane (CoHg) 23.87  35.37  31.10(5)  30.85
Benzene (CgHg) 44.44 70.01 59.2(1) 59.24
Energies de liaison (eV/atome) de qques agrégats de Si® HF LDA QMC Exp.
Sia(Dap,) 0.85 1.98 1.580(7) 1.61(4)
Si3(Csy) 112 292 2.374(8)  2.45(6)
Siz(Dsp,) 1.91 414 343(2)  3.60(4)
Sito(Csy) 1.89 432 3.48(2)
Sizg(Csy) 1.55  4.28 3.43(3)

@ Réf. [23]; b Réf. [24];

En conclusion, en utilisant les fonctions d’essai actuellement disponibles et
I’approximation des nceuds fixés, on peut mener des calculs QMC “tous-électrons” de grande
qualité pour des systemes moléculaires ayant des charges nucléaires pas trop élevées et un
nombre d’électrons relativement limité (disons une vingtaine d’électrons). Pour des systémes
plus gros, il est possible depuis peu d’éliminer de maniere efficace les électrons de cceur re-
sponsables de la majeure partie de I'erreur statistique en utilisant des potentiels de coeur
effectifs. Cette approche, couplée a I'utilisation de fonctions d’onde d’essai de qualité pour
les électrons de valence, permet de traiter des systemes de tailles comparables a celles traitées
par les méthodes ab initio traditionnelles. Ce dernier point est extrémement important car il
rend les méthodes QMC compétitives. Il est donc prévisible que dans les années qui viennent
les méthodes stochastiques se développent dans le milieu de la chimie théorique.

Terminons cette partie en présentant un travail tres récent qui illustre le fait que les
méthodes QMC sont sur le point de devenir des méthodes tout a fait compétitives vis a vis
des méthodes ab initio. La figure qui suit présente quelques résultats obtenus par le groupe
de Cambridge sur des systeme de type fullerenes [25]. Le systéeme étudié est la molécule
Cyy. Les deux électrons de coeur 1s ont été gelés par la technique présentée ci-dessus et les
24x4=96 électrons de valence sont traités dans I'approximation des noeuds fixés. Différentes

structures (anneau, feuille, boule, cage, etc.) ont été calculées par QMC et par plusieurs
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variantes des méthodes de type DFT. Sans entrer dans les détails, on voit que les résultats

Monte Carlo quantique (DMC) sont tres bons et, d’apres les auteurs, d'une qualité supérieure
a celle des résultats DFT.
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FIG. 2. Structures et énergies des isomeres Co4 relativement au fullérene Dg. Les résultats

Monte Carlo quantique sont indiqués sous le nom de DMC (Diffusion Monte Carlo)
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VI. PERSPECTIVES. MON PROJET DE RECHERCHE

Dans les années qui viennent je vais m’employer a développer les deux idées importantes
que nous avons introduites récemment, a savoir le principe de zéro-variance et l'introduction
de processus de reconfiguration stochastique. Ces deux idées vont permettre de dimimuer de
maniere tres significative les fluctuations statistiques et donc l'efficacité des méthodes Monte
Carlo quantique. C’est un point tres important que ce soit pour le calcul des propriétés
électroniques des molécules ou pour la détermination des diagrammes de phase des systemes
de fermions fortements corrélés. Dans le domaine de la physique du solide, les méthodes
QMC sont des méthodes bien établies et abondamment utilisées. Augmenter leur efficacité
est essentiel car la plupart des effets subtils liés a la corrélation électronique n’apparaissent
clairement qu’a des tailles, ou des nombres d’électrons, exigeant des simulations assez volu-
mineuses. En Chimie Théorique les méthodes QMC sont d’utilisation plus limitée; nous en
avons expliqué les raisons dans la section V. Toutefois, comme nous ’avons déja souligné ces
méthodes sont sur le point de devenir compétitives vis a vis des méthodes ab initio plus tradi-
tionnelles (Density Functional Theory (DFT) et/ou méthodes Hartree-Fock + traitement de
la corrélation électronique) et nous vivons donc une période charniere de leur développement.
Ceci a été rendu possible grace a un ensemble d’améliorations méthodologiques qui se sont
échelonnés sur les vingt dernieres années: développement de fonctions d’essai de qualité,
approche des noeuds-fixés, introduction d’une méthodologie de type pseudo-potentiels sta-
ble et efficace. Depuis peu, des applications sur des systemes moléculaires réalistes incluant
jusqu’a une centaine d’électrons actifs ont été effectués (agrégats d’atomes de Silicium ou
de Carbone, molécules organiques, etc..). La raison essentielle pour laquelle les méthodes
Monte Carlo sont encore trop peu utilisées dans la communauté de la Chimie Théorique est
que, pour une édifice moléculaire complexe, il n’existe pas encore de procédure automatisée
pour calculer efficacement n’importe quelle propriété (en particulier pour les forces et la
plupart des observables). De plus, les volumes de calcul restent encore importants, quoique
comparables & ceux des calculs ab initio les plus poussés (“grandes” interactions de config-
uration, calculs Coupled-Cluster de précision, etc.). Il est donc tres important de remédier
a ces limitations.

Comme nous 'avons déja dit notre premiere direction de travail est la mise en pratique
de notre principe de variance-zéro de portée tres générale. Nous avons déja montré qu’'un
tel principe permet le calcul des forces entre atomes au sein d’une molécule. C’est un
résultat important puisque le calcul des forces est un des objectifs centraux de la chimie

calculatoire et qu’il n’existait pas de moyen effectif pour le calcul de telles quantités dans les
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approches QMC. Le principe de variance-zéro devrait également nous permettre d’aborder
des quantités aussi délicates que les petites différences d’énergie et les propriétés de réponse
sous champs. Le probleme des fluctuations importantes associées aux électrons de coeur
devrait également étre abordé sous un angle nouveau. Comme nous I’avons déja remarqué, ce
sont les fluctuations de coeur qui sont responsables de la limitation des méthodes QMC “tous-
électrons” aux systemes ayant des petites charges nucléaires. La définition d’un formalisme
QMC basé sur les pseudo-potentiels a constitué une étape importante: on peut maintenant
aborder des systemes assez complexes. Néammoins, il est évident que les difficultés associées
a l'utilisation de potentiels de cceur (controle de I'approximation effectuée, probleme de
I'interaction coeur-valence, polarisation du cceur, etc.) subsistent comme dans les méthodes
ab initio sur base. A terme, il est donc souhaitable de rester dans une approche “tous-
électrons”. L’objectif a atteindre est de réduire les fluctuations de coeur au niveau de celles
des électrons de valence. Ceci semble tout a fait possible en “renormalisant” la partie tres
fluctuante de 'énergie locale associée aux électrons de coeur. J’ai commencé ce projet en
collaboration avec R. Assaraf et P. Reinhardt au laboratoire. Ce travail comprend une partie
exploratoire assez importante (partition de I’énergie locale, choix de la représentation pour
la fonction d’essai associée au principe de variance zéro, etc.) mais je ne doute pas qu’il soit
possible d’atténuer grandement les fluctuations de coeur.

Le deuxieme axe de recherche est 'exploitation du processus dit de reconfiguration
stochastique en vue d’accélérer la convergence des simulations Monte Carlo quantique
(réduction des volumes de calcul pour une précision donnée). En effet, nous nous sommes
apercus que, grace au processus de reconfiguration d'une population de marcheurs, il était
possible de réaliser une idée tres intéressante du point de vue mathématique. A savoir,
I'introduction de corrélation entre marcheurs sans changement de la densité stationnaire
associée a chaque marcheur individuellement. En jouant sur la nature des corrélations entre
marcheurs, on peut modifier de maniere importante la vitesse de convergence d’une observ-
able donnée calculée a partir des populations successives sans changer sa valeur moyenne.
Pour illustrer les potentialités d’une telle approche je présente dans le tableau suivant
quelques calculs préliminaires effectués en collaboration avec R. Assaraf et A. Khelif. Il s’agit
du calcul d’une observable pour un systeme modele de taille finie (matrice 200 par 200). Je
donne les résultats obtenus avec différents niveaux de corrélation entre marcheurs. La pop-
ulation considérée comprend 4096 marcheurs et un million de pas Monte Carlo pour chaque
marcheur. J'insiste sur le fait que chaque résultat nécessite (a des variations négligeables
pres) le méme effort numérique. Le premier résultat (Monte Carlo standard) correspond a

I’approche habituelle sans corrélation entre marcheurs. Les trois autres résultats correspon-
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dent a des niveaux différents de corrélation. On voit que 'amélioration de convergence peut
étre spectaculaire. Dans le meilleur des cas (Reconfiguration avec choix alterné) on obtient
un rapport d’erreur statistique égal a 0.1100/0.0068, ce qui correspond & un gain de l'ordre
de 300 en temps calcul (I'erreur se comporte en 1/v/N). Evidemment, il s’agit d’étre prudent
et de ne pas généraliser trop vite des résultats obtenus sur un systeme modele simple a des
systemes réalistes. Toutefois, nos premiers résultats sur des atomes légers indiquent qu’il y
a en effet une amélioration sensible de la convergence. Il reste encore beaucoup d’aspects
a élucider (en particulier, la détermination des corrélations optimales) mais l'idée doit étre

développée.

TABLE III. Calcul d’une valeur moyenne pour un systéme modele a 200 états. Le nombre de
marcheurs est 4096, le nombre de pas Monte Carlo pour chaque marcheur est de 10%. L’erreur

statistique sur le dernier chiffre est donnée entre parentheses

Méthode <0 >
Monte Carlo standard 320.86(0.11)
Reconfiguration standard 320.98(0.039)
Reconfiguration avec choix aléatoire 320.935(0.010)
Reconfiguration avec choix alterné 320.953(0.0068)
Valeur exacte 320.944181...

On peut imaginer généraliser cette idée aux corrélations spatiales et temporelles des
marcheurs sur le processus. Ceci permettrait de réaborder le probleme si important du
signe sous un angle nouveau. Par exemple, en cherchant a déterminer quelles sont les
corrélations spatio-temporelles entre marcheurs qui permettraient d’asservir les fluctuations
du signe fermionique et donc de réduire (supprimer?) le fameux “probleme du signe” qui

surgit quand on cherche a s’affranchir de 'approximation des nceuds fixés.
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This paper presents systematic developments in the previously initiated line of research
concerning a quantum Monte Carlo (QMC) method based on the use of a pure diffusion
process corresponding to some reference function and a generalized Feynman—-Kac path
integral formalism. Not only mean values of quantum observables, but also response properties
are expressed using suitable path integrals involving the diffusion measure of the reference
diffusion process. Moreover, by relying on the ergodic character of this process, path integrals
may be evaluated as time-averages along any sample trajectory of the process. This property is
of crucial importance for the computer implementation of the method. As concerns the
treatment of many-fermion systems, where the Pauli principle must be taken into account, we
can use the fixed-node approximation, but we also discuss the potentially exact release-node
procedure, whereby some adequate symmetry is imposed on the integrand (of the generalized

Feynman-Kac formula), associated with a possibly refined choice of the reference function.

I. INTRODUCTION

This paper deals with the treatment of the time-indepen-
dent Schrodinger equation using a Monte Carlo method. Es-
sentially, the purpose of this method is to obtain values of
observables pertaining to the lowest eigenstate (s) of any giv-
en symmetry type. The “‘observables” are the usual quantum
averages associated with the eigenstate under consideration
(e.g., energy, dipole moment,...) or response properties
which are usually written as second-order perturbation ex-
pressions (e.g., static and dynamic polarizabilities).

Monte Carlo methods have been used with success in
treating many-body boson systems.'~® Unfortunately, due to
the Pauli principle requirements for fermion systems, atoms
and molecules are much less easy to manage. A basic reason
for this is the nonconstant sign of Fermi wave functions, a
property which implies unavoidable numerical difficulties.
Nevertheless, for about 15 years specific Monte Carlo
schemes for dealing with molecular systems have been devel-
oped. A few approaches have resulted’~'* and very accurate
results for total energies on systems involving a number of 2—
10 electrons have been obtained.®'*"!” Further methodolog-
ical developments are presently under investigation, particu-
larly to calculate excited state energies and ground state
properties other than energy.'®

The basic common idea of these different approaches,
called quantum Monte Carlo (QMC) methods, rests on the
similarity between the time-dependent Schrédinger equa-
tion in imaginary time and a generalized diffusion equation.
These methods have important advantages:

(i) The exact resolution of the Schridinger equation
within the statistical errors due to the finite simulation time
(no “truncation error” as occurs unavoidably in the frame-
work of variational methods due to the use of finite basis
sets).

(ii) The computational complexity of the code increases
slowly with the number of particles. An increase proportion-
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al to n® at most is expected for fermionic problems with two-
body potentials as explained in Ref. 9 (see note 20) for sys-
tems of given density. However, if we consider systems with
a density increasing with n such as atoms with higher and
higher Z, then a more rapid increase of the computation time
as a function of n could happen.’®

(iii) Memory requirements remain perfectly bounded
(as opposed to the very fast increase of memory required in
variational approaches).

(iv) The short and simple codes are very well suited for
vector computing and more specifically for multitasking
proper.

A new quantum Monte Carlo method is presented here.
We have developed the line of investigation initiated by Soto
and Claverie?® aiming at the design of a Monte Carlo method
based on the use of a generalized Feynman-Kac formula
applied to a pure diffusion process. More precisely, we have
further extended here the previous generalized Feynman—
Kac (GFK) formula®*?! into a so-called full generalized
Feynman-Kac (FGFK) formula. The former (GFK) for-
mula expresses as a functional integral the matrix elements
of the (imaginary-time) evolution operator exp( — tH) and
thus gives access essentially to energy eigenvalues of H.
Now, the latter (FGFK) formula expresses matrix elements
of operator products such as

exp( — 7, H)A4, exp( — 7,H)A, A, exp( — 7, H),
where 27+ '7, =t and the 4,’s are g scalar multiplicative
operators. This enables us to evaluate not only mean values
of such operators 4; (so-called “first-order” properties in
perturbation-theoretic language), but also n-time “quantum
correlation functions™ (in terms of the Heisenberg picture,
cf. e.g., Ref. 22), which are related to response properties:
e.g., for n = 2 we get second-order response properties such
as polarizabilities (static and dynamic as well). These var-
ious matrix elements involve the evolution operator
exp( — tH) with ¢ arbitrary but fixed. They will be ultimate-
ly evaluated as suitable time-averages over sample trajector-

© 1987 American Institute of Physics
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ies for a long enough simulation time 7 (theoretically we
should take the limit 7— + oo for fixed #). The clear distinc-
tion between ¢ and T'is of overwhelming importance and will
be emphasized at appropriate places below.

The underlying stochastic process (with respect to
which our functional integrals are defined) is a pure diffu-
sion process, associated with some reference function @ §:
no branching is involved, in contrast with most proposals of
quantum Monte Carlo schemes presented so far.”*'* Some
connection with these methods can be established by notic-
ing that their branching term plays a role which is analogous
with the role played in our own approach by the “Feynman-—
Kac integrand” exp{ — f ¥, [X(s)]ds} which appears in
the FGFK formula (cf. Sec. III). This point has been no-
ticed by Ceperley and Alder [see their Eq. (11)] and Pol-
lock and Ceperley?® [see Eq. (AS5) in their Appendix A].
Details about the correspondence with our present formal-
ism are provided in the Appendix. Another point which de-
serves to be mentioned is the fact that in previous Monte
Carlo methods the simulation time T is also the imaginary
time appearing in the evolution operator. In our notation
this amounts to putting # = 7. We shall see below how the
possibility of distinguishing ¢ and 7" may be advantageous,
especially in order to keep variance under control.

As recalled above, a serious challenge for all Monte
Carlo methods is the treatment of many-fermion systems
due to the specific constraints imposed by the Pauli princi-
ple. We therefore paid due attention to this problem, and we
discuss several ways of solving it.

The full mathematical details are reported elsewhere in
previous papers.”’ However, in order to make the present
paper self-contained, all that is necessary to understand the
theory is briefly recalled at each appropriate place.

The contents of this paper are as follows. In Sec. II we
present the basic similarity transformation which permits
mathematically connecting the quantum formalism with the
stochastic processes. The essential idea is to associate a diffu-
sion process with some given reference function ¢ {¥ (to
which a “reference Hamiltonian” H © is also associated).
Section III is devoted to the presentation and derivation of
the full generalized Feynman-Kac formula alluded to
above. In Sec. IV we describe how this FGFK formula can
be used for expressing quantum observables (mean values
and response properties). In Sec. V we give an outline of the
theoretical algorithm (further details concerning its com-
puter implementation are deferred to a companion paper).
Section VI deals with the Pauli principle requirements and
with some directions for treating this problem. Finally, Sec.
VII presents some conclusions and perspectives.

Ii. DIFFUSION PROCESS ASSOCIATED WITH AN
ARBITRARY REFERENCE FUNCTION

We are interested in the nonrelativistic quantum prob-
lem of N particles interacting via a potential ¥ (x) (x denotes
the 3N space-coordinates r,,r,,....,r v ). For the sake of simpli-
city atomic units will be used throughout the paper and the
same electronic mass m, = 1 is chosen for the N particles.
The Hamiltonian operator is written

H= —{V2+ V. (2.1)

Following previous authors®* this Hamiltonian operator H
may be changed through a similarity transformation into the
Fokker—Planck operator L of a diffusion process. With ¢,
denoting an arbitrary eigenstate of H and E, the associated
energy, it can be proven after simple algebra that?°

@ (B, —H)l/p, =L, (2.2)
where L is a Fokker—Planck operator:
L=19V*—V(b.) 2.3)

The ““drift” vector b and the diffusion coefficient & are giv-
en by

b="Vep,/p, (2.4a)
g =1. (2.4b)
From equality (2.2) it follows the expression of the eigen-
functions and eigenvalues of the Fokker—Planck operator L:
Lo.p:. = (E;, — E )@ (2.5)

In this last expression (E, @, ) are the eigensolutions of the
usual eigenproblem, namely

Hp, =E, @, (2.6a)
but with the unusual boundary conditions
@ =0 atany point where ¢, =0. (2.6b)

Because of these possibly unusual boundary conditions, it is
clear that the previous eigensolutions may differ from the
usual ones. As a particular case, if @, is chosen to be the
nodeless bosonic ground state, ¢, no extra boundary condi-
tions are introduced (since @, does not vanish at finite dis-
tances) and the previous eigenvalues E, are the usual eigen-
values of H obtained from the usual boundary conditions.
This possible modification of the spectrum due to the nodal
hypersurfaces of @, is responsible for the so-called “fixed-
node” approximation (for more details see Sec. VI dealing
with the Pauli principle). In addition, note that the wave-
function @, is now a ground state in the new eigenvalue prob-
lem (2.6). From equality (2.5) we deduce that the station-
ary probability density p(x) of the diffusion process (which
is defined as the eigenfunction of L corresponding to the zero
eigenvalue) is nothing but the probability density associated
with the wave function, namely

p(x) =@i(x). 2.7

Now, it is possible to generalize this construction, that
is, to associate a diffusion process with any arbitrary func-
tion. The generalization rests on the fact that any given func-
tion can always be considered as an eigenstate of a Hamilto-
nian built from it. We decided to note as @ {* this arbitrary
function and H ©’ the associated Hamiltonian. The expres-
sion of H @ in terms of the function ¢ {* is given by

HO = _ %VZ + VO, (2.8a)
where
VO =EP +1Vp/p”. (2.80)

Throughout the paper, the function @ {* will be called “ref-
erence function” and H @ “reference Hamiltonian.” In or-
der to avoid any risk of confusion, the superscript (0) will
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always be used to label quantities related to H ®. Note that
only derivations have to be performed to determine H © and
that the constant E {*’ in Eq. (2.8b) may be chosen arbitrar-
ily. Now, we can apply to this Hamiltonian H ‘© the similar-
ity transformation exactly in the same way as done in Eq.
(2.2). We get the following basic relations:

POEP —HM /g™ =L, (2.9)

where L @ is the “reference” Fokker-Planck operator

L® =12 V> —V(b) (2.10)
with

b=VgP/ps, (2.11a)

D=1 (2.11b)

Of course, if the reference function @ $*° is chosen to be one of

the eigenstates of H and E {* the corresponding energy, we
are led to the previous particular case where H ® = H.

Finally, let us now present a fundamental relation de-
rived from the basic similarity transformation (2.9). A sta-
tionary diffusion process is entirely determined by its transi-
tion probability density defined as

PO (xpt) = (ple | x), (2.12)

where L ‘¥ is the Fokker~Planck operator of the diffusion
process. Note that we use a bracket enclosing the condition-
ing variable x instead of a simple bar as usual. Now, from Eq.
(2.9) we get

POy =9 1)/ O (%) G O (x i),
(2.13)

where G @ (x,y;t) is the quantum time-dependent Green’s
function (in imaginary time) defined as

GO (xyt) = (x|e“”(°)| »). (2.14)

The fundamental relation (2.13) between the quantum
Green’s function of H ‘© and the Green’s function of L (®,
i.e., the transition probability density of the process, will per-
mit us to express quantum quantities related to H ¢’ in terms
of suitable averages pertaining to the diffusion process and
conversely. However, we are interested in quantum proper-
ties related to H and not to H ‘©’ and, except for a few very
simple systems for which eigenstates of H are known, these
two Hamiltonians will be different. The aim of the next Sec-
tion is to present a possible way of escaping from this diffi-
culty using a so-called “full generalized Feynman-Kac for-
mula.”

Ii. THE FULL GENERALIZED FEYNMAN-KAC
FORMULA

Let us decompose the Hamiltonian into two parts:
H=H® 1V, 3.1)

where H @ is the reference Hamiltonian built from the refer-
ence function ¢ §” and ¥, the “perturbing” potential de-
fined as the difference H — H ‘. From Egs. (2.1) and (2.8)
we get the expression of the perturbing potential in terms of
the reference function:

V,=V—VO=V_E® _\Vp/p®.  (32)

M. Caffare! and P. Claveris: Quantum Monte Carlo method. |

The usual Feynman-Kac formula expresses the quan-
tum time-dependent Green’s function (in imaginary time)
in terms of a functional integral®*2¢:

G(x’y;t) = f

Q(x, —t/2;9,t/2)
t/2

Xexp[—f V,[X(s)]ds| D*X, (3.3)
—t/2

where Q(x, — t /2;p,t /2) denotes the set of continuous tra-
jectories starting from x at time — ¢ /2 and ending at y at
time £ /2. In this formula V, is defined by H = — }V* + V,,
which is of the form (3.1) with H (¥ = — {V? (free-particle
Hamiltonian). The functional measure D "X is the usual
Wiener measure. It is well known that it can be reinterpreted
as a diffusion measure, namely the diffusion measure asso-
ciated with the free Brownian process (see e.g., Sec. 1.3.1in
Ref. 27, see also Ref. 28). Note that this later process is the
diffusion process obtained from the similarity transforma-
tion (2.9) with H @ = —1V?, ¥ =1land E§” =0.
Glimm and Jaffe (Sec. 1.3 in Ref. 27) have given a first
generalization of this formula. Using the decomposition

H= — iV’ 4+ 1x* — 1+ V,(x), (3.4)

they derived a generalized Feynman-Kac formula written in
the form:

G(xy;t) = J

Q(x, — t/2;p,t/2)
(/2

Xexp [ —f v, [X(S)]ds] DSX.  (3.5)
—t2

In their derivation they introduced explicitly a diffusion pro-
cess associated with the harmonic oscillator (the Ornstein—
Ulhlenbeck process) which corresponds in our language to
the diffusion process obtained from the similarity transfor-
mation (2.9) with H @ = — V> 4+ Ix* — L@ =77
and E {® = 0. In formula (3.5) above, we denote as D %*X
the diffusion measure associated with the diffusion process
built from the Gaussian reference function®’ (the super-
script GJ in D 9°X stands for Glimm and Jaffe).

A generalization of this approach has been made by Soto
and Claverie* to the more general case of an arbitrary non-
perturbed Hamiltonian H , thus encompassing the two
previous trivial cases of the free particle (Feynman-Kac for-
mula with H ® = — 1V?) and of the harmonic oscillator
(Glimm and Jaffe with H ¥ = — 1¥? + 1x? — 1). This gen-
eralized Feynman-Kac formula corresponding to
H=H® 4V, is written

G(x,p;t) = f

Q{x, —t/2;3,t/2)

t/2 @
X exp [ —f v, [X(s)]ds] D? X, (3.6)
—1/2

where the measure D *® X is the diffusion measure?® asso-
ciated with the diffusion process built from the reference
function @ .

We shall now derive a very general formula including all
the previous ones and allowing to evaluate all quantum mean
values we are interested in. This formula is written
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I, 4, (Llensty)
=({foQle” (h+1/2)(H — Eé°’)A e (5 ) (H—E®)

XAy Age™ /27 OEE) oo 00)
= fIX(—1t/2)]
Q(—t/2;t/2)

XA, [X(1)]..4, [X(2,)]g[X(2/2)]

t/2 )
X exp [ -—f v, [X(s)]a’s]D"’o D, ¢ 3.7)
—tr2

with — t/2 <t,<t,...<t, <t /2. The A;’s are g scalar multi-
plicative operators and f, g two arbitrary functions verifying

fﬁp %dx < 0 and fgcp %dx < 0.

O ( —t/2;t /2) is the set of continuous trajectories defined in
the time interval ( — ¢ /2,t /2).

Proof
Let us note 7=t +1t/2, 7To=1t,—lyuTipy
=t — Ty =1/2— 1
R(0)=E(()0)—H(0) (38)
andI=1I, , (Gt,...0,).
We then have
I=(fp@le™ ™ A M T,
X..dge'es R T Vol gg ()
Using the usual following Trotter formula
et P= lim [e?"eP/"]" (3.9)
n— + co
J

I = lim J- H H dX P fo X1 X e P X EY) H ¢o(0)(X(J))

n— + j=1i=0

[
XH <X(J)IA]’X(J+1)> H p(O)(X(q+1)]X(i-;z-l),eq+l)e
j=1

The A,’s are scalar multiplicative operators, we then have
(I)IA |X(.I+ l)) _6(X(J) —X((,j+ 1))Aj(X(()j+ 1)).
(3.12)

Inserting Eq. (3.12) into the expression of I and integrating
over X {7 (forj=1to gq), we get, after the change of nota-

tion X (/) = X P;
+1n—1 .
I= lim dX (P dX @+ fX§D)
n— + o Jj=1i=0
q g+1in—1
N — x D
XHAj(X(()J+l))g(X’(‘q+l)) H H e~ 9 XixD
j=1 j=1i=0

we obtain

I = lim (f¢50)|[ee,R(O)e_e.VP]nAl

n— +

X..A, [e+® @
X..A, [e“'*'R

e_€i+lyp]nAi+l
€q+1 p] |g¢(0) ,

where €, = 7,/n.
Introducing the spectral resolution of operator X, name-
ly

1=de|X>(X| (3.10)

between each operator involved in the above matrix element
we get

g+1 2n

H H dX(])(f¢(0)|X(l)>

j=1i=0

I = lim

R-+ 4+ o0

g+ 12n—
XL Gl DKL e AL

j=l i=0
X H (X214, X+ PNX 5" Plgps™),
j=1

where 17", means II?_, with steps of size m.
Using relatlons

— &V .
<Xi(£—)]‘e “ plxlgi)z)

=8(X (D, —XDy)e” 9K, (3.11a)
X2l x (2,
_¢(0)(X(1))/¢(0)(X(1) )P(O)(XU)]X,(.J..)“f ),
(3.11b)

where relation (3.11b) results from Egs. (2.13), (2.14), and
(3.8), and after integrating over variables X {/, , (fori=0
ton —1landj=1tog + 1), we obtain

(X(i+l)) 2n—2,2

0 —gV(x! Py
H p( )(X(j)]X,(_'{_)z,Ej)e S etk ix2

g V(X EHD) 1

i+2 (g+ 1) (0)
PPy X5 lepe”).

(O)Z(X(l)) H Hp(o)(X(J)]X'(i)“ )

J=1i=
In the last formula and below, we use the convenient identi-
ty:
XWD=x+D
Using the fundamental property for stationary Markovian
processes, namely

(forj=1togq).

pr(tO) (Xystgees Xsly)

—P(O)(X ) H P(o)(X] i+ 1ofie —1),

i=1

(3.13)
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where p{* is the n-time probability density of the diffusion

n

process, we get

q :
1= tim [0 T g e

n— 4 i=1
e 9 i
j=1 i=0
XD 41y o1 (XD, — /25X 8+ V.1 /2)
I v gy @+ 3
X dXPdxe+h. (3.14)
AL

This expression is symbolically written as:

f FIXC— /D) 14,1 X () 1.4, [X(,)]
QC—1/2;¢72)

t/2 ©
xXglX(t/2)]exp [ —J- V,[X(s)lds|D*° X
—t/2

QE.D.
We give to this equality the name of “full generalized Feyn-
man-Kac (FGFK) formula.”

At this point, it is interesting to notice that the full gen-
eralized Feynman—Kac formula (3.7) is essentially based on
the possibility of expressing the diffusion measure D #°X (as-
sociated with the exact eigenstate ¢, of H) in terms of the

diffusion measure D ""(’O)X (associated with the reference
function @ () through a suitable “relative density”” (the so-
called Radon-Nikodym derivative: see Chap. I11, Sec. 12 in

Ref. 29), which can be noted D*X /D ®%” X. This relative
density (pertaining to function space!) is actually given (ex-
cept for a normalization constant) by the “Feynman-
Kac integrand” in the long time  limit
lim,_ ., . exp{ — /", V,[X(s)]ds}. The normalization
factor actually appears explicitly in the expressions for oper-
ator mean values derived in the next section.

Now, it is of crucial importance to remark that the diffu-

sion measure, D 285'¢ , involved in the path integrals may be
chosen ergodic. A diffusion measure is said to be ergodic
when any sample trajectory is recurrent in space. A theorem
due to Has’minskii*® shows that integrability of the station-
ary density p‘@ (x), i.e., f p@(x)dx < o, is a sufficient con-
dition for ergodicity. Accordingly, if the reference function
@ § has been chosen such that p® (x) = @ §»?is integrable
(and from now on it will be always the case), the following
ergodic property may be invoked to evaluate functional inte-
grals:

f FIXC=1/2)] T] 4 [X ) 1glX(t/2)]
Q(—t/2;t/2)

i=1

t/2 ©)
X exp [ —f v, [X(s)]ds]D‘P0 X
—t/2

= lim
To + o

T
LTJ fIXO(—t/24+7)]
(o]

X [T 4 [X O +1]glX @ /24+7)]

i=1

t/2 + 71
X exp [ — f V,[X©(s) ]ds]df, (3.15)
—t/2+7

where X ‘©(s) denotes an arbitrary sample trajectory of the
diffusion process.

It must be emphasized that in the basic formula (3.7)
(and in the formulas derived from it) we only have the time
parameter ¢ and functional integrals, the simulation time T
appears only when these functional integrals are expressed
as time-averages over sample trajectories according to the
previous formula (3.15). Once this is done these formulas
would exhibit 7— + oo, while ¢ remains fixed, and, there-
fore, the distinction between 7" and f remains perfectly clear.

We can now discuss with more detail the connection
with other Monte Carlo methods based on the use of a
branching term. The “trial wave function” ¥, introduced in
these methods corresponds exactly to our reference function
@ &,%" and accordingly the pure “drifting-diffusion” part of
their process would be identical with our own diffusion pro-
cess. Our Fokker-Planck equation (with drift term
Vo {2/@ §) is actually identical with the evolution equa-
tion of the branching-diffusion process [see, e.g., Eq. (6) in
Ref. 9] when the branching term is removed. Adding the
branching term modifies the process and thus generates a
new measure in function space (space of trajectories). In-
stead of directly sampling this new functional measure, as
has been done in most previous work, it would be conceiv-
able to use a Feynman-Kac type formula applied to the ref-
erence (pure drifting-diffusion) process. This second alter-
native has precisely been noticed by Ceperley and Alder [see
their Eq. (11) in Ref. 14] and by Pollock and Ceperley {see
their Appendix A, notably Eq. (AS5) in Ref. 23]. It must be
emphasized, however, that the branching-diffusion process
is not identical with the pure diffusion process correspond-
ing to the exact state @y, if only because the former has the
stationary density @q¥r, while the latter has the stationary
density @ 3. In the Appendix, we present further discussion
concerning the connection between the various approaches
and, more specifically, between the possibly associated
Feynman-Kac type formulas.

IV. EXPRESSIONS OF QUANTUM MEAN VALUES AND
RESPONSE PROPERTIES USING THE FGFK FORMULA

A. Energy
Taking 4, = 1, for i = 1 to ¢ in the FGFK formula, we
obtain

1) = (fpPle™ 5 gp @)

= FIX(—1t/2)1g[X(t/2)]

Q(—t/2;t/2)

/2 )
X exp [ —f v, [X(s)]ds]D“’o X. 4.1
—t/2

We now introduce on the left- and right-hand sides of opera-

—_ — (0) » . . . .
tore "%~ F°7 the resolution of the identity associated with

the spectral resolution of H, namely
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1=3 lg:){g:]. (4.2)
The summation sign 2; here is a shorthand notation which
may represent either a discrete summation or a continuous
integration. This notation will be used throughout the paper.
Using the orthogonality relation

(@il@r) =64 (4.3)
we obtain
I0) =3 (S8 lp ) @ilep e ESED  (4.4)

From Eq. (4.4) it is then easy to derive that

J

- /2)(H— E§® — (2~ t)(H—E®
I (ttl)_<f¢(0)| 6 +1/2)( 0 )Ae t/ 6H)( h) )I

=f fIX(—1/2)]14 [X(1, )]g[X(t/z)]exp[ f
Q(—t/25t/2)

E =E® — lim 1/t

I—- + o

X log FIX(—1t/2)]1g[X(t/2)]

Q(—1/2;t/2)

t/2 @
X exp [ —f v, [X(s)]ds]D"’° X, (4.5)
—t/2

where E, is the energy associated with the lowest state @i,
having nonzero overlap with the functions fp {* and g §*.

In actual fact more sophisticated schemes to extract the
exponent of the leading real exponential will be considered in
numerical calculations (see companion paper).

B. Expression of quantum averages

Taking4, =Aand 4, = ... =4, = 1 in the FGFK for-
mula, we obtain

(0)>

V,[X(s) ]ds]D »x, (4.6)

—t/2

By inserting the spectral expansion by Eq. (4.2) at each side of the three operators into the quantum matrix element we get

_ RO /2 — _
Litt) =Y (felp e le T PHETED 10 @ 14 @ M gile ™ T EED 16 (0,180 O

i k.1

=e BT E o010 Vg, lgp O

(fp&”le: ) @ |d o) (i |gp &

X [(¢io|A g, + D

Lk

i> ik > iy

taking 4 = 1 in the last equality we obtain

(fo e ) @, lgp &)

(foVlo ) @i lgp &

— (B — Ep) ——; [(E—E) + (Ek—E,p]]

1) = e~ "5 F o Ol V(o g9 &) [1+ >

finally we find
I (5t)
im
t~+w I(1)

={p.|4|p.) Vel —t/2,t/2]

or

S e, ) e, lgp &

Sac— i/ FIXC~ /D14 [X(1) 1g[X(2 /2) Jexp { — 572 ,, ¥, [X(5)1ds}D* X

—HE;—E;)
. : ]

(¢7io |4 |¢io) = lim

I— + o

C. Second-order mean values

(4.7)

Sac—rtrm SIX(— t/2)]g[X(t/2)]exp{ - ftfzz/z Vp [X(S)]dS}D‘p(()O)X

Weapply the FGFK formula to the case 4, = 4, 4, = B. Using the same kind of arguments as in the both previous cases it

is easy to be convinced that the following matrix element:

Lip (52,8,) = (fp §¥le
may be written in the form

— (4 + :/z)(H_E{,"))Ae_ (6 — t.)(H—E(‘,O’)Be— (8/2 — 1) (H — Eé°’>|g¢ )
0

e B TEON fo 010, Mg, lgp & [Z (@i, | @) @i |B |, e~ 7 Eem B

o~ 2N E—E) + (E,—E)) (fp 9 )@ 8 &

+Xe

i>iy
m> g,

We now extract the following quantity:

(fole, )@, lgp )

|3 @l1e0@uiBlpne s -wnr]],
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Can(1) =3 (@, |4 | @i B @, e ™55,
k

where 7 =, — t,, in a way similar to that used for obtaining (g, |4 |@, ) in the previous derivation [Eq. (4.7)]. We thus

obtain

Sac—irum FIX(—1/2)14 (X (1)) 1B [X (¢, + 7)1g[X (2 /2) Jexp { — §'7%, VP[X(S)]ds}D""(’O)X

Cpp(r)= lim
t— + o

From the Laplace-transform of C,; (7) one obtains

+®
j[CAB(T)]':J e~ “"Cyp(T)dr
0

_s (@, 410 ) {0 |B @)

¥ o+ (E.—E)

Now, we can consider for example the dynamic dipole

polarizability tensor A(w) at frequency @ for an atomic or

molecular system, which is given by the second-order per-
turbation formula®?:

(4.9)

Aw)=2 Y wﬁﬂﬂ (4.10)

““o E2,—0o?
where E,, = E, — E, and p,o = {@:|pt|po) denotes the
matrix elements of the dipole operator p = X£;_, ¢;r; and ®
denotes the tensor product. Now, as remarked, e.g., by Tang
and Karplus,®® Eq. (4.10) may be written as

A(w) =A" (@) + A" (—w), (4.11)
where
Kro ® Ko
At (w) = —_— 4.12)
kzaézo  + Eko
This last quantity may be evaluated with
L[Cap(r) = (4)(B)]
- (@, 14 @) (P B |gp,,) ’ (4.13)

KFi o+ E —E,
where A = B = p. Of course, the subscript i, used in Eq.
(4.13) for labeling the fermionic quantities corresponds to
the subscript O appearing in the standard Egs. (4.10)-
(4.12).

It must be emphasized here that all the formulas just
derived (for energy, mean values, and second-order proper-
ties) are expressed in terms of one and same diffusion mea-
sure (corresponding to the reference function @ §*). Only
the integrand changes from one functional integral to the
other. Moreover, according to the ergodic property (3.15),
these functional integrals may be reformulated as time-aver-
ages of the corresponding integrands over any given sample
trajectory of the diffusion process (associated with @ §).
This use of one and the same trajectory for evaluating all
quantities of interest is a very appealing feature, and deserves
to be contrasted with the situation encountered in previous
QMC methods.”*® As a general rule, these methods intro-
duce a branching process designed for generating a cloud of
points asymptotically distributed according to the density
@Y (where ¢ denotes the exact eigenfunction of H and ¢,

Sac— e SIX(—1t/2)1g[X(t/2) Jexp{ — 22, ¥, [X(S)]ds}D¢‘(’°)X

Vitel —t/2¢72[.  (4.8)

—
the so-called trial function). Now, such a density enables one
to evaluate exactly the mean value of the energy, or more
generally of any observable 4 commuting with H, but gives
only an approximate mean value for other observables.'® If
an exact mean value is wanted, a modified procedure has to
be used in order to generate the exact density @ 2. In the same
way that in the previous Sec. III, we emphasize that our
formulas (4.5), (4.7), and (4.8) involve only the time pa-
rameter 7 and functional integrals; only when expressing the
latter integrals as time-averages [Eq. (3.15) ] we would get a
simulation time T systematically involved in a limit
T— 4+ o tobe performed for each value of z. Then formulas
(4.5), (4.7), and (4.8) would give rise to a double limit
t— + o [T— + oo ]. It is a priori allowed neither to inter-
change these two limits nor to collapse them into a single
limit by putting ( = T) —» + «. Any such changes should
be carefully justified. An illustrative and important case
where even the collapse of the two limits is not justified will
be encountered in the release-node treatment of the fermion
problem (see Sec. VI).

Finally, as far as we know, no procedure aiming at eval-
uating second-order properties seems to have been proposed
in the framework of these previous QMC methods, and our
procedure offers in this respect an important potential ad-
vantage.

V. THEORETICAL ALGORITHM

We present here the basic ideas of the algorithm. The
main steps are:

(i) Choose some suitable reference function @ §*’ from
which the reference diffusion is built [see Egs. (2.9)-
(2.11)].

(ii) Using the stochastic differential equation (SDE)
associated with the reference diffusion process®* generate
through a step-wise procedure (with a time step A¢) a sto-
chastic trajectory X‘?(¢#). The SDE is written

dX(t) =b[X()]dt+ ZVdW, (5.1)

where W is the multidimensional Wiener process and b, &
are given by Egs. (2.11).

(iii) According to formula (3.15), evaluate the desired
functional integrals as time-averages over the stochastic tra-
jectory X (¢).

In actual fact, it is appropriate to introduce, instead of a
single very long trajectory, a set of shorter trajectories be-
cause the corresponding set of mean values enable us to
evaluate the variance using standard statistical methods.>
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VI. THE PAULI PRINCIPLE AND ITS CONSTRAINTS
A. General framework

The quantum mechanics of fermionic systems with a
spin-free Hamiltonian can be formulated independently of
spin functions or spin operators. The requirements of the
Pauli principle are then expressed as follows: among eigen-
functions of H only those belonging to irreducible represen-
tation (IR) of the symmetric group S(N) (where N is the
number of particles) with a Young diagram containing at
most two columns are allowed. These states are referred to as
the fermionic states. Moreover, for each of these allowed
representation there corresponds a well-defined total spin .S
for the system. Further explanations concerning the formu-
lation of the Pauli principle in a spin-free formalism may be
found elsewhere (a convenient reference is the textbook by
Landau and Lifshitz,*® see also Hamermesh®” and Mat-
sen®®).

In Sec. IV above, the expressions of quantum mean val-
ues and response properties have been given for the lowest
state (which was denoted as ¢, ) having nonzero overlap
with fp § and g §». Now, by choosing the functions f, g,
and @ such that the space-functions ¢, =fip > and
¢, =g & belong to the desired IR, it is possible to deter-
mine quantum observables for the lowest fermionic state
corresponding to a given total spin. The construction of such
space-functions ¢ corresponding to a given type of symmetry
is easily done (see, e.g., Chap. 7 in Ref. 37). Let us give here
the most common choice for ¢°*°:

N/2+S
S (T ppersy) =det( H u,-(l',-))

i=1
N/2—S

H uf(ri+N/z+s)), (6.1)

X det (
i=1

where {u, } is a set of (N /2 + S) different one-electron orbi-

tals, N the number of electrons, and .S the total spin deter-

mining the desired type of symmetry.

B. Some practical procedures

1. Fixed-node approximation (FNA)
In this approach, we take

and we introduce the symmetry into the diffusion process

through the reference function g {*:

¢7(()0)=¢f=¢g =4.

According to its symmetry properties, such a reference func-
tion @ §» must have some nodal hypersurfaces. These nodal
hypersurfaces, where the drift b= Vg (/¢ §» is infinite,
are seen as infinite barriers for any sample trajectory. The
diffusion process is then decomposed into a juxtaposition of
subprocesses in subdomains delimited by the nodal hyper-
surfaces of the reference function @ . Now, as rightfully
pointed out by Klein and Pickett,*° the full nodal hypersur-
face of any space-function ¢ obeying the Pauli principle re-
quirement cannot be completely determined by these sym-
metry requirements. In actual fact, the full nodal

(6.3)

1095

hypersurface of any continuous function ¢(r,,...,ry) of 3N
variables is obviously of dimension (3N — 1) and bifurcates
the 3N-dimensional space. In contrast, the symmetry re-
quirements determine only subhypersurfaces of lower dimen-
sion (3N — 3) embedded in the full nodal hypersurface of
#.%° We shall denote these subhypersurfaces as exchange or
symmetry nodal hypersurfaces. The subset (also of dimen-
sion 3N — 1) of the full nodal hypersurface, which comple-
ments the symmetry nodal hypersurface, will be referred to
for definiteness as peculiar nodal hypersurface. For example,
in the case of the lowest triplet state of helium-like systems,*°
the full nodal hypersurface (of dimension 6 — 1 = 5) is de-
fined by |r,| = |r,|, while the symmetry nodal subhypersur-
Jace (of dimension 6 — 3 = 3) is defined by r, =r,. Now,
the exchange (symmetry) nodes are exact by their very de-
finition (i.e., they may be taken identical for the exact solu-
tion @, of the Schrodinger equation and for the reference
function @ {’ = ¢): thus, they correspond to correct (but
unfortunately incomplete) boundary conditions. In con-
trast, since the peculiar nodal hypersurface of ¢ has no rea-
son to coincide with the exact peculiar nodal hypersurface
(of the exact function @, ) it will impose to the eigenfunc-
tions of the Schrodinger Hamiltonian some wrong boundary
conditions (i.e., boundary conditions different from those
pertaining to the original problem of solving the genuine
Schrodinger equation, where the only condition imposed to
the eigenfunctions is in general vanishing at infinity ). Conse-
quently, the eigenvalues of the Schrodinger operator modi-
fied in this way will be somewhat different from those of the
genuine Hamiltonian H, and some bias will be accordingly
introduced. This is the well-known fixed-node approxima-
tion (see, e.g., Ref. 9).

2. Projection methods

In this case the reference function @ § is chosen node-
less and the symmetry is introduced via the functions fand g:

f=¢/98, (6.4a)
8=0,/9. (6.4b)

Since no extra boundary conditions are imposed to the eigen-
functions of the Schrodinger operator, the requirements
concerning the Pauli principle are fulfilled here without any
approximation.

We have distinguished two versions of the projection
method:

(i) Simple projection (SP) method. In order to reduce
the perturbing potential ¥, the reference function ¢ is
chosen as close as possible to the bosonic ground state ¢, of
H. In particular, no built-in structure akin to the exact wave
function @, is introduced into ¢ §*.

(i) Release-node projection (RNP) method. In this ap-
proach we use a more refined choice of the reference func-
tion. Choosing a symmetry-adapted ¢ close to the wave
function @, and introducing a nonvanishing “connecting
piece” function, noted cpf(x), we construct the reference
function in the following way:

9" =4l
@ §¥ = cpf(x)

when |¢| > ¢, (6.52)

otherwise, (6.5b)
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where € is a threshold value. Continuity of @ §’ and its first
derivative is imposed at the points where @ §* = €. This con-
struction is illustrated in Fig. 1.

In these projection methods, and in contrast to the
fixed-node approach, the product

fIX(—t72+m)]glX(t/2+7)]

may change sign. This change occurs when the trajectory
goes through nodal surfaces of ¢ an odd number of times in
the time interval ( — ¢t /2 + 7, t /2 4+ 7). Note that our re-
lease-node projection method is essentially similar to the so-
called nodal relaxation method of Ceperley and Alder (see
Secs. III B and IV in Ref. 14).

C. Further remarks concerning the exact projection
methods

1. Choice of ¢, f, and g

Let us consider for definiteness the problem of evaluat-
ing I(t) given by Eq. (4.1):

I = f FIXC=t/2)1glX /)]
Q(—t/2;t/2)

1 /2 o
X exp [ - f v, [X(s) ]ds]D 7%, (6.6)
—t/2
Numerical difficulties are essentially due to the non constant
sign of £ [X( —¢/2)] g[X(z/2)]. We shall therefore write
where I, (¢) and I_(¢) are the contributions coming respec-
tively from the positive and negative values of the product
fIX(—1/2)] g[X(2/2)], namely
1
I, (t)=f —{IfIxX(=t/2)]
Q(—t/2002) 2

XglX(t /D1 £ FIX(—1/2)1g[X(/2)1}

1/2 (0)
X exp [ —f v, [X(s)]ds]D"’0 X. (6.8)
—t/2
b T
X, X

[{e}]
(bm 1
[
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Using | fg| = | f||g|, we can also [according to Eq. (4.1)]
express I, (t) as follows:

.= [ (flePle™ = glo ™)

+ (fpPleT T E e ] (69)
We can now apply to each matrix element the same proce-
dure as used in obtaining Eq. (4.4):

—H{H—E®
(1@ 81e™" 75 llglp 6

—_ g
= (110 @0) (@ollgle Oye ™ EEED 4o

»

(6.10a)
(fpPle™ " 1gp )
—t(E; — ((’0)
=<f¢30)|¢;0)(¢;0|g¢7((,°’)e E,—E )+...’
(6.10b)

where @, is the lowest state belonging to the symmetry type
imposed by fand g. Note that in the previous matrix element
(6.10a) the expansion actually begins with the bosonic
ground state @, of H, since | f|@ & and |g|@ §* are nonnega-

tive everywhere, as is ¢,. Let us denote for brevity:

—HH—E
[fp 081 (1) = (fpdle ™ ™5 lgp ).

(6.11)
We can rewrite Eq. (6.9) as
I, 0 =H[12lep 110
+ [fos e 10}, (6.12)

We now notice the remarkable fact that 7 (z) and I_(2),
like J(z) itself, depend only on ¢, = fip {” and ¢, = gp §*,
and not on f, g, and @ §” separately. Consequently, the
choice of @ §* is not directly crucial at this stage, since it is
always possible to compensate it through a suitable choice of

f and g in such a way as to get prescribed functions

FIG. 1. Comparison between the
fixed-node (FN) method and the re-
lease-node projection (RNP) method.
In both cases, the behavior of the refer-
ence function @ §” in the neighbor-
hood of the node X,, is pictured. The

continuous line —  represents
> - @ (X). In the RNP case, the dashed
Xn X X line - - - represents |$|(X).
FN method RNP method
© © b wnen|®|>E
(x)= Ox)  (X)
° cpfix) otherwise
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¢, =rfp&” and ¢, = gp V. At this stage, it therefore ap-
pears convenient to proceed in two steps for our discussion:

(i) Choice of ¢, and ¢, (in actual practice, we generally
take 8, = 4, = ¢).

(ii) Once ¢, and ¢, have been chosen, what role is left
for the choice of ¢ {7

As concerns the choice of ¢, and 4, it must first be
emphasized that 7 (¢) and 7_ (¢) contain unavoidably non-
zero contributions from the unwanted bosonic states. These
contributions are actually identical, since they are provided
by the matrix element [|¢/|, |§,]](¢), common to both
I,(t) and I_(z). The other matrix element [¢,, ¢, ] (#)

= I(¢) contains no such bosonic contribution, according

precisely to the ad hoc choice of ¢, and ¢, . According to Eqs.
(6.10), it now appears that ¢, and ¢, should be chosen so as
to maximize the overlap integrals {(¢/|@, ) and {@, |¢,),
while also minimizing the overlap integrals {|¢,||@;,, ) and
(@1, I§¢ ). From these requirements, taking ¢, = ¢, = ¢
close to the desired (fermionic) state g, looks like a reason-
able choice.

Once ¢, and ¢, have been so chosen, 1, (#) and I_(¢)
are determined, and the choice of @ {’ now concerns the
variance (for any given simulation time) in the Monte Carlo
estimation of 7 (¢) and I_ (¢). Thus, the release-node pro-
jection method consists in choosing @ {* close to |@, |, and
S =gclosetosign (@, ), while the simple projection method
chooses ¢ {° close to the bosonic ground state @,. Numerical
experiment (see Ref. 14 and part II of the present work) so
far indicates that the RNP method indeed exhibits lower
variance.

2. On the role played by the distinction between the
evolution time parameter t and the simulation time T

We are now in a position to discuss in a precise manner
the difficulties associated with the Pauli principle require-
ments alluded to in the Introduction. As emphasized by oth-
er authors (see, e.g., Refs. 8, 14, and 41), the fermionic quan-
tity of interest is obtained as the difference of two (bosonic
type) larger quantities which have the same order of magni-
tude. This is a typically unfavorable situation from the nu-
merical point of view. More precisely, in our formalism, the
desired fermionic quantity is 7(¢), and the two bosonic quan-
tities are I (¢) and J_(¢) [see Eq. (6.7)]. Then, according
to Egs. (6.9) and (6.10) we have, for large #:

Lo () ~I_ () ~[| fip OLulgp 1 ] (1) ~e ™ B~ B,

(6.13a)

1) = [ fp e O] () ~e B 50 (6.13b)
hence

I/, () ~ e "Fm®) (6.14)

te +

Now the Monte Carlo simulation will provide the values
of I (¢) and I_(¢) with some statistical uncertainty (stan-
dard deviation) leading to a relative error of the form (for
large T')

81, (/1. (1)~C, (T2, (6.15)

where T denotes the simulation time, while C, () and
C_(¢) areindependent of T (and in general increase with #).
Since we have no reason to assume that the errors 67, and
61 _ are correlated, the error 81 should be of the same order
of magnitude, and consequently the relative error pertaining
to I(¢) would be of the form

SI/I~C(t)T ~ /2" Ea— B (6.16)

According to this formula, in order to keep 61 /I under con-
trol, it appears essential to vary ¢ and T independently. No-
ticeably, when ¢ increases, it will become necessary, sooner
or later, to have T increasing much faster. Any method in
which ¢ and T are (possibly in an implicit way) taken of the
same order of magnitude will fail to meet this requirement
and will therefore become useless for large enough values of
t=T. Such a method will be able to work for not too large
values of =~ T, and under the condition that C(¢) is small
enough. Since C(¢) gives the (relative) variance for 7= 1,
we may expect to reduce it by improving the choice of the
reference function @ (. Apparently, the situation just de-
scribed corresponds to the previous Monte Carlo proce-
dures,®!* where the simulation time 7 is also the evolution
“imaginary” time ¢. In actual fact, a discussion similar to the
above one has been given by Kalos*? in the framework of the
Green’s function Monte Carlo method. This can be seen by
comparing his Eq. (14) with our Eqs. (6.7) and (6.13).
Kalos’s Eq. (14) involves only one parameter n, proportion-
al to the total simulation time (that we denote T), a situation
which reflects the implicit relationship ¢ = T By contrast, in
our procedure, ¢t and 7 remain perfectly distinct, which in
principle offers the possibility of correctly evaluating 7(¢) for
fixed t by making T large enough. Now, in order to obtain
theenergy E, , the straightforward procedure corresponding
to formula (4.5) requires large values of #. This could result
in a demand for unrealistically large values of the simulation
time 7. However, we could then still resort to more sophisti-
cated procedures using only values of 7(¢) for a set of values
of ¢ restricted to some reasonable interval (see the Padé-
integral procedure in the companion paper).

VII. CONCLUSION

A basic feature of the Monte Carlo method developed in
the present work is the definition of a reference diffusion
process associated with some reference function @ §”, with
the crucial property that the Fokker—Planck operator L (©
of this process is connected through a similarity transforma-
tion with some reference Hamiltonian H ¢* itself easily de-
fined from ¢ {*. By relying on this connection between L
and H ‘, we showed that it is possible to express in an easy
and systematic way quantum properties pertaining to any
Hamiltonian H = H‘® + ¥, in terms of functional inte-
grals (involving the “perturbing” potential ¥, ) making use
of the diffusion measure associated with the reference diffu-
sion process. Its simple and systematic character makes this
approach quite attractive. Thus, to our knowledge, the possi-
bility of easily obtaining expressions for response properties
(beyond usual mean values) is a specific advantage of our
approach over the other Monte Carlo methods. Needless to
say, this possibility is also a very attractive feature with re-
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spect to standard methods based on the use of basis sets,
since the evaluation of response properties then implies the
introduction of basis sets augmented with suitable “polariza-
tion” functions (with little assurance concerning the quality
of the resuits, beyond the simplest systems).

Similarly, it has been possible to discuss in a natural way
some “hierarchy” of solutions concerning the problems
posed by the Pauli principle requirements for many-fermion
problems. First, as is the case in other Monte Carlo schemes,
we could define a so-called fixed-node approximation,
whereby approximate eigenfunctions of the Hamiltonian H
are obtained, subject to the constraint that they vanish along
the nodes of the reference function ¢ {*’. But in order to give
to the Monte Carlo approach its full power, it is of course
essential to go beyond this approximation, and we therefore
examined a theoretically rigorous procedure for getting ac-
cess to eigenspaces belonging to some prescribed symmetry
type. As done in previous work (see, e.g., Refs. 8 and 14) we
further considered two variants for this procedure, based on
different choices for the reference function ¢ §. The first
choice is a mere “bosonic” ground state, with no built-in
structure akin to the desired symmetry type. The second
choice, although being everywhere strictly positive (as it
must), is required to remain close to |¢|, where ¢ is some
function belonging to the desired symmetry type, and, as far
as possible, close to the desired exact function (in order to
reduce the perturbing potential ¥,). The latter choice, of
course, looks more attractive than the former one, but ade-
quate checking of both variants remains to be done.

In a companion paper, the computer implementation of
the method will be considered in more detail. We shall de-
scribe a few illustrative examples, namely one-dimensional
systems first, and then some simple systems of chemical in-
terest (atoms and the H, molecule).
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APPENDIX

In this Appendix, we present the rigorous relationship
existing between our generalized Feynman-Kac formula
and quite similar formulas written down without explicit
derivation by Pollock and Ceperley [formula (AS) in Ref.
23] and Ceperley and Alder [formula (11) in Ref. 14].

For that purpose we start from our basic FGFK for-
mula (3.7) with4, =1,i=1to¢:

—«H~E)
(fp&le™ 75 1gp )

= FIX(—1/2)1g[X(2/2)]

Q(—1/2;t/2)

t/2 ©)
X exp [ —J Vl,[X(s)]ds]D"’o X.
2

—t/

(A1)

Choosing f =6, /¢ and g = 8,/ §* we get

M. Caffarel and P. Claverie: Quantum Monte Carlo method. |

(rle="™|r')
e_,E(()o)

- 8.1X(—1/2)15,
P mM@ ") -[1(—:/2;:/2) [X( ]

t/2

xixa/mlen |- [ v, xeas]prx

—t/2

(A2)

Note that (r|e~“#|r') is the usual time-dependent Green
function (or density matrix ). Using notations from Refs. 14
and 23 and the time-shifting invariance of the functional
integral, equality (A2) may be rewritten in the form

—BE®

P = @)

X f 8,1X(0)15, [X(B)]
Q0,8

B (0)
Xexp{—J- V;,[X(s)]ds]D"’0 X. (A3)
0

Now, we express the previous functional integral under its
constructive form, namely

lim | dX,-dX, 8, (X,)8, (X,)

n— + «
Xp)  (Xo,0:X,A8; - X, ,nAB)
xexp| —A8 S V. (X,
exp[ Aﬂi; » (X)) (Ad)

with AB = B /n. Integrating over X, and X,, using Eq.
(3.13) and the property p'® = @ {2, lead to the following
expression for p(r,r',5):

o @@
prr ) =e 0 20 () L de,- dX,_,

PO) ne+ o

Xp P (r1X,A8) - p (X, _, ]r',AB)

Xexp [ —Aﬂi v, (X)) |-

i=1

(AS)

Equality (2.13) gives
(0)

¢70 (l' ) eﬂEéo) 0) ;
s P (l',l' ,ﬂ ) s

@6 (r)
where p'® is the time-dependent Green function (or density
matrix) associated with H < = H — V. Equality (A5) be-
comes

pOrlr' g =

p(rr'B) =p®(r,rB) lim |dX,--dX,_,

n— + o

><p‘°’(r]X1,A/3) o p (X, _, ]r'\B)
pO(rlr'B)

pAc AR (A6)

i=1

X exp [ — A8

Now, using Eq. (3.13) and the definition of the conditional
probability densities, namely
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Poin+p Xt 3 Xl 12Xy 1oty 137 X ol i)
=P n(Xustys" "Xy nilp 4 n)/Pp (X5 3 X,00,);
(A7)
the infinitesimal probability
PO r1X,,A8) - p O (X, _, 1r,.AB) dX
pO(rIr'p)
may be rewritten as

—1
o £0x 81X, 08+ X, _ 08" )dxl--~dxn_1,

n

codX,

(A8)

which leads to a conditioned measure over the space of tra-
jectories, namely the measure associated with the drifting
random walks satisfying the boundary conditions X(0) =r
and X( B) =r'. The corresponding functional integral has
been denoted - )prw by Pollock and Ceperley. Finally,
using this notation we have

p(rr',B) =p®(r,r'p)

8
><<exp [ —J; V,,[X(s)]ds])DRw. (A9)

This formula coincides with formulas (11) in Ref. 14 and
(AS5) in Ref. 23. In conclusion, expression (AS5) of Ref. 23
appears to be a particular case of our more general FGFK
formula.
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We have described in part I of this work the theoretical basis of a quantum Monte Carlo
method based on the use of a pure diffusion process and of the so-called full generalized
Feynman-Kac (FGFK) formula. In this second part, we present a set of applications (one-
dimensional oscillator, helium-like systems, hydrogen molecule) with the purpose of
illustrating in a systematic way the various aspects pertaining to the practical implementation
of this method. We thus show how energy and other observables can be obtained, and we
discuss the various sources of biases occurring in the different procedures (notably the so-
called short-time approximation pertaining to the generation of the sample trajectories of the
diffusion process, and the numerical integration pertaining to the evaluation of the “Feynman—
Kac factor”). After having thus considered the case of the genuine “bosonic” ground state, we
illustrate the various proposals for dealing with some ““relative” ground state (namely the
lowest state belonging to some prescribed symmetry), one of the most important cases being
obviously the physical ground state of many-fermion systems (owing to the Pauli principle
requirements). More specifically, we consider the so-called fixed-node approximation (FNA ),
on one hand, and two variants of a potentially exact procedure, the so-called simple projection

(SP) and release-node projection (RNP) methods, on the other hand. Finally, some
perspectives concerning future developments are outlined.

I. INTRODUCTION

In paper I,' we have shown how quantum mechanical
properties can be expressed in terms of functional integrals
using our full generalized Feynman-Kac (FGFK) formula.
More precisely, these functional integrals involve in their
integrand the operators corresponding to the desired obser-
vables, and make use of the functional measure correspond-
ing to a pure diffusion process, which is itself associated in a
simple way with some reference function denoted ¢ .

When ¢ {* is chosen to be square integrable (which is
always the case in our applications), this associated diffu-
sion process is ergodic (recurrent, actually), and according-
ly the functional integrals may be rigorously expressed as
time-averages along any single sample trajectory (or any fin-
ite number of sample trajectories) of the process. From the
practical point of view, this feature sharply contrasts with
the situation encountered when dealing with the Feynman
path integral (in imaginary time) or the Wiener integral
(involved in the usual Feynman-Kac formula). Indeed, in
the two latter cases, no ergodic property holds, and conse-
quently the numerical evaluation of the functional integrals
would require summing over an unlimited number of trajec-
tories.

As concerns the generation of the trajectories them-
selves, we use the Langevin equation associated with the dif-
fusion process, with a suitable time discretization. In earlier
stages of our work, we contented ourselves with a constant
time step, but later on we were led to improve our procedure
by using a variable time step, noticeably for avoiding so-
called “overshooting” effects (see e.g., Ref. 2) near hyper-
surfaces where the drift vector of the Langevin equation be-
comes infinite.
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An important problem consists in evaluating quantities
pertaining to the lowest state belonging to some prescribed
symmetry type, rather than the “absolute” lowest state only.
Perhaps the most important special case is that of N-fermion
systems (with N> 2), since the Pauli principle requires that
the physical states belong to some restricted set of represen-
tations of the permutation group, thereby excluding the ab-
solute (bosonic) ground state, which belongs to the (fully
symmetric) identity representation. In order to illustrate the
various possibilities of treating this problem, we put into ap-
plication the three procedures examined in part I, namely
the simple projection (SP) method, the fixed-node approach
(FNA), and the release-node projection (RNP) method.

The contents of the paper are as follows. In sec. II, we
consider several one-dimensional problems of increasing
complexity with the purpose of illustrating in a stepwise way
the essential properties of the method and its different ver-
sions. More specifically, we consider first (Sec. II A) for H©
a harmonic oscillator Hamiltonian and we take H = H'©
(i.e., ¥, = 0); this case will enable us to check some basic
features of the algorithms (noticeably the so-called short-
time approximation). Then (Sec. II B), using the same H ©
but now V, = x? (so that H is still harmonic), we can study
the error due to the numerical integration of the “Feynman—
Kac factor” exp{ — s ¥, [X(s)]ds}. InSec. I C, we consid-
er as total Hamiltonian: H = — Id */dx* + jx* + x*, but we
now study successively fwo choices for @ 5, from which we
build two different reference Hamiltonian H ©’s, with corre-
sponding potential ¥,’s having qualitatively different mag-
nitudes (varying like x* or x?, respectively for x| = + o).
We also introduce here the use of the Padé-integral trans-
form for extracting the first excitation energies from a set of
sampled values of 7(z), the matrix element of the “evolution

© 1987 American Institute of Physics
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operator” (in imaginary time) exp( — ¢H). In Sec. II D we
consider (for the same Hamiltonian H as in Sec. II C) the
problem of obtaining the lowest state of some prescribed
symmetry (odd parity here) different from the one of the
genuine ground state (even parity here). For that purpose,
we introduce the simple projection (SP) method and the
fixed-node approximation (FNA), which turns out to be
exact in this case. Finally, in Sec. II E we return to the har-
monic oscillator Hamiltonian, but we now focus our atten-
tion on the second excited state ¢,, whose “peculiar nodes”
are not imposed by any symmetry (see part I). We can then
study a genuine case of fixed-node approximation, and also
the release-node projection (RNP) method for reaching the
exact result. It must be emphasized that the cases treated in
Secs. II D and II E illustrate the methods which will be nec-
essary for dealing with the N-fermion systems (N> 2). In
Sec. III, we describe our first applications to the simplest
atomic and molecular systems. In Sec. III A we deal with
bosonic ground state properties (energies and mean values of
other observables) for two-electron systems: helium atom
and helium-like ions and the hydrogen molecule. These
cases enable us to illustrate efficient choices of ¢ §* (from
which result nontrivial # ” and ¥, operators). In Sec. III B,
we consider, as a preliminary step towards the study of V-
fermion systems, the problem of obtaining the energy of the
lowest helium triplet, both with the simple projection and
fixed-node approach (which can still be made exact here).
Finally we present in Sec. IV some perspectives about the
treatment of larger systems, concerning the evaluation of
energies, mean values of other observables, and response
properties.

Il. ONE-DIMENSIONAL SYSTEMS
A. Harmonic oscillator

The Hamiltonian is written

1d*> 1,
o r X2
2dx* 2

According to the general theory presented in part I, the
Hamiltonian is decomposed into two parts:

H=H" 47V, (2.2)
where H © is the so-called reference Hamiltonian built from
a given reference function @ {” and ¥, the perturbing poten-
tial defined as the difference H — H ©. In this simple case,

the reference function may be chosen as the exact ground
state @, of H, namely

@O (x) = @o(x) =e %72 (2.3)

2.1)

The perturbing potential ¥, which is expressed in terms of
the reference function as [see Eq. (3.2) of part I]

V,=V—E — Vo "/p, (2.4)

where V is the potential energy of H and E {* an arbitrary
constant, becomes hqre

V,=1/2-EQ. (2.5)
Note that the arbitrary reference energy £ § may be chosen
so that ¥V, = 0.

Now, the full generalized Feynman-Kac (FGFK) for-

mula permits to express the following matrix element of the
(imaginary-time) evolution operator exp( — tH):

I = (fe Pl "5 1gp ) (2.6)
as a functional integral [see Eq. (4.1) of part I]. Using the
ergodic property of the reference diffusion process built from
@ &2 [cf. Eq. (3.15) of part I], this functional integral may
be expressed as a time-average over the stochastic trajector-
ies of this process. In the present case where ¥, =0, we
obtain

I(t) = lim

T
if fIXO(=t/2+47)]
T +w T 0
Xg[XO(t/2 + 7)]dr, Q.7

where X © (s5) denotes an arbitrary trajectory of the reference
diffusion process. It must be pointed out that the ergodic
property may be invoked here since @ § has been chosen
square integrable (cf. Sec. III of part I).

On the other hand, using the well-known equality

@, (n) = @o(n)(2"n)) ~V2H, (x), (2.8)

where H, (x) are the Hermite polynomials, and choosing
the functions f and g as follows

flx) =g(x) = (2"n))~V?H, (x), (2.9)
the matrix element [Eq. (2.6) ] takes on the simpler form

It =e (2.10)
and from Eqs. (2.10) and (2.7) we obtain the basic equality

—t(E,— E§)

T
e..x(E,,—I':x‘f”)= lim _1__f LH"[X(O)(——I/2+T)]
T-+o T Jo 2"n!

XH, [XOt/2 + 7)]dT. 2.11)

Then, by evaluating numerically the right-hand side of Eq.
(2.11) above, the excited energies of the system can be calcu-
lated.

As concerns the construction of the arbitrary stochastic
trajectory X ©(s), a discretized form of the stochastic differ-
ential equation (SDE), suitable for computer simulation, is
introduced (see e.g., Ref. 3, Sec. 3.6)

X(t+4 A1) =X(1) + b[X()]At + (AD)'2p,  (2.12)

where the %’s denote successive samples of a Gaussian ran-
dom variable with zero mean and variance 1. The drift func-
tion b(x) above may be evaluated from the general expres-
sion of the drift vector given in terms of the reference
function [see Eq. (2.11a) of part I]:

b=Vp?/p . (2.13)

Using expression (2.3) for the reference function, we obtain
b(x) = —x. (2.14)

As a second step, the numerical integration involved in
the right-hand side of Eq. (2.11) is performed over the sto-
chastic trajectory X' (s) for large but finite 7. In fact, by
using a suitable updating scheme, the two operations (con-
struction of the trajectory and integration) are performed
simultaneously.

The numerical realization has put three points into evi-
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dence: (1) The pseudorandom generator used for generating
Gaussian numbers must have a very good quality in order to
prevent the apparition of biases and artificial oscillations in
the results. (2) The statistical fluctuations are significantly
decreased when a large number of trajectories starting from
points distributed according to the stationary probability
density p©@(x) = @ §¥? are used, rather than a single one
only. Furthermore, by decomposing this set of trajectories
into a few subsets (typically about ten) and by evaluating the
functional integral independently for each of these subsets, it
is possible to obtain an evaluation of the variance using stan-
dard statistical methods.* (3) Time-discretization of the
SDE (with a time step Az) introduces a systematic bias in the
results: this is the well-known ‘“‘short-time approximation”
(see, e.g., Refs. 2 and 5). More precisely, by using the discre-
tized form [Eq. (2.12)] of the SDE, the exact transition
probability density p®(x]y,At) corresponding to the exact
continuous form of the SDE is approximated by the follow-
ing transition density:

P Qren (X1AD)

= (2mAt) " V%exp{ — [y — x — b(x)At 1> /2At }.
(2.15)

In the particular case of the diffusion process associated with
the Gaussian reference function (2.3) (the so-called “Orn-
stein—Uhlenbeck” process) p®(x]y,At) is exactly known
(see e.g., Sec. 5.3 of Ref. 3):

PO(x]p,Af) = [m(1 — 2]~ 1/2

xexp[ — (y —yx)*/(1 — )],
where ¥ = exp( — Ar).

As it must be, the two expressions [Egs. (2.15) and
(2.16) ] coincide when At goes to zero. Thus, in the special
case under consideration, we can avoid the short-time ap-
proximation by generating the stochastic trajectories from
the transition probability [Eq. (2.16)] instead of Eq.
(2.15).

In Table I, results for some of the lowest excited energies

(2.16)

TABLE L First excited energies for the harmonic oscillator.*

E, E, E,
Biased results®
Ar=0.04 1.518(7) 2.54(2.6) 3.58(6)
At =0.03 1.514(8) 2.53(3) 3.55(7.5)
Ar=10.02 1.510(9) 2.51(3.3) 3.51(11)
Ar=0.01 1.504(15) 2.50(5.4) 3.45(17)
Nonbiased results®
Ar = 0.04 1.499(7) 2.50(2.6) 3.52(6)
Exact results
1.5 2.5 35

* Calculations have been performed using 100 trajectories (divided in 10
subsets of 10 trajectories each for the purpose of evaluating the standard
deviation, and hence the confidence interval corresponding to some pre-
scribed level of accuracy). 500 000 elementary time steps have been used
for each trajectory. Energies are derived from formula (2.11) witht = 0.4.
Statistical uncertainties (99% confidence interval) are indicated in paren-
theses.

®Using Eq. (2.15).

°Using Eq. (2.16).

are presented. Expressions (2.15) and (2.16), above, for the
transition probability density have been used to generate tra-
jectories. The bias resulting from the short-time approxima-
tion appears clearly. The improvement resulting from the
removal of this approximation is clearly evidenced when us-
ing the exact transition probability density. As concerns the
biased results, no procedure of extrapolation to Az = 0 has
been used since the statistical fluctuations are of the same
order of magnitude as the biases. Results for Az = 0.01 may
be considered as satisfactory.

B. Harmonic oscillator with a harmonic perturbation

The Hamiltonian is written

e — L4 Lo (217)
2.dx* 2
The reference function and energy are chosen as follows
P8 (x) =e 7, (2.18a)
EP =1 (2.18b)
Using Egs. (2.4), (2.2), and (2.18), we thus obtain
HO= ——l—ii+—1—x2 (2.192)
2dx* 2 '
V, =Ax% (2.19b)

In this example, we use a high-quality generator of pseu-
dorandom numbers, a large number of trajectories (about
100) and the exact transition probability density {no short-
time approximation). We are then in a position to test the
numerical effectiveness of our generalized Feynman-Kac
formula [Eq. (4.1) of part I] in a case where the perturbing
potential ¥, is not zero. Using as usual the ergodic property,
the quantum matrix element (2.6) (with f=g = 1) may be
rewritten as

1 T /24T
I(t) = lim —J exp[—f Vp[X‘O’(s)]ds]dT.
T-+w T Jo —t/247

(2.20)

Now, if we want to extract the ground state energy E, of
H, the following formula valid for large but finite 7 could be
used [see Egs. (4.4) and (4.5) of part I]:

—%logl(z)

1
=E,— EQ ——Tlog @ $21@o) | + O(e ™). (2.21)

In actual fact, the error O(1/¢) due to the second term may
be very easily suppressed by considering the slope of log /(¢)
at infinity:
— [log I(2,) —log I(2,) 1/ (2, — ;)
=E,—E® +0(™ ") 5>t (2.22)
which now involves, for large ¢, and ¢,, an exponentially
small error.
On the other hand, using the eigensolutions for H © and
H, that is, respectively,
[¢ 5‘0) (.X) = 1,-—1/4(271”!) - l/an (x)e — x%/2
EQPC=n+12

(2.23a)
(2.23b)

and
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{¢" (x) =61)1/1117_—-1/4(2'1'1!)—l/ZEI'l (wllzx)e——wx’/Z with @ = (l + u)llz

E,=((+1/2)o

and inserting these expressions into the expanded expression
for I(z) in terms of the complete set of eigenstates of H given
in Eq. (4.4) of part I, it is possible to obtain after a few
algebric manipulations the analytical value of 7(¢):

—t/2(w—1)

1/2
I(t) = f,a) e

22— (o —1\" _2,,,,,,]
X[l+n§=:1 2™n! (w+1) ¢ '
(2.25)
The numerical realization (with A = 1, i.e., @ = 3"/?)
shows the existence of a bias for () when At =0.2 (see
Table IT). This bias is due to use of a finite Riemann sum for
evaluating the integral f V, ds appearing in Eq. (2.20).
However, as we can see in Table I, it seems that this bias is
very small compared with previous biases due to the short-
time approximation.

C. Quartic osclllator. Evaluation of the ground state
energy £,

The Hamiltonian is written
(2.26)

In this example we illustrate a basic feature of the meth-
od namely, the importance of choosing a “good” reference
function @ (. As already noticed above, if @ $* were chosen
as the exact function ¢,, the perturbing potential defined by
Eq. (2.4) would be zero (E §¥ is arbitrary and may be cho-
sen so that ¥, = 0) and the variance would vanish. In the

general case, the numerical experience has shown that the

(2.24a)
(2.24b)

V,=x'+}—EQ. (2.28)
By contrast, in the second case, the behavior for |x| - + oo
of the exact eigenfunction g, is incorporated into @ §*. The

asymtotic form of @, is easily deduced from the asymtotic
form of the Schrodinger equation. We obtain:

<Po(x)| e 213 18P (2.29)
X{— + «
Consequently, our second choice will be
¢7(()0)(.X) =e—2"’/3 |x|? (2.30)
and from Eq. (2.4) above it then follows that
V,=>+2"%x| —E{. (2.31)

With this choice, the quartic part of ¥, has been removed.
The ground state energy E, has been evaluated using the two
forms for @ § and for different values of the time step At.
Results are displayed in Table III. The important point is
that with the expression (2.30) for @ §°, the variance is actu-
ally smaller than with the expression (2.27). From now on,
this strategy of variance reduction will be systematically
used.

From the expanded form [Eq. (4.4)] of part I it is clear
that J(¢#) may be written in the following form:

I() =3 ce ™ (2.32)

TABLE III. Ground state and second excited state energies for the quartic
oscillator.

: .. . N Ey
importance of the statistical fluctuations is directly related °
to the “importance” of this perturbing potential. Two cases First choice for ¢ {®
have been treated here. In the first one, we make the natural Ar=0.01° 0.8037(20)
choice: Second choice for g {*¢
) _ ,—x*2 Art=0.1 0.8199(5)
=e 2.27
Po 2271 i oos 0.8156(6)
which leads to At=0.05 0.8114(7)
At =0.025 0.8079(8)
TABLE II. Harmonic oscillator with a harmonic perturbation.® Extrapolation® 0.8037(10)
Exact’ 0.80377
E, Excited energies®
QMC (Ar=0.02) 0.8660(14) £, E,
Exact® 0.86603 QMC 0.8033(30) 5.18(2)
I(t=3) Exact’ 0.80377 5.179
QMC: *Energy is derived from formula (2.22) with 7, = 4 and ¢, = 3. Calcula-
At=02 0.3227(4) tions have been performed using 1000 trajectories with 75 000 elementary
At=0.1 0.3214(4) time steps for each trajectory.
At =0.075 0.3213(4) ®Expression (2.27).
Exact® 0.32131

* Calculations have been performed using 100 trajectories, 500 000 elemen-
tary time steps for each trajectory. Energy is derived from formula (2.22)
with £, = 9 and ¢, = 8. Statistical uncertainties are indicated in parenthe-

ses.
®From formula (2.24b).
¢ Calculated from formula (2.25).

¢Using Eq. (2.16).

9Expression (2.30).

© A least-squares fit to a straight line has been performed.

fReference 15.

£ A Padé z-transform analysis of /() has been done with 40 regularly sam-
pled values I(;) with ¢, ranging from O to 4. The calculation has been
performed using 100 trajectories, 200 000 elementary time steps for each
trajectory and Ar = 0.1.
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The expression (2.22) enables us to extract the smallest ex-
ponant 4, using the behavior of I(¢) for large . Now, we
would like to extract more information about 7(z). More
precisely, we are faced with the general problem of the analy-
sis of functions expressed as sum of real exponentials. We
used here the Padé-integral transform method recently de-
veloped.® This method enables us to evaluate excited ener-
gies. However, the main point appears to be the possibility to
perform an analysis of I(#) without using large values of ¢.
The importance of such a possibility has been already em-
phasized in part I (Sec. VI C 2). A Padé-z transform analy-
sis of I(¢) has been performed here. Results are displayed in
Table I1I.

D. Quartic oscillator. Evaluation of the first excited
energy £,

The first excited energy E, of the quartic oscillator may
be viewed as the ground state energy of the odd symmetry
subspace. Since this subspace is not the symmetry subspace
of the genuine ground state E,, this example may be consid-
ered as a model problem for illustrating the constraints due
to the Pauli principle requirements (see part I, Sec. VI).
Two of the procedures designed for dealing with such a situ-
ation are presented here.

1. Simple projection (SP) method

Two projection functions f and g are used in order to
impose the odd symmetry. We have chosen the simplest
form, namely

f(x)=g(x)==x. (2.33)
In order to avoid the short-time approximation the Gaussian
nodeless reference function @  defined in Eq. (2.27) is
chosen. Now, using the odd character of the functions f @ §*
and g @ {7, the expanded form [Eq. (4.4)] of part I for I(t)
reduces to the following form:

+o _ _ g
I =3 [(n@L|u, M  Fxt 7500 (2.34)
k=0

where half of the terms (corresponding to even levels) have
disappeared. In fact, due to the numerical nature of the eva-
luation of I(¢), the scalar products {ng {*’|@,; ) could be not
exactly zero. Then, residual exponentials associated with
even levels may appear with a small amplitude. The numeri-
cal experience has shown that such amplitudes were small
enough so that no practical trouble results when performing
the analysis of I(#). As usual, using the ergodic property we
write

I(t) = lim

T— 4+

t/2 4+ 1
Xexp[ - f X @4 (s)ds]df.

—t/2+T

T
LTJ X0t 241X 247)
0

(2.35)

Now, an important point related to the numerical eva-
luation of the quantity above must be pointed out. By using
expression (2.27) for @ {», we have built a reference diffu-
sion process with a stationary density p”(x) = @ §¥? strong-
ly peaked with a symmetric shape around zero. Accordingly,
the trajectory will go through zero very often and the sign of

theproduct X @( — ¢ /2 + 7)X9(¢ /2 + 7) will change rap-
idly. Moreover, the values of the position at two very differ-
ent times being almost independent (the correlation func-
tion of the diffusion process falls exponentially as a function
of time) the sign of the previous product will change with a
very high rate for large . The consequence is a large increase
of variance in calculations when non small values of ¢ are
considered, a situation which contrasts sharply with the one
encountered in the calculations for which f=g = 1. With
such variances for large ¢, formula (2.22), which requires
two large values of t for evaluating E|, is inadequate, and the
Padé-integral transform method for analyzing 7(¢) becomes
essential. We have performed a Padé-z transform analysis of
I(t). The results are displayed in Table IV and show a rela-
tively important variance in this approach.

2. Fixed-node (FN) method

In this approach, no problems related to some change of
sign as in the expression (2.35) occur since no projection
functions are used. The symmetry requirements are directly
introduced into the reference function. Here @ ¥ must be
odd and is chosen as follows:

P& = xe= 2RI, (2.36)

Note that in this particular one-dimensional case the node of
the exact solution @, is known and consequently the fixed-
node procedure actually introduces no approximation.

At this point, it seems important to make a practical
remark concerning the use of a variable time step scheme for
calculations involving a reference function endowed with
nodal hypersurfaces. Let us be more precise. The discretized
form of the SDE with Az 520 enables us to generate sucessive
points on a trajectory through finite jumps but not infinitesi-
mal ones as would be required by the exact continuous SDE.
A finite jump may lead the current point to the other side of a
nodal hypersurface (through essentially the free diffusion
part of the SDE) or very far in a domain of very low proba-
bility when the drift vector becomes too large (the “over-
shooting” effect near the nodes). In order to avoid the im-
portant biases associated with these two artificial effects
which disappear for really infinitesimal time steps, we used a
variable time step scheme. When the magnitude of the drift

= Xxe

TABLE IV. First excited energy E, of the quartic oscillator.

I. Simple projection (SP) method *

QMC 2.74(2)

Exact® 2.738
II. Fixed-node approach (FNA)®

QMC (Ar = 0.005) 2.738(4)

Exact® 2.738

® Calculations have been performed using 1000 trajectories, 20 000 elemen-
tary time steps for each trajectory with Az = 0.1. A Padé z-transform anal-
ysis of J(#) has been done with 30 regularly sampled values I(¢;) with ¢,
ranging from O to 3.

*Reference 15. .

¢ Calculations have been performed using 100 trajectories, 500 000 elemen-
tary time steps for each trajectory. Energy is derived from formula (2.22)
with t, = 2.5and ¢, = 2. Statistical uncertainties are indicated in parenthe-
ses.
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becomes too important (larger than some threshold value),
we take At such that the product |b|A¢ remains small
enough. Thus, the trajectory is slowed down near nodal sur-
faces and large jumps are avoided. Now, the variance be-
comes sufficiently low to permit the use of formula (2.22) to
obtain E,.

Results are displayed in Table IV and it clearly appears
that the fixed-node (FN) method (Sec. II D 2) actually per-
forms better than the simple projection (SP) method (Sec.
IID1).

E. Harmonic oscillator. Evaluation of the second
excited energy £,

In the previous example illustrating the fixed-node ap-
proach, we used a reference function having the right sym-
metry and the exact node of the solution. Unfortunately, the
complete nodal hypersurfaces of exact solutions for more
complex systems are generally not known. For atoms or
molecules we will use a reference function having the desired
symmetry [i.e., belonging to the corresponding irreducible
representation of the symmetric group S(V) ] but approxi-
mate nodes. At this point, it must be emphasized that, due to
the degeneracy of the physical ground state (the “exchange”
degeneracy), there is not a single nodal hypersurface asso-
ciated with the ground state but a (continuous) set of such
surfaces. “Approximate” means here that the nodal hyper-
surface of @ § does not belong to this set. A fixed-node ap-
proach with approximate nodes leads to approximate results
and in order to remove this approximation the release-node
projection (RNP) method presented in part I is examined
here. To evaluate the second excited energy of the one-di-
mensional harmonic oscillator is a simple model problem
which gives us the opportunity to introduce in a simple way
the main features of this RNP method. In this model prob-
lem, the exact solution is known:

@2(x) = 27" V(20 — e,
E2 = 5/2.

(2.37a)
(2.37b)

J

P& (x) = |[2x* — (1 +d) Je= 7|

PP (x) =cpf(x) =A(x +x,)’ +B(x +x,)> +C(x £ x,) + D xe( Fx, —€,Fx, +€),

where + x, denote the two nodes of the function (2.39a)
above. Note that, instead of using a threshold value for the
reference function as we did in part I, we directly define here
the interval where the connecting piece function is used.
Both procedures are essentially equivalent and € now plays
a role similar to that of the quantity € introduced in part I.
The coefficients (4, B, C, D) are determined so that the
reference function and its first derivative are continuous at
the points F x, — € and F x, + €'. Expressions of the co-
efficients (4, B, C, D) in terms of (d, €') are then given as
solutions of a linear system of four equations.

As already noticed, @, is not the lowest eigenfunction in
the subspace of even symmetry. Consequently the first non-
vanishing component of I(2), namely

@52 1@o) (Polep ) xe™ "“F E& could be important
enough to trouble the analysis (in particular if large values of

1. Fixed-node (FN) method

As a first step, we consider a fixed-node approach where
the reference function @ §* has the right symmetry (here
@ ¥ must be an even function) and approximate nodes. The
reference function is chosen as follows:

@& (x) =22 — (1+d)]e™7, (2.38)
where d is related to the “distance” between approximate
nodes and exact ones.

Now, the fixed-node ground-state energy E; " can be
evaluated for different values of 4 using, as usual, formula
(2.22) and using the variable time step procedure required
by the existence of nodes for @ * (see Sec. II D 2 above).
Results for E"(d) are displayed in Table V and illustrate
very clearly the existence of the fixed-node approximation.
We may notice that the values of E £~ (d) lie below the exact
energy E3N(0). At first sight, this result could appear con-
tradictory with the so-called ““variational principle for fixed-
node process” considered by Reynolds et al.” and by Ceper-
ley.” The contradiction disappears, however, when we notice
that the above variational principle was derived for the fol-
lowing specific situation: (1) to consider the lowest state
belonging to some prescribed type of symmetry and (2) to
use a reference function belonging to this type of symmetry,
so that its nodes are invariant under the corresponding sym-
metry operations. Failure to fulfill these conditions invali-
dates the proof. In our present case, assumption (1) is not
fulfilled, since the lowest even state is E, rather than E,.

2. Release-node projection (RNP) method

Now, we want to remove the fixed-node approximation
by using the RNP procedure described in our part I. A non-
vanishing third-order polynomial is chosen as “connecting
piece” function cpf(x). The reference function is written

x¢(Fx, —€,Fx, +€), (2.39a)

(2.39b)

|
t are used) and this situation would require the use of the

Padé-integral transform to evaluate E,. This complication
does not occur in the case of atoms or molecules where the
true wave function is a lowest state in a given symmetry
subspace. Now, in order not to introduce artificial problems
in this model problem, we have decided to use functions f
and g not only to impose the right symmetry (as it must be in
the general case) but also to impose the orthogonality of
S ¥ and gp ¥ with @,. For that reason we choose

f=g=¢/p (2.40)
which leads to
I(t) = ¢~ "B B, (2.41)

Obviously, in the general case, only the symmetry of the
desired state has to be known even if for convenience we have
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TABLE V. Harmonic oscillator. Evaluation of E,.

I. Fixed-node approximation (FNA)*

d=0.1 2.346(21)
d=0.075 2.401(20)
d=0.05 2.451(16)
d =0.025 2.484(8)
d=0 25

I1. Release-node projection (RNP)®

d=0.1 €=045 2.49(3)
Exact 25

* Calculations have been performed using 50 trajectories, 10 000 elementary
time steps for each trajectory and At = 0.001. Energy is derived from for-
mula (2.22) with ¢, =8 and ¢, = 7.5.

®Calculations have been performed using 50 trajectories, 800 000 elemen-
tary time steps for each trajectory and Az = 0.001. Energy is derived from
formula (2.41) with r = 0.4. Statistical uncertainties are indicated in par-
entheses.

introduced here its analytical expression through the func-
tions f and g. Now, when €’ goes to zero, two phenomena
occur. On one hand, since the value of the reference function
at the points + x, goes to zero with €', passages from one
domain to another one become rare and the variance related
to the change of sign of the integrand decreases. On the other
hand, ¥, (x) in the neighborhood of + x, goes to infinity
when €’ goes to zero and the sampling of this domain, repon-
sible for the removal of the nodes, becomes more and more
difficult (we try to sample rare events associated with a high
value of ¥, or, equivalently, we attempt to sample a § func-
tion!). Therefore some compromise has to be found. We
present in Fig. 1 the curve giving the variance of calculations
versus €. Clearly an optimal choice for € may be found in
such an approach. The energy for d = 0.1 is presented in
Table V. The difference E IN — E, being recovered, we con-
clude that the RNP works for this simple case.

4 STANDARD DEVIATION
05 |
o4 |
03 L
0.2 |
ot |
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FIG. 1. Standard deviation of the energy as a function of the threshold pa-
rameter € appearing in the RNP method. These values have been obtained
for rather short runs. In order to obtain an accurate value of the energy, a
100 times longer run has been performed for the value € = 0.45 which gives
the optimal choice of the reference function. The corresponding result is
prest;nted in Table V (the standard deviation is actually divided by about
100'/2 = 10).

Ill. SIMPLE ATOMIC AND MOLECULAR SYSTEMS

Molecules are represented in the framework of the
Born-Oppenheimer approximation. The potential energy of
the molecule is written as

V=3 1ry =3 Z,/ria+ Y Z,Z5/7.,
i>j ha a>p

where r,, = |r, — r,|. Roman indices label electronic co-

ordinates and Greek indices label nuclear coordinates. Z,, is

the charge number of nucleus a.

3.1

A. Bosonic properties

The purpose of this first subsection is to evaluate energy
and observables pertaining to the ground state of two-elec-
tron systems. Since no constraints are introduced by the
Pauli principle for two-electron systems (see Sec. VI of part
I), this ground state is the nodeless mathematical ground
state of the Hamiltonian. This is the reason why the proper-
ties evaluated in this subsection may be viewed as bosonic
properties.

1. Helium-like systems

Before treating helium-like systems, let us give a general
expression of a nodeless reference function suitable for an
arbitrary atomic system:

P& =exp| Y a7 + za,.jr,.j]. (3.2)

ia i<j

The important point is that this expression includes all the
cusp conditions. Note that such a representation has been
already discussed in detail in the framework of previous
QMC methods (see, e.g., Ref. 5). Obviously, for atomic sys-
tems with more than two electrons, this function can be used
only in the SP method where a nodeless reference function is
needed (see Sec. VI B 2 in part I). The coefficients a,, are
chosen in order to reduce as much as possible the perturbing
potential ¥,. Let us now evaluate the two basic quantities of
our algorithm, namely the perturbing potential ¥, and the
drift vector b. The perturbing potential is evaluated as usual
from formula (2.4). After a few algebric manipulations we
obtain

Vv, = z 1/r; — z Z,/r,

i>j

+ Y Z,Zs/rp
a>p

~E — S 20/~ S au/n,

i>f

-1 2 8,853 (Vi7:, ) (Virg)
2 a,Bi

— Z a,;a,, (V7. ) (V.ry)

ijFha
_i aijaik(virij)'(v,-r.-k)- (3.3)
2 ijE Lk #i
Let us introduce the directional vectors
u; =4v.ry, (3.4a)
W, = —Z,V,r,. (3.4b)

Choosing coefficients a; and a,, such that
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(3.5a)
(3.5b)

the Coulomb singularities may be entirely suppressed. Final-
ly, we have

a; =a; =4

aka = —‘Za,

1
Vo= Z,Zg/rep —EQP — > z U, U,
a>p iLa,B

1

i.i;'}a T2 R
Now, ¥, is a nonsingular bounded function expressed as a
sum of bounded scalar products. At this point, it seems ap-
propriate to mention that this result illustrates clearly the
necessity of including explicit interelectronic coordinates
when a good approximate wave function is wanted. In par-
ticular, as noticed by a few authors (see, e.g., Ref. 8), the
poor convergence of CI expansions is mainly due to the ab-
sence of such r;-dependent terms in the wave function. Now,
a major advantage of all Monte Carlo schemes appears in the
possibility of using correlated wave functions without deal-
ing with the complicated integrals that occur in variational
methods.

(3.6)

u,:,- 'llik.

<¢0|r% + 1’% lpo) = li

1107

The expression for the drift vector is derived from Eq.
(2.13):

b = (b;,b,,....by) (3.7a)
with
b, = Z u, + z u;. (3.7b)
a JEi

For two-electron systems, energy and mean value (r} + r3)
have been evaluated using expression (3.2) for the reference
function. The constant time step scheme have been used
since @ {¥ is nodeless and calculations have been performed
for different values of the elementary time step Af ranging
from At = 0.02 to Az = 0.12. For each quantity evaluated, a
quasiparabolic behavior for the curve representing this
quantity vs Az has been obtained. We therefore systematical-
ly performed a least-squares fit to a parabola to determine
the extrapolated value at Az = 0. We give in Table VI the
results concerning the He atom (Z = 2) and the Be* * ion
(Z=4).

As concerns the calculation of the quantity (r} + 73 ),
the formula (4.7) of part I is written here:

I— + o

and using the ergodic property this formula may be rewritten as

(@ol + 13 |@o) = lim

1
o (B +R)X —§'2,, V,[X(s)1ds] D"
m Joccwmn (04 XNl = §Zip VIXOIBIDT Xy 3o (38
Sac= iz exp[ —f‘—/zr/z v, [X(s)]ds]D% X
lim %IK B+ ) XOU + D ]exp[ — 2557 - V, [X V() )ds]dr
T+ oo
(3.9)

t— + o

T + o

Results after extrapolation are given in Table VI. It is
important to note that E,and {7} + r2) are evaluated simul-
taneously from the same realization of the process (i.e., from
the same set of stochastic trajectories).

2 H,; molecule

The potential energy of the molecule is
V=1/r,—V/r, —1/rig —1/ry, — 1/r,5 + 1/R,
(3.10)

where R is the internuclear distance. Two different reference
functions have been used, namely

PP =e? ulr)u(ry) (3.11a)
With u(ri)=e—§’iA+e“§’iB (3.11b)

and

9 =exp[ —ry —rp] +exp[ —ry —riz].
(3.12)
The first case corresponds to the usual molecular orbital
point of view well suited for the equilibrium geometry while
the second choice, where @ § is written as a symmetrized
product of atomic wave functions, is supposed to be better
for large values of R.
In order to illustrate the simplicity of the procedure for

lim LTI(T exp[ — "2 507, V, [X9(s)1ds]dr

{
evaluating different quantities pertaining to the same eigen-
state, we have evaluated from the same basic set of trajector-
ies, not only the energy but also 15 mean values correspond-
ing to multiplicative operators. We have simply chosen the
same operators considered by Kolos and Wolniewicz’® in

TABLE VI. Helium-like systems. Ground state properties.”

He Be* ™
E,
SCF —2.8617 —13.6113
QMC —2.903 8(10) — 13.655(11)
“Exact” value —2.903 72* —13.6556°
R +17)

QMC 2.37(2) 0.464(2)
Exact value 2.386 9° 0.464 14°

* Calculations have been performed using 400 trajectories, 40 000 elemen-
tary time steps for each trajectory. Energies are derived from formula
(2.22) with ¢, = 10 and ¢, = 9. Mean values are derived from formula
(3.9) with £/2 =15 and ¢, = 0. Each quantity has been extrapolate to
At = 0. All quantities are given in atomic units and statistical uncertainties
are indicated in parentheses.

®Reference 16.

¢ Reference 17.

9 Reference 18.
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their benchmark calculations concerning the H, molecule.
In order to appreciate the powerful simplicity of the Monte
Carlo approach, it must be pointed out that, for each such
observable 4, we have just to insert in the program the eva-
luation of 4[X(#)] and to calculate the corresponding accu-
mulator (which, in the present case, amounts merely to in-
serting in the computer program one single statement per
observable!). Calculations have been performed for two val-
ues of R corresponding to the two choices of ¢ . Results
are displayed in Table VII, and are very satisfactory.

B. Fermionic properties

In this subsection, the first excited energy E, of the heli-
um atom is evaluated. The corresponding eigenstate ¢, is
antisymmetric in the exchange of electron labels and corre-
sponds to the ground state of the antisymmetric representa-
tion. In Sec. II D we have shown that the different methods
to evaluate properties of the lowest state in a given symmetry
subspace do work for simple one-dimensional cases. Here,
the aim is to illustrate the validity of those different proce-
dures for atomic and molecular systems.

1. Simple projection (SP) method

We choose
¢(()o)=exp[ —2r = 2r, + 4] (3.13)
and
f=g=4[(1=r)e" — (1 —r)e]. (3.14)
TABLE VII H, molecule. Ground state pro;.aertic:s.'l
R=14° R—4°

QMC Exact® QMC Exact®
E, —1.175¢1.7) - 1.1745 —1.0167(7) —1.01637
(rah 0.587(2.6) 0.5874 0.263(1.5) 02630
(r1z) 2.169(9)  2.1690 433(15) 4327
(#) 5.63(4.5) 5.632 20.6(1.3) 20.569
(ry) 1.550(6) 1.5499 2.86(1.3) 2.863
rh 0.908(4) 0.9128 0.610(3.5) 0.6136
) 3.04(2) 3.036 10.79(8.5) 10.815
(rors) 2.71(2) 2.704 6.68(2.3)  6.663
(rary)  2.33(15) 2321 6.57(3) 6.551
(riams)  239(15)  2.385 9.82(3) 9.806
(2,2,) —0.156(5.5) —0.1596 —3.39(6) —3.392
(x,x,) —0.055(3.5) —0.0551 —0.039(4.5) —0.038 4
() 1.02(2) 1.023 4.74(4) 4.708
(x?) 0.76(2) 0.762 1.05(1.5) 1.054
(@) 2.55(4) 2.546 6.85(5.5) 6.815
[9} 0.9(1) 0.91 1.3(1.5) 1.38

® Calculations have been performed using 50 trajectories and about 10° ele-
mentary time steps for each trajectory with Az = 0.01. Energies are de-
rived from formula (2.22) with ¢, = 20 and ¢, = 19. Each mean value is
derived from formula (4.7) of part I with 7 /2 = 10and ¢, = 0. @ denotes
the electric quadrupole moment of the molecule defined as
Q= R?—2(3(z%) — (#*)). All quantities are given in atomic units and
statistical uncertainties are indicated in parentheses.

"Reference 9.

“Using Eq. (3.11) for ¢ {*’ with @ = 0.56 and £ = 1.285.

4Using Eq. (3.12) for ¢ {®.

As it must be, fp § and g@ §* are antisymmetric in the ex-
change of electron labels. Moreover, by using the atomic
orbital model, fand g have been choosen such that fp {* and
g@ §» have a maximum overlap with @,. This last point sim-
plifies the analysis of I(#) as sum of real exponentials by
giving an important weight to the first nonvanishing expo-
nential associated with E,.

As already noticed in Sec. II D 1, the nonconstant sign
of f and g prevents any attempt to use formula (2.22) for
calculating E,. Thus a Padé-z transform analysis must be
performed. A very predominant real exponential associated
with E; appeared and then the first Padé approximant® was
sufficient to extract E,. The results are displayed in Table
VIIIL

2. Fixed-node (FN) approach

In this case, the complete nodal hypersurface of ¢, is
known (its equation is 7, = r,).'"!! However, even if there is
no fixed-node approximation here, the aim is to verify that
our scheme works for atomic systems.

The following reference function is chosen:

(1 —r))e e (3.15)

and the same algorithm as in Sec. II D 2 is used. Conclusions
are identical with those obtained in this previous case: due to
the constant sign of the integrand, the variance is markedly
smaller than in the previous (SP) method, and formula
(2.22) for evaluating the energy may be used. The variable
time step procedure permits to avoid undesirable effects. Re-
sults are displayed in Table VIII.

¢(()O) — (1 _rl)e—-—r,e—Zr,_

IV. CONCLUSIONS

While part I of the present work was devoted to the
theoretical description of our Monte Carlo method, the pur-
pose of the present part II was to consider with some detail
the various practical and numerical aspects pertaining to its
computer implementation.

It appeared convenient to organize the discussion
around three main points:

(1) The convergence problem (time-length of each

TABLE VIIL. First excited energy E, of the helium atom (triplet state).

I. Simple projection (SP) method®

QMC — 2.175(10)
Exact® —2.1752

I1. Fixed-node (FN) method®

QMC —2.175(3)
Exact® —2.1752

® Calculations have been performed using 400 trajectories, 15 000 elemen-
tary time steps for each trajectory. A Padé z-transform analysis of I(¢) has
been done with about 30 regularly sampled values I(¢;) with ¢; ranging
from 0 to about 3. Four calculations with Az = 0.04, 0.03, 0.02, and 0.01
have been done and a least-squares fitting to a parabola was performed to
extrapolate to Az =0.

®Reference 17.

°Calculations have been performed using 50 trajectories, 100 000 elemen-
tary time steps for each trajectory with Az = 0.01. Energy is derived from
formula (2.22) with z, = 40 and ¢, = 36. Statistical uncertainties are indi-
cated in parentheses.
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sample trajectory, number of such trajectories, choice of the
reference function @ §).

(2) The sources of systematic biases: the quality of the
random number generator, the time-discretization error in
the generation of the sample trajectories (the so-called
“short-time approximation”) and the time-discretization
error pertaining to the evaluation through a finite Riemann
sum of the integral appearing as the exponent in the Feyn-
man-Kac factor [see, e.g., Eq. (3.7) of part I].

(3) The specific problems related to the problem of ob-
taining states belonging to some prescribed symmetry, the
most important case corresponding to the Pauli principle
requirements in many-fermion systems.

We have first treated a number of one-dimensional ex-
amples [involving harmonic (x*) and quartic (x*) poten-
tials] in order to illustrate the various points listed above and
to propose some solutions when necessary. As a conclusion
of this first step, we found it is possible to keep under control
all the above listed sources of error. Second, with the purpose
of moving towards the study of more interesting physical
systems, we considered the simplest (two-electron) atomic
and molecular systems, namely helium-like systems (He,
Be* *) and hydrogen molecule. For these systems, our re-
sults are of comparable quality with those obtained within
the framework of the other QMC methods (see, e.g., Refs. 5
and 12-14). We did not content ourselves with the (bo-
sonic) ground state energy, since this would not at all be a
typical representative for many-electron atomic and molecu-
lar systems, where the Pauli principle becomes really in-
volved: we also considered the lowest triplet state (antisym-
metric space function) as a model of the symmetry
requirements to be taken into account for these larger sys-
tems. On the other hand, we also evaluated a number of
observables other than the energy, in order to illustrate how
easily such evaluations can be performed in the framework
of the present Monte Carlo method.

As concerns the perspectives for future developments,
two steps may appropriately be distinguished. A first step
would rely (as many previous Monte Carlo computations
did) on the fixed-node approximation for evaluating energy
and observables (including now, response properties). Ac-
cording to the experience borrowed from other QMC com-

putations, we may expect that such calculations could be
achieved with reasonable accuracy for systems having a
number of electrons ranging up to about ten. The second
step, would consist in applying to many-electron systems the
release-node projection (RNP) method, the results of which
appeared rather encouraging for the one-dimensional sys-
tem to which it was applied in the present work. Investiga-
tion concerning these two steps is presently in progress.
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A new quantum Monte Carlo (QMC) method of evaluating low lying vibrational levels for
coupled modes is presented. We use a modified fixed-node (FN) approach in which an
extremum principle for energy levels is invoked. In this way, the nodal hypersurfaces of the
nuclear wave function are parametrized and then optimized for each excited state. The method
is tested on the fundamental excitations of some two-dimensional model potentials and is
applied to the case of realistic coupled modes of the CO molecule adsorbed on a palladium
cluster. The effect of an external electric field is also examined. The quantum Monte Carlo
results are compared with those obtained in the conventional variational treatment of the
nuclear Schrédinger equation for coupled vibrations. The QMC results give the exact values
with an error which is in general less than 1 cm~ . In all cases (even in the case of strong
coupling) the use of our procedure leads to “optimal” nodal lines (in the sense of the
extremum principle used in this work) which are practically undistorted. A salient feature of
the Monte Carlo method presented here is that it readily permits the evaluation of the
fundamental excitations of an arbitrary number of coupled vibrations. Furthermore, the
potential energy surface may be represented by any analytical form without practical

difficulties.

INTRODUCTION

In this paper a new method of evaluating vibrational
energy levels is presented. Our goal is to overcome the limita-
tions of the usual variational approaches. Two important
limitations must be pointed out. The first is related to the
difficulty of taking into account strong anharmonicity of the
potential energy surface. Strong anharmonicity generally
yields too slow convergence of the variational calculation.’
A second limitation occurs when a large number of interact-
ing vibrations has to be treated. Indeed, the rapid increase of
memory and CPU time requirements limits realistic calcula-
tions to a small number of vibrations (typically not more
than three). Problems related to the quality of the fitting
procedure of the potential may also be troublesome in vari-
ational approaches.

The new approach is developed within the very general
framework of a pure diffusion quantum Monte Carlo
(QMC) method using a full generalized Feynman-Kac
(FGFK) formula.? This method is referred to in the fol-
lowing as the FGFK-QMC method. That method, original-
ly designe for treating the electronic structure of atoms and
molecules, is here adapted to the multimode vibrational
problem. A widely used approach for treating molecular vi-
brations is the well-known “normal mode approximation”
using an approximate Hamiltonian.® However, if accurate
results are desired this description must be abandoned and

¥Deceased, January 24, 1988.
®Present address: Cray Research Inc., 1333 Northland Drive, Mendota
Heights, Minnesota 55120.
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the entire potential energy hypersurface must be considered.
In this situation a new difficulty arises, namely the loss of
any kind of symmetry for the Hamiltonian. We are then led
to the problem of evaluating some “genuine” excited levels,
i.e., excited states which cannot be considered as the ground
state in a given symmetry subspace. This problem is not a
trivial one for Monte Carlo schemes. In order to take it into
account, we present here a generalization of the well-known
fixed-node approximation.*>’ This approach is currently
used to determine properties of the ground state in a symme-
try subspace (the so-called “fermionic” ground states corre-
sponding to a given total spin for atoms and molecules*). In
this paper the method is first tested on some model potentials
including intermediate or strong anharmonic coupling
terms. Then the first applications are presented which are
drawn from a realistic potential surface involving the vibra-
tions of a chemisorbed molecule. Both cases illustrate the
efficiency and the simplicity of the method. In particular, in
light of the results, it now seems reasonable to hope for solu-
tions of the vibrational problem for an *“‘arbitrary” surface
and an arbitrary number of coupled (even strongly coupled)
vibrations accurate to about | cm™' for the ground state
energy (or zero point energy) and for some of the lower-
lying excited levels.

The organization of the paper is as follows. We first
summarize the main features of the basic quantum Monte
Carlo method used here. The detailed theory including
mathematical derivations may be found elsewhere.> Sec-
ond, we present the fixed-node approximation in the frame-
work of the FGFK-QMC method and our generalization to

© 1989 American Institute of Physics
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the case of the determination of genuine excited levels.
Third, the method is tested on some numerically solvable
problems. Finally, we present some realistic numerical ap-
plications. The preliminary results presented here should be
understood primarily as a comparison between the two
methods, the classical variational and our new QMC ap-
proach. Their physical implications and comparisons with
various experiments will, in due course, be treated separate-

ly.

Il. OUTLINE OF THE QUANTUM MONTE CARLO
METHOD

The method is based on the use of a pure diffusion pro-
cess and a generalized Feynman—Kac formula. The underly-
ing diffusion process is built from a so-called “reference
function” @ {¥ which is chosen as close as possible to the
exact wave function to reduce the statistical error (see, e.g.,
Refs. 5and 7).

The reference diffusion process is completely deter-
mined by its drift vector b and diffusion constant &. These
quantities are written in terms of the reference function as
follows (atomic units #i=1, e=1, m, =1 are used
throughout the paper):

b=V /9", (1a)
D =1. (1b)

From the Langevin equation associated with the reference
diffusion process, stochastic trajectories may be generated
using a step-wise procedure (see, e.g., Ref. 9 Sec. 3.6)

dX(t) =b[X(2)]1dt + D'*dW (2a)

with the discretized version corresponding to the time step
Az

AX(2) =b[X(1)]At + D2AW (A1), (2b)
where W represents the multidimensional Wiener process
and band & the drift vector and diffusion constant defined
in Eqgs. (1) [AW(Az) is a multidimensional Gaussian ran-
dom vector whose components verify (AW;) =0 and
(AW,AW;) = 5,41 ].

In this work we use a simplified form of the full general-
ized Feynman-Kac formula presented elsewhere,* namely

15 = (pPle™ = E o o)

1/2 (0)
= exp[ —f V,[X(s)lds|D®*° X. (3)
Q) —t/2

This formula expresses a quantum matrix element of the
evolution operator (in imaginary time) exp( — tH) as a
functional integral involving the diffusion measure of the
reference diffusion process. 2(¢) denotes the set of contin-
uous trajectories defined in the time interval ( —¢/2,

+ t/2), while the diffusion measure is noted D ""(’O)X . The
function ¥, is the so-called perturbing potential given by

V,=V—E — (1/2)V’p /9, “4)
where ¥V is the potential energy of the system to be studied

and E {® an arbitrary constant [in actual fact, ¥, is nothing
but ¥ — V'@, where V' denotes the “reference potential en-
ergy” of the reference Hamiltonian — V2/2 + V9, associat-
ed with the reference function ¢ $* as described in Refs. 4
and 5].

If the reference function is chosen square integrable
(and this will always be the case in the following), then the
associated diffusion process is ergodic* and the functional
integral appearing in Eq. (3) may be evaluated as a time
average along any stochastic trajectory X “(s) of the pro-
cess. We thus write

1/2 o
I(2) =f exp[ —f v, [X(s)]ds]D”‘(’ X
() —t/2

= lim (1/7)
T— +
T t/2 47
Xf exp[—f VP[X(O)(S)]dS]dT. 5
0 —t/24 T

Note that, according to the ergodic property of the dif-
fusion process, it is possible, instead of a single, very long
stochastic trajectory, to use a set of shorter trajectories. In
practice, this possibility enables us to obtain an evaluation of
the variance using standard statistical methods.

In fact, as concerns the ergodic property, two different
cases must be properly distinguished. If the reference func-
tion does not vanish at any finite distance, the property read-
ily holds and any arbitrary stochastic trajectory may be used.
If not, it is necessary to take account of consequences result-
ing from divergence of the drift vector [ Eq. (1a)] at nodes of
@ . Indeed, nodal hypersurfaces of ¢ § play the role of
infinitely repulsive barriers for stochastic trajectories. There
then results a decomposition of the diffusion process into a
juxtaposition of subprocesses in subdomains delimited by
the nodes of the reference function. In other words, an arbi-
trary stochastic trajectory cannot leave a subdomain in
which it is trapped and accordingly, cannot visit everywhere.
Property (5) must then be applied, not by using a single
trajectory, but a set of trajectories consisting of at least one
trajectory trapped in each subdomain. The whole space is
accordingly sampled.

Now, the quantum matrix element 7(¢) may be written
in terms of the spectral expansion of H thus leading to

Ity = {@™]e ™~ F87 | )

=3 Ko lp e 557, (6)

E; and @; denote, respectively, the eigenvalues and eigen-
functions of H.

The summation sign Z is here a shorthand notation
which may represent either a discrete summation or a con-
tinuous integration. The spectrum of H can be obtained by
analyzing I(¢) into a sum of real exponentials. Let us denote
as E; the lowest energy associated with a nonvanishing over-
lap integral (¢ {”|@;). Extracting E, may be done as fol-
lows:

E, =E® — lim (1/1) log I(¢). @)
I— +

1y
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A much more efficient way consists in considering the slope
at infinity of log I(¢):

E, =E{ — [log I(t;) —log I(t,)1/(t, — t,)

+ O(e™2%") (8)

with ¢, > t,. AE denotes the energy difference between E,
and the first excited energy associated with a nonvanishing
overlap (@ §{”|@;). The residual error may be made arbitrar-
ily small by using a large enough value of ¢,.

Finally, the complete algorithm is as follows:

—choose some good representation of the exact wave

function as reference function @ §;

—generate stochastic trajectories using the Langevin

equation (2);

—evaluate I(¢) expressed as a time average along the

previous trajectories using the basic formula (5);

—extract the desired energy according to formula (8).

At this stage, it is of interest to note that the present
quantum Monte Carlo method differs from other similar
methods (e.g., Refs. 7 and 8) essentially because no branch-
ing is introduced. Indeed, the reference diffusion process
used here coincides with their branching-diffusion process
when the branching term is removed [see, e.g., Eq. (6) in
Ref. 7] and if our reference function ¢ § is identified to
their “trial wave function” W ;. In addition, our perturbing
potential ¥, [Eq. (4)] may be rewritten in the equivalent
form

V,=HY. /¥,

which corresponds exactly to the “local energy” used in
these methods.

IH. EVALUATION OF VIBRATIONAL ENERGY LEVELS
A. Zero-point energy (ZPE)

Ground state energies are very simply and accurately
evaluated by all Monte Carlo schemes. This salient feature is
directly related to the lack of nodes in the ground state wave
function (see, e.g., Ref. 10). As a consequence, the algo-
rithm presented in the previous section may be readily used.
A few excellent results for zero-point energies are presented
below.

B. Fixed-node approximation and excited levels

In this section we are interested in evaluating energies of
excited levels. We will denote as g, the corresponding excit-
ed-state wave functions. By contrast with the previous case,
we are now dealing with wave functions with nodes. It can be
shown that the algorithm defined above may be used in the
same way as for the ground state energy.* The basic differ-
ence concerns the drift vector of the reference diffusion pro-
cess which may now diverge. Accordingly, eigensolutions
determined by the Monte Carlo scheme correspond to eigen-
solutions of the Schrédinger equation constrained to vanish
everywhere the reference function vanishes. This must be
understood as a change in boundary conditions for the
Schrodinger equation. Consequently, the energies obtained
in this way may differ from the exact ones. This is the well-
known fixed-node approximation.*>’

Let v, denote the hypervolumes delimited by the nodes
of the reference function ¢ {* and S, the corresponding
boundary hypersurfaces. From the continuity of ¢ ° it fol-
lows that

!
RY= Uw,, 9

a=1
where N is the dimension of the relevant space. In what fol-
lows, N will represent the number of coupled modes. / is the
number of hypervolumes.

As explained above, the Schrodinger equation is solved
(through the Monte Carlo procedure) independently in each
volume v,,. Let us denote as ¢, the different nodeless solu-
tions in subdomains v, and as €, the corresponding energy:

Hb, =¢,P, rev,, (10a)

b, =0 rav,. (10b)
Note that @, may have a discontinuous gradient at the nod-
al hypersurface S, .

The functional integral involved in the Feynman-Kac
formula may be decomposed into a sum of functional inte-
grals defined over the set of continuous trajectories 2, ()
trapped in a given subdomain v,. We thus write

0 =3 w,I, (), (11)

where the w,’s denote the relative statistical weights of the
different subdomains v, which are immediately obtained
from the stationary density (@ $*)? associated with the ref-

erence function @ §*:

wa’:J‘ (¢é0))2de/f (¢(()0))2de
Vo RV

and 7, (¢) denotes the “partial” functional integral

t/2 ©
I(t) =f exp[ —f v, [X(s)]a’s]D"’0 X. (13)
Qu(1) —t/2

(12)

Using the Feynman-Kac formula 7, (f) may also be ex-
pressed as a quantum matrix element. The spectral expan-
sion (6) for 7, (¢) combined with the expression (11) for
I(1) leads to the following expression for the fixed-node en-

ergy Exy:
Eoy =E — lim (1/1) log I{¢) = min¢,,.

t— 4+ a
If exact nodes were known, the fixed-node approximation
would be exact and we should thus obtain

(14)

(15)

In the general case of approximate nodes, Ery is different
from the exact result £, .

In previous work, the fixed-node approach has been in-
troduced in order to evaluate energies corresponding to
ground states in subspaces of given symmetry. It is then pos-
sible to show that a variational property holds,”!' namely

Eern=€=""=€=""€=E

[

Epy = min(€,) >E, . (16)
As already mentioned, the excited levels of multivibrational
systems are generally true excited energies. No symmetry
holds and the upper-bound property is no longer valid.
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We have therefore developed a generalization of the
fixed-node approach for such true excited levels. This gener-
alization rests on the extremum property associated with al/
eigenvalues of the Schrodinger Hamiltonian. This property

states that'>"3

E(@i + 69) = E(¢,) + O(6p?), (17)
where E(@) is the usual energy mean value

E(p) =@ |H|p)/ plp) ' (18)

and @, is an arbitrary eigenstate of H. Note that the widely
used property of minimum energy is valid only for the
ground state energy E,. Now, in order to use this extremum
property we must establish an a priori nontrivial connection
between the quantum mean value E(g@) and the fixed-node
energy Er, evaluated in the Monte Carlo scheme. As em-
phasized above, the resolution of the Schrodinger equation is
done independently in each volume. As a consequence the
relative magnitude of the different solutions ¢, in different
subdomains is not determined by the fixed-node procedure.
More precisely, the set of coefficients {c,} such that the
function ¢ defined as

p=2 c.P, (19)

is close to the desired exact wave function @, is unknown.
From Eqgs. (18) and (19) we obtain the following energy
mean value for ¢:

E(p) =T e, (D,|, >/2 (D, |®,).  (20)

Note that delta functions due to the possibly discontinuous
gradient of ®, do not contribute to the numerator (because
these discontinuities of the gradient can occur only on the
boundaries, where the ®,,’s just vanish themselves ). The im-
portant point now is that the coefficients ¢, do not have to be
known if the Monte Carlo energies €, have a common value.
More precisely, we obtain from Eq. (20) in this particular
case:

E(@)=Ey=€,=€,="""=¢,. (21)

Consequently, if Eq. (21) is verified it is possible to apply the
extremum principle to the fixed-node energy. The method
presented in this paper is essentially based on this latter re-
mark and thus consists in extremizing the fixed-node energy
with respect to some deformations of nodes with the con-
straint that the energies have a common value. In what fol-
lows, the reference function will be written in the general
form

(0) —f(xl’ ’xN:Ph ,Pq)e ialan XN)y (22)

where ¢ is a bounded function at any finite distance and
JS=0 defines the (N — 1)-dimensional nodal hypersurface
which is parametrized by p,,..., p,. In order to apply the
constrained extremum principle, the set of parameters
{p:}._ ., is decomposed into two subsets {p;},_,, and
725 B, 1.- The variation of the fixed-node energy is per-
formed with respect to the subset {p,},_ , , ; , while for each
given {p,},_,, ,, the parameters {p,},_,, are only used to

fulfill the constraint (21). The theoretical algorithm of the
method is then as follows: (1) For a given subset of fixed
parameters {p,},_, ., , vary parameters {p,},_, , to obtain
equality of energies {€, }, ;. Each of energies €, may be eval-
uated by Monte Carlo according to Eq. (14) from a set of
trajectories trapped in the corresponding subdomain v, so
that I(t) = I, (t) and Egy = €,. The common value for the
energies will be denoted as €(p, , | ,...,p, ). According to Eq.
(21), thisstep assures thate(p, | ,,...,p,) = E(@) where pis
a function close to the exact wave function ¢, . (2) Repeat
step 1 for different subsets {p,},_, . ,,. (3) According to
the extremum principle [Eq. (17)], deduce E, as a local
extremum of €(p, , 1,...,P, ).

Although such a theoretical algorithm is simple and
general, its practical implementation may lead to serious dif-
ficulties. In fact, the most important problem consists in con-
structing a reference function whose nodes are close enough
to the exact ones to justify the use of the extremum property
[Eq. (17)]. Such a construction is by no means a trivial task
since the nodal hypersurface of the exact wave function can-
not be known a priori and may be obtained only by solving
the Schrodinger equation. In general, the topological struc-
ture of the nodal hypersurfaces is complicated and may be
difficult to reproduce, particularly when arbitrarily high en-
ergy levels are considered. Even the number of subdomains
delimited by nodes is generally unknown. If exact nodes
were known, the constraint (21) would be automatically
fulfilled. It is natural to think that for very good nodes this is
still possible. In contrast, if parametrized nodes are not close
to the exact nodes, as is the case in general, it may be very
difficult to fulfill this constraint even by using a large num-
ber of parameters. In addition, if Eq. (21) is satisfied, there
can be several extrema for the energy and the problem of
choosing between them arises. Such unwanted additional ex-
trema may correspond to other physical levels or, perhaps,
to artificial extrema in functional space. All the problems
listed above illustrate the difficulty in applying the previous
theoretical algorithm to an arbitrary multimode problem.
However, in this paper we will restrict ourselves to the prob-
lem of evaluating the so-called fundamental energies of the
system. A convenient way of defining fundamental energies
is to introduce the Hamiltonian consisting of the noncoupled
part of the total Hamiltonian, namely

N 132

hi(x;) = ———+ Vi (x;) (23)
,Z] 12[ 2 a 2
while the total Hamiltonian will be written in the form
H=HNC 4+ AW(x,,....xy5). (24)

Eigenfunctions and eigenvalues of H N are given by

ook (X) = H:p ’(x;) (25)

i=1
and
N -
ky — 2 el(c;)s (26)
j=1

where ¢ ’ and €’ denote the eigensolutions of the one-di-

mensional osc111ators defined by 4;. The fundamental ener-
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gies of the noncoupled Hamiltonian are defined as the ener-
gies corresponding to k; = 1, all other k’s being zero. The
energy levels of H which are connected to the previous ones
as the perturbation parameter 4 goes to zero are called fun-
damental energies of H. In what follows, these energies will

....................

..........

tal excitations of the system. Now, it is important to point
out that these excitations play a central role in spectroscopy
because they are generally the more intense. Due to the in-
herent limitations of the variational approach, it would be
valuable to be able to compute them accurately for problems
in which many modes are involved. For that, we apply the
previous theoretical algorithm by using a basic assumption
concerning the nodal structure of wave functions corre-
sponding to fundamental excitations. More precisely, it will
be assumed here that nodes of such functions may be correct-
ly approximated by a hypersurface dividing the N-dimen-
sional space into exactly fwo subdomains. It is known that
such a representation of nodes is exact for the first excited
state of H'® (which corresponds here to one of the funda-
mental energies) but is generally wrong for other levels. As
concern the true fundamental energies, we have seen that
they are connected to the fundamental energies of the non-
coupled Hamiltonian by their very definition. But it is clear
that fundamental energies of H ™° correspond to wave func-
tions which verify the basic assumption. It is then assumed
here that adding a coupling potential {such as W(x) givenin
Eq. (24)] does not destroy in an abrupt way the nodal pat-
tern of fundamental wave functions. In what follows, this
assumption is tested by treating some two-dimensional mod-
el problems in which the magnitude of W(x) (the coupling
potential) may be very important and for fundamental ener-
gies which do not necessarily correspond to a first excited
state. Let us denote the “excited” mode as x,. Invoking our
basic assumption the nodal function fis represented as fol-
lows:

JX e X ysPrseesPg ) = Xy + Py + 8(XpseesXysPoseiPy ). (27)
Clearly, the function f divides the N-dimensional space into
two subdomains. Let us denote €, and €, the two correspond-
ing energies. In what follows, p, will correspond to the single
parameter used to fulfill the constraint of Eq. (21), that is
here €, = €,. Parameters p,,..., p, are introduced to extre-
mize the common value €(p,,..., p,). As concerns the func-
tion g, it may be developed as increasing powers of the x; and
then successive improvements of g may be made. For in-
stance

g9 =0, (28a)
g(l): zpixﬂ (28b)
(28¢c)

g2 =gM 4 prjxi'xj’
o

and so on. Increasing the order of g should yield a “better”
representation of the nodes and, finally, a converged opti-
mized energy. In contrast to the theoretical algorithm pre-

sented above for a very general energy level, it is important to
note that no basic difficuities arise from such an algorithm in
which only two subdomains are introduced. Its practical im-
plementation may thus be considered.

V. APPLICATION TO TWO-DIMENSIONAL SYSTEMS

In order to test the theoretical algorithm described
above, the fundamental excited states of some two-dimen-
sional model potentials have been investigated. They were
chosen in such a way that the exact solutions may be reached
by the variational method. Both intermediate and strong
coupling potentials are studied.

Furthermore, the method has been applied to some sur-
face science problems involving vibrations of the CO mole-
cule adsorbed on palladium. In the first instance adsorption
on the bridge site of a 14-atom cluster model of Pd (100) was
considered."*'* A second example involves the bridge-bond-
ed Pd,CO cluster in the presence of an external electric
field.'® In each case the coupling of two modes has been
considered.

Throughout the paper the |N,,N,) normal mode nota-
tion is used, where N,, N, refer to the harmonic oscillator
quantum numbers of the first and second vibrations, respec-
tively. In this paper we are interested in the fundamental
excitations for the system. We are then led to evaluate E 4 o, ,
E,,,,and E,,, for each couple. In each case both vari-
ational and QMC methods are applied.

A. Model potentials

First we have to compare the QMC calculations with
energies which may be reached exactly by numerical calcula-
tions. Polynomial forms of potentials have therefore been
chosen, where the ground and excited energies may be readi-
ly obtained by a variational calculation. In order to study
both symmetrical and unsymmetrical excited states, the first
kind of potentials we chose have the following analytical
form:

Vin(xy) =x> +y* + A(—xy* + y*). (29)

The shape of the nodal line of the |1,0) excited state is un-
known, whereas that of the symmetrical |0,1) level is given
by y = 0. The coupling between x and y is governed by the
parameter A. Two values of 4 have been considered, A = 1
(Viyand 4 = 3.5 (V). Inany case, A is chosen so that the
potential has only one minimum and no unbound states to
assure the convergency of the variational treatment. It is
straightforward to show that these two properties are ful-
filled for 0<A < 4.0. Furthermore, in order to study the effect
of long-range coupling on the shape of the nodal line of the
unsymmetrical excited state |1,0), the following form of ¥
has also been studied:

Vi (xy) = x>+ + A —x° + x5 + %), (30)

Indeed, although the two oscillators associated with ¥} and
Vy; are decoupled for large values of x and y, they remain
strongly coupled in the case of ¥;;.
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Asdiscussed below, the potentials ¥}, V},, and Vyy; have
their unsymmetrical | 1,0) state as the lowest excited level. In
order to investigate the accuracy of Eq. (27) for higher ex-
cited unsymmetrical states, the last model example we treat-
ed is the following potential:

Viv(x,9) =4x* + 0.1)2 + A( — xp* +y%) 31
with A = 3.5. In this more general case, the intrinsic proper-

ties associated with a first excited state (i.e., the partitioning
of the space into two subdomains) are eventually removed.

B. Realistic potentials

For the Pd,, CO study, the first mode involves the beat-
ing of the rigid CO molecule against the surface (denoted h
on Fig. 1). The second coordinate is a surface mode of the
metal cluster, either the out-of-plane Pd,~bulk stretch (zon
Fig. 1) or the in-plane Pd-Pd stretch (r on Fig. 1). In the
electric field study we have focused on the CO stretch (coor-
dinate d on Fig. 2) and its coupling with the surface-CO
beating vibration (h). We calculated total energy surfaces as
a function of h,r, h,z, and h,d, respectively. In each case the
potential surface was evaluated on a two-dimensional grid of
about 40 points using the LCGTO-MP-LSD method devel-
oped elsewhere.'*!” The points were chosen to bracket the
ground and first excited vibrational levels. Furthermore, for
large values of h, the asymptotic form of the potential was
taken into account by adding to the grid,four or five points at
distances beyond 10 A, derived from the known experimen-
tal chemisorption energy of CO on the Pd (100) surface. The
supplementary points are introduced to prevent an unphysi-
cal asymptotic behavior of the polynomial fit to the poten-
tial, namely a fourth-order polynomial using a least-squares
fit method’®:

Vixyx) = Y axix;. (32)

i4j<4

995
o
' d
——
c f E
i
i b FIG. 2. Representation of the couple
: h,d. The study of this coupling is per-
P A ° fo;n;iecli :}; presence of an external elec-
Pd Pd ric field E.
Pd,CO

C. Variational treatment

The variational equations are solved explicitly using a
Hermite polynomial expansion as described elsewhere.'®
The effect of the basis size is studied. The polynomial repre-
sentation of the potential allows easy calculations of the ma-
trix elements of the nuclear Hamiltonian. However, con-
cerning realistic potentials, such a mathematical expansion,
suitable for small displacements, may lead to nonphysical
behavior of the potential at large distances. This is the case
for the h,z system where the coupling is significant. As a
consequence, large basis set calculations using very deloca-
lized Hermite polynomials are prohibited. Consequently, we
are led to contract the basis set significantly in order to as-
sure that the process converges in the region of space where
the potential is physically well described. Since the QMC
method does not involve the evaluation of matrix elements
over a basis, the computational constraints on the form of
the potential are much less severe. More precisely, according
to formulas (4) and (5) only the successive values of the
potential ¥ along the trajectory are needed and then an arbi-
trary analytical form of ¥ may be chosen. It is then possible
to introduce more physical expressions for V with the right

(0]
FIG. 1. Representation of the
Pd,, CO cluster and couples h,r and
C h,z. The dashed Pd atoms belong to

h the first layer. The CO chemisorp-
tion site is indicated by the cross.

Pd14CO
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asymptotic behavior (i.e., Morse functions for stretching
modes, Fourier expansions for multiple-wells potentials,
etc.). However, as the purpose of this paper is to compare
both variational and QMC methods, the form (32) above is
used in all cases. Concerning the h,z potential, the reference
functions are chosen so that the nonphysical part of the po-
tential cannot be visited by the stochastic trajectories during
the Monte Carlo simulation. This is accomplished by using
reference functions nearly vanishing in these pathological
regions of the potential fit. In this way, a “local convergen-
cy” may be reached. By local convergency it is meant here
that we obtain the energy corresponding to a new problem
represented by the physical potential surface around the po-
tential well and infinite repulsive barriers at large distances.
If very long Monte Carlo runs would be performed, these
pathological regions would, in fact, be visited and the energy
would converge to a nonphysical value (which can be equal
to — oo if the nonphysical part of the potential is not bound-
ed from below). It is very important to emphasize that these
difficulties occur only because an inadequate polynomial fit
is used. Such difficulties do not occur for more physical po-
tentials. As remarked above, reasonable physical potentials
may be readily used, without practical difficulties, in the
Monte Carlo approach since no complicated matrix ele-
ments have to be evaluated. This is one of the main advan-
tages of QMC methods. In the following a unitary transfor-
mation (x;,x,) - (x],x5) is performed on the three realistic
potentials such that the a,, coefficient in Eq. (32) vanishes.
These new coordinates will be called “pseudonormal coordi-
nates” (PNC).

D. QMC treatment

Concerning the nodeless vibrational ground states |0,0)
the choice of the reference function ¢ §* is rather flexible,
the statistical fluctuations becoming rapidly small. ¢ {” is
written in the following form:

qyé(})(x”xz) =e“erf—k:x%’ (33)

where (x,,x,) stands for h',r’, h',z’, or h',d". The reference
function for excited states |0,1) and |1,0) is chosen as fol-
lows:

@ 8 (x1%,) = flxy,x,)e ~ RS o) — ke (34)

where x, refers to the excited vibration. When choosing the
function f the boundary conditions of @ §* at infinity must
be satisfied. f(x,,x,) = 0 is the equation defining the nodal
structure of the reference function. As explained in Sec.
111 B, in the following the nodes of the states |0,1) and |1,0)
are represented by a line dividing the two-dimensional space
into two domains. As a general rule, this representation,
which is exact for the first excited state of the Hamiltonian, is
wrong for the higher excited states.'® Nevertheless, the ap-
proximation associated with this representation is expected
to be good when excited states under consideration corre-
spond to the first excitation of a given vibration (denoted as
|0,1) and |1,0)). Note that the function f appears in the
exponential part and allows the maximum of ¢ {” to keep a

constant distance from the nodal line when it is moved. At
the beginning of our investigation, in order to describe as
well as possible the nodal surface with the generalized fixed-
node approximation, only small deformations and displace-
ments of the nodal line about the straight line x, = 0 have
been performed. The approximate form for f{x,,x,) is cho-
sen by expanding the development given in Eqgs. (28) to the
second order. We may then write f as

Sxx) =%, — axg — XNy (35)

where x, is related to the translation of the nodal line while
ax’ corresponds to a small parabolic deformation. Linear
terms (rotation of the nodal line) corresponding to g [Eq.
(28b) ] are zero for the model potentials and are negligible in
the PNC representation of the realistic h,r and h,z potentials.

In order to apply the generalized fixed-node (GFN)
algorithm described in Sec. I1I B to our examples the follow-
ing steps are performed: (i) for each value of @ the equality
€; = €, = €(a) is obtained by varying x, (ii) the extremum
principle is used for optimizing e(a) with respect to a.

In order to reduce as much as possible the variance of
the QMC procedure, at each step described above the &k, and
k, parameters in Eq. (34) are adjusted to minimize the vari-
ance by performing short-time preliminary runs using a
common underlying sequence of random numbers.

V. RESULTS OF THE VARIATIONAL AND QMC
CALCULATIONS

A. Model potentials

The analytical form of the model potentials studied are
summarized in Table I. The potential map of Vi, is repre-
sented in Fig. 3 as an example. In Table 11, different ap-
proaches of the ground and fundamental excited states of ¥
are compared with QMC, namely, the crude harmonic ap-
proximation and the variational procedure. The effect of the
basis set size for the latter is also reported. All the calculated
energies as well as the optimized nodal lines at the second-
order level are reported in Table II for all studied potentials.
Concerning the ground state energies, it is clear that they are
very well reached by variational calculations and that QMC
runs converge rapidly as a function of the simulation time T
as shown in Fig. 4. An accuracy better than 1 cm ™! is very
easy to obtain. Such results will allow the method to be ex-
tended without difficulties to physical problems where a
good evaluation of the zero-point energy (ZPE) for a high
dimensional system is necessary.

TABLE L. Polynomial model potentials for which the ground state and fun-
damental excitations have been investigated.®

Coefficients® v Vu Viu Viv
5 1.0 1.0 1.0 4.0
ag, 1.0 1.0 1.0 0.1
a,, - 1.0 —35 —3.5 -~ 3.5
ay 0.0 0.0 35 0.0
9 1.0 35 35 3.5

*Mass normalized coordinates are used.
Atomic units. All the missing coefficients are set to zero.
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FIG. 3. Potential map of the ¥}, potential asa function of x and y. The nodal
lines of the fundamental excited states |1,0) and |0,1) are represented. Dis-
tances are mass normalized coordinates, energies in a.u.

Concerning the excited states |1,0) and |0,1), the vari-
ational process converges less rapidly than for the |0,0) (see,
e.g., Table II). Although convergence is, nevertheless,
reached easily with a two-dimensional potential, serious dif-
ficulties of memory size may arise for problems of higher
dimension. In our case, the convergence has been extended
enough (1072 cm™!) to consider our results as exact nu-
merical solutions. Now we can deduce, in the framework of
the QMC solutions, the following important properties con-
cerning the nodal lines of fundamental excited states; first we
may note that all the energies of the |1,0) and |0,1) states of
the studied model potentials are very well reproduced by the
QMC calculations. This shows that the choice of the analyti-
cal form given in Eq. (27) for the nodal line of a fundamental
excited state is appropriate. We may conclude that such
states may be reached by partitioning the full space into two
subdomains. A more surprising result concerns the shape of
the node of the nonsymmetrical |1,0) states: in each case
where it is the lowest excited state of the spectrum the pa-
rameter « is found to be zero and therefore the node is a
straight line, translated from the origin by x,. We give on
Fig. 3 the potential map associated to V;; together with the
nodal lines of the excited state wave functions |0,1) and
11,0). As explained above, in order to see if this particularity
is also true for higher excited (though fundamental) states,
we calculated the |1,0) energy of the potential ¥}, whose
lowest excited state is the symmetrical |0,1) level. In that
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TABLEIL Energies (cm™ ') of the ground and fundamental excited states

for the model potential ¥, (x,).2

State |x,y} |0,0) |1,0) 10,1)
Harmonic 169.0 338.1 338.1
Variational

=2 288.5 532.5 9304

4 2211 3874 531.8

6 213.1 373.2 485.3

8 2117 367.5 478.0

10 211.0 365.5 475.1

12 210.6 365.0 473.0

14 210.4 364.9 471.9

16 210.3 364.8 471.4

18 210.3 364.7 471.3

20 210.3 364.7 471.2

22 210.3 364.7 471.2
QMC* 2100+ 1.0 3647+ 1.3 472.1 + 1.1

Parameters? a=0.0 a =00

xy =037 xy°=0.0

*QMC calculations have been performed using 40 trajectories with 500 000
elementary time steps. The time step used is 0.01 a.u.

The size of the basis set is #X 7.

“Our results.

“Optimized parameters of the nodal line defined in Eq. (35).

*The notation p, would be better. However, our convention here is to de-

note x,, the translation parameter associated with the excited vibration (y
in this case).

case, there may be a very weak distortion of the nodal line.
We give in Table 111 the QMC energy values for this state
corresponding to & = 0.0 and — 0.02, respectively. In that
case, even if the nodal line is slightly distorted, we show that
the straight line approximation is good. From Table III, we
can see that the increase of the coupling between ¥ and ¥}
leads, as expected, to an increased value of x,. Concerning
the symmetrical |0,1) states, the predicted values of the pa-

TABLE III Vibrational energies of the ground and fundamental excited
states of some model and realistic potentials.*

Potential  State Var. QMC a xy°
1 10,0 192.8 1928403 oo o
11,0) 359.8 3598 +0.2 0.0 0.125
10,1) 436.6 437.1+05 0.0 0.0
I 10,0) 210.3 2100+ 1.0 v e
|1,0) 364.7 3646+ 1.5 0.0 0.368
|0,1) 471.2 472.1 +2.2 0.0 0.0
11 |1,0) 447.4 4483 + 1.1 0.0 0.164
v [1,0) 618.1 619.0 + 0.9 —0.02 0.093
6193+ 09 0.0 0.088
hr 10,0) 356.7 356.7 + 0.1 e e
11,0) 877.8 8773+ 0.1 0.0 0.053
10,1) 548.7 5487 £ 0.2 0.0 0.044
hz 10,0) 247.5 2479 +05 o s
11,0)¢ 648.4 645.0 4+ 0.6 0.0 0.067
jo,1) 312.7 3136+ 1.1 0.0 - 0.072

*All energy values are incm ™",
*In atomic units with mass normalized coordinates.

*See Fig. 7.

Downloaded 10 Mar 2010 to 130.120.228.223. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



998 Caffarel et a/.: Quantum Monte Carlo for oscillators

ot
E 1y
(0,0 ¥
’ 214 H A
cm) e
It
p :u' V]!
212 \'u,
h Py a)
I 20
w "“u
i ! S o TN e FIG. 4. Estimator of the ground state en-
'.‘ - A 7 ergy as a function of the simulation time
~ . .
Vs for the ¥;; model potential. o is the stan-
2101 \ Ir "\/’ l ! . P . .
dard deviation. A set of 40 trajectories is
" divided into 10 subsets of 4 trajectories
A W Nl e and o is evaluated from the dispersion of
the ten corresponding energies calculated
] for each subset. N is the number of time
208 steps for each trajectory. The CPU simu-
lation time is directly proportional to N.
j
2064 4 /
{4
A
(] 200 400 600 800 1000
N/1000"’

rameters & and x, (zero) are reproduced. Finally, to illus-
trate our algorithm, we present in Fig. 5 the dependency of
Epy =min (€,6,) with respect to x, for symmetrical
(]0,1) state of ¥;) and unsymmetrical (]1,0) state of ¥7;)
states. Clearly, Eg, is very dependent on the partitioning of
the space and then the desired equality e(a) =€, =€, is
obtained very easily. Note that the asymptote of the curve
Egn (xy) gives the ZPE since lim,__ , ¢ §” is a nodeless
function. Finally, the extremum principle is represented in
Fig. 6 for the unsymmetrical |1,0) state of Vy;. It shows
clearly that the minimum is obtained for a = 0.0. Further-
more, the correlation between the two parameters is clear: as
a increases (from — 0.5 to 4+ 0.5 on Fig. 6) and tends to
unbalance the two subdomains, x, decreases to compense
this effect.

B. Pd,CO

Calculated energies of vibrational states for the two
types of coupling are presented in Tables III and IV. Differ-
ent approaches are compared with QMC, namely, the crude
harmonic approximation (one-dimensional approxima-
tion) the PNC representation and the variational procedure.
The effect of the basis set size on the |1,0) excited state ener-
gy is also illustrated by Fig. 7 for the h,z coupling. The
ground state energies in these simple two-dimensional cases
are very well reached by variational calculations whereas
harmonic approximations (crude and PNC) may give sig-
nificant errors (see Table IV). For |0,0) states the QMC
runs converge very rapidly as a function of the simulation
time 7. An accuracy better than 1 cm ™' is very easy to ob-
tain.

Concerning the first excited state |0,1) of the cluster
vibration, the variational convergence is also satisfactory for
both couplings, less than 1.0 cm ™' from the value given by

QMC. In the case of the h,r coupling the optimization of
and x, shows that the nodal line is slightly translated. This
reflects the slight difference between PNC and exact QMC
results (about 1 cm~!) which results from both anharmonic
and coupling terms of the potential. In the case of the |0,1)
state of the h,z coupling, the nodal line is a little more trans-
lated. Hence, the difference between PNC and exact QMC
results (about 20 cm ™'} is larger.

The variational treatment of the |1,0) excited state of
the h,z coupling (the adsorbate-surface vibration) is more
difficult. A few comments on the rather erratic behavior of
the variational results for |1,0) may be in order. The first
concerns the lack of monotonic convergence seen for the h,z
calculations (Fig. 7) upon increasing the size of the basis set.
In fact the Hylleraas-Undheim-MacDonald theorem?*?
ensures that in a linear variational calculation the mth low-
est root is never lower than the mth exact eigenvalue of the
Hamiltonian. This theorem is of course satisfied for our cal-
culations. The fact that the energy of the |1,0) state (identi-
fied by its eigenvector) sometimes increases when basis func-
tions are added reflects the existence of lower lying states
(overtones |0,v) of the z vibration). If the added basis func-
tions can better describe these overtones than the |1,0) state
then a change in the order of the approximate excited-state
energies can occur and the accuracy of the |1,0) level can
deteriorate. This is the case for the h,z coupling when the
basis set size goes from 10X 10to 12X 12 (see Fig. 7). In that
case the overtone |0,4) reaches an energy lower than the
|1,0) fundamental excited state whose energy increases. If
the convergence of the |1,0) state associated with the h,r
potential is obtained easily (both QMC and variational
treatments lead to very close results), that is not the case for
h,z. The explanation involves the fact that the potential has
been fitted by a polynomial and hence does not have the
correct asymptotic form. The eigenvalues of this fit to the
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potential are determined by the arbitrary tail as well as by the
physically interesting region near the minimum. If only low-
order functions are included in the variational calculation
{say n = 5, 7), functions which have negligible weight in the
pathological region of the potential fit, then an upper bound
to the physical eigenvalue will be attained. Adding higher-
order, more long-range basis functions eventually allows
convergence to the exact (but unphysical) eigenvalue of the
fitted potential. In order to improve the physical eigenvalue,
we chose to contract sufficiently the basis set functions in the
physical region of the potential in order to extend the conver-
gence process as far as possible. In that case, the long-range

1-OXN (a-u.)

effects are avoided, but on the other hand, the convergence is
slow as shown in Fig. 7. By contrast, the QMC procedure
using only local behavior of the potential around the equilib-
rium position works well in this case and then illustrates its
efficiency. To summarize, we can say that in the variational
process, a large extension of the basis set is needed to de-
scribe as well as possible the wave function in the neighbor-
hood of the physical potential, but at the same time it would
increase the contribution of the “nonphysical” region of ¥;
on the other hand, it is always possible with the QMC to
choose the reference function to prevent the trajectories
(through the drift vector) from visiting the wrong region of
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ple for the |1,0) state of the ¥}, potential. At
each point of the curve, we give the value of
the translational parameter x, which as-
sures the equality €, = €, = €(a) (see Figs.
5).

=05

V during the simulation time. It is then possible to satisfacto-
rily describe the metastable states of the whole potential.
However, as already emphasized, a much more satisfactory
approach would consist in using a physical representation
for ¥V having the correct asymptotic behavior, instead of a
polynomial fit. This nonphysical fit is used only because the
purpose of this paper is to compare both variational and
Monte Carlo treatments. In our example (see Table IIT), we
deduce that the QMC improves the | 1,0) energy by 3.4 cm ™"
on the best variational result. The QMC value is presented in
Fig. 7 as the asymptote of the variational process. For both
couplings the nodal line is a straight line (a = 0). Finally,

05

each of the nodal lines of the excited states of the two realistic
potentials studied here are ‘“undistorted” as was also found
for the model potentials. In Table IV, the corresponding vi-
brational frequencies are quoted.

C. Pd.CO

As a second example where the accuracy and stability of
the QMC approach have proven crucial, we briefly present a
few results from a preliminary study of the effect of an exter-
nal electric field on the CO stretch vibration of the Pd,CO
cluster. We have studied the coupling of this d mode with the

FIG. 7. Convergence of the variational pro-
cess with respect to the basis set size, 7 X n,
for the |1,0) state of the h,z coupling. At
each point, we give the sequence number of
the |1,0) root.

Evar
cm™
670
660 -
650 1
T L) T L L L LA T T T L] T
10 20 30 n
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TABLE V. Vibrational frequencies® (cm™') of the two coupled modes h,r
and h,z.

Method Harmonic PNC Variational® QMC
Coupling
0,9 240.0 192.8 192.0 192.0 + 0.3
@, ° 498.0 504.9 521.1 520.6 + 0.2
,! 195.7 86.7 65.2 65.7+ 1.6
¢ 498.0 544.4 400.9 397.1 + 1.1

2Evaluated from Tables III.
*The size of the basis set is 22X 22.
“Our results.

d . _ -
oy, = E10) — E0oy- @rre = E0.1y — Eo)-

adsorbate-surface h mode. Table V shows the results of a
convergence study for variational calculations in the field-
free case. The overall variations of the frequencies as a func-
tion of 2</<6 (! is the polynomial order) and of 6<n<20
(the size of the basis set) are about 50 cm ™' for the d vibra-
tion and about 10 cm™' for h. Although this could be a
useful level of accuracy in many contexts, the frequency
shifts as a function of field in which we are interested are of
the same order of magnitude.”> We are in a case where the
convergence of the variational treatment seems satisfactory.
However, the results show the sensitivity of the excitation
energies to the polynomial order. It is another example of the
necessity to fit the potential by a more physical analytical
form. As already noticed, this may be done straightforward-
ly with the QMC procedure. In order to compare the two
methods we decided to use a polynomial fitting at the fourth
order (/=4) and the variational results obtained with
n = 20. Variational and QMC results are shown in Table VI
for values of an external electric field appropriate for an elec-
trochemical study. Although the differences in frequencies
between the variational and QMC approaches are at most
about 10cm ™! ( =0.5%) and the qualitative trend as a func-
tion of electric field is the same in both cases, there are signif-
icant quantitative differences. In particular the variational
calculations yield quite different results for fields of the same

TABLE V. Excitation energies (cm~') (v =0-v=1) for the C-O (d)
(top numbers) and Pd,-CO (h) (bottom numbers) vibrations of Pd,COin
absence of electric field.

Polynomial order® /n® 6 10 16 20

1

2 1923 1923 1907 1908
505 504 505 505

3 1899 1888 1874 1875
501 500 499 499

4 1898 1890 1873 1873
495 495 495 495

5 1894 1881 1866 1866
500 500 500 500

6 1920 1915 1911 1913
498 497 497 497

* Potential fit with ¥(x,, x,) =2, ., a;x{x}.
®The size of the basis set is n X n.

TABLE VI. C-O stretching frequency (cm™') vs electric field
(V/cm X 107) for Pd, CO calculated by variational and by quantum Monte
Carlo (QMC) methods.

@co Awco /AE®
Method PNC  Var. QMC® PNC  Var QMC’
Electric field
(V/em X< 107)
50 1871 1833 1833
—25 1899 1859 1855 28 26 22
0.0 1914 1873 1878 13 14 23
25 1949 1908 1900 3 35 22
5.0 1969 1927 1920 20 19 20

100 2000 1961 1949 135 17 14.5

*AE is taken as 2.5 V/cm X 10",
*For each QMC value, the variance is lower than 0.5 cm~".

magnitude but opposite sign whereas the QMC frequency
shifts are nearly symmetrical. In fact, the experimental elec-
trochemical curves, frequency vs voltage, have a symmetri-
cal sigmoid shape. Given the uncertainties of the cluster
model and of the electrochemical double layer, etc., this does
not in itself prove the superiority of QMC; however, taken
together with the convergence difficulties of the variational
approach we believe that QMC affords clear advantages for
this type of problem.

VI. CONCLUSIONS

The results presented here show the efficiency of the
FGFK-QMC method applied to two-mode vibrational
problems when considering zero-point energy and funda-
mental excitations. The extension to many-mode problems is
straightforward. Furthermore the results emphasize the dif-
ficulty of obtaining convergence for variational calculations
when the coupling and anharmonicity parts of the interac-
tion are nonnegligible. In that case a large number of basis
states is required; however it is clear that if the number of
coupled vibrations increases, variational solutions become
unfeasible due to the size of the basis set needed. No such
limitation arises with the QMC approach; the essential con-
dition in this case is to find a fair reference function in order
to reduce the computer time. This last point appears to be
made easier by the remarkable properties of the approximate
nodal surfaces associated with the fundamental excited
states: (i) The partition of space into two and only two sub-
domains (independently of the sequence number of the
state) seems to lead to satisfactory results. (ii) Their distor-
tion seems to reduce to nearly a translation. If such strong
assumptions always lead to very good results, then a poten-
tially important criticism of the method, namely the more or
less complicated parametrization of the nodal surface, disap-
pears. Nevertheless, this point needs to be verified for larger
systems. Another aspect of the difficulties encountered with
the variational treatment is related to the analytical repre-
sentation of the potential. In practice, the only analytical
forms used are polynomial expansions which permit
straightforward evaluation of Hamiltonian matrix elements.
Unfortunately, such expansions can efficiently represent
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only potentials where anharmonicity and coupling are weak.
Furthermore, the wrong asymptotic behavior of these fitted
analytical potentials does not allow the use of large deloca-
lized basis sets. QMC entirely avoids these problems, since
no specific constraints resulting from the potential are intro-
duced. Furthermore, it is even possible to introduce a locally
interpolated numerical form of the potential into the nu-
merical process. Consequently, this method appears well-
adapted for studying strongly coupled interactions as well as
multiple-well potentials.
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A new method of deriving explicit formulas for the calculation of second-order exchange
contributions (induction as well as dispersion) within the framework of symmetry-adapted
perturbation theories is presented. It is shown how exchange contributions can be expressed as
a combination of electrostatic interaction energies between suitably generalized charge
distributions (overlap intermolecular charge distributions). Each of these contributions are
derived within the Hartree—Fock approximation (neglect of all electron correlation effects
within the noninteracting molecules) and by considering only single-electron exchange
between interacting molecules. Numerical calculations for the interaction of two water
molecules are presented. In the region of the equilibrium geometry, it is found that the
complete second-order exchange contribution accounts for about 20% of the total
intermolecular interaction energy. This contribution is essentially dominated by the exchange
induction component which is found to represent approximately 1 kcal/mol (using a basis set
containing 94 orbitals). To our knowledge, this is the first example of calculation of exchange
induction interaction energy for a molecular system. Concerning the less important, but non-

negligible, exchange dispersion component, our result is found to agree with a very recent

calculation for the water dimer.

1. INTRODUCTION

Calculating intermolecular interaction energies in the
important region around the equilibrium configuration with
a high level of accuracy (say with an error less than 10% of
the experimental interaction energy) is known to be a diffi-
cult task. As an illustrative example, Szalewicz ef al. pointed
out in a recent paper' that for a relatively simple system as
the water dimer, the calculated values of the interaction en-
ergy range from — 4.1to — 6.1 kcal/mol, even after having
rejected results obtained with too small basis sets or based on
low-quality theoretical methods. In particular, the spread on
the calculated values is larger than the commonly accepted
experimental range of — 5.4 4 0.7 kcal/mol.? Obviously,
the situation generally becomes worse when more complex
systems are considered.

In the field of theoretical evaluations of interaction ener-
gies, two types of approach are generally distinguished. The
first approach (certainly the most commonly employed) is
the so-called supermolecule method?® in which the interac-
tion energy is obtained by subtracting from the total energy
of the interacting molecules (the supermolecule) the sum of
the total energies of each monomer, all energies being calcu-
lated by using the same method. A major difficulty inherent
to this type of approach is that a particularly high level of
accuracy on calculated energies is required. The basic reason
is that interaction energies represent only an extremely small
fraction of the total energy of the supermolecule (about
5 1073 for the favorable case of the water dimer). In addi-

® Permanent address: Chemical Physics Laboratory, Twente University of
Technology, P. O. Box 217, 7500 AE Enschede, The Netherlands.
® Deceased, January 24, 1988.

J. Chem. Phys. 92 (10), 15 May 1990
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tion, it is, in general, difficult to know whether errors made
in calculating total energies for interacting and noninteract-
ing molecules are of comparable magnitude or not, which
may lead to an important relative error for the interaction
energy (basically one is dealing with the very general prob-
lem associated with the evaluation of a small quantity ex-
pressed as a difference of two large and approximately evalu-
ated quantities). As an important example, let us mention
calculations done at the self-consistent-field (SCF) level for
which it is not at all clear a priori whether a favorable cancel-
lation of the errors due to the lack of electron correlation
contributions for monomers and dimer may occur or not. In
fact, it is known that the intermolecular electron correlation
effects (dispersion contributions) cannot be, in general, ne-
glected. Accurate values for electron correlation contribu-
tions can be, in principle, obtained by application of some
form of configuration interaction (CI), but in practice this
may lead to prohibitively large computer time and memory
requirements. Another well-known difficulty one has to
cope with is the occurrence of the so-called basis-set super-
position error (BSSE). A great amount of work dealing with
this difficulty has been done (see, e.g., Refs. 4-6). However,
it should be emphasized that the most commonly used solu-
tion to this problem, namely the so-called counterpoise
method proposed by Boys and Bernardi,’ is still in discus-
sion. In the second approach, which will be followed in the
present study, the intermolecular interaction energy is cal-
culated from perturbation theory using the intermolecular
potential as the perturbing operator. When the intermolecu-
lar distance R is large, one is dealing with the Rayleigh—
Schrédinger perturbation theory in which only simple prod-
ucts of monomer wave functions are used. Due to the large
separation between monomers no antisymmetrization of the

© 1990 American Institute of Physics 6049
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factorized wave functions is necessary. Also, in this particu-
lar case, the multipole expansion® for the interaction opera-
tor can be applied to obtain the interaction energy as a series
of inverse powers of R (such terms being, in general, orienta-
tionally dependent). For shorter distances, e.g., distances
corresponding to the region around the equilibrium configu-
ration, the usual Rayleigh—Schrddinger perturbation theory
must be abandoned,® and in order to take into account, at
least to some extent, the exchange of electrons between the
interacting molecules, some form of exchange perturbation
theory [the so-called symmetry-adapted perturbation theo-
ries (SAPT), see, e.g., Refs. 10 and 11] must be used. Before
entering into the details of SAPT, it is important to empha-
size two general features of perturbation theory which make
this approach particularly attractive with regard to the usual
supermolecular approach. First, the difficult problem just
discussed above of evaluating the interaction energy as a dif-
ference of two large and approximate quantities is avoided
since a direct evaluation of the interaction energy is done.
Second, the interaction energy is decomposed into a sum of
terms for each of which it is possible to give some physical
interpretation (at least for terms up to and including second-
order terms). This is a very appealing feature for a qualita-
tive understanding of the interaction and can be very helpful
for the development of simplified formulas for intermolecu-
lar interactions.

To our knowledge, the first example of an exchange-
perturbation-theory calculation is due to Jeziorski and van
Hemert (JvH) in their pioneering work on the water
dimer.'? Neglecting all intramonomer correlation effects,
they evaluated the complete first-order interaction energy
EV=E{) + E{) (explicitly, the sum of the Rayleigh~
Schrédinger and first-order exchange energies) and the
Rayleigh-Schrédinger second-order interaction energy

which is known to decompose into the induction E () and

dispersion E fﬁzs’p components. In particular, no calculations
of second-order exchange contributions were done. One of
their major results was that the dispersion contribution was
found to greatly stabilize the water dimer. More precisely,
the dispersion energy turned out to amount to 50% of the
SCF binding energy at the equilibrium geometry. This result
isimportant since, as a part of the intermolecular correlation
energy, the dispersion contribution cannot be obtained in a
SCF calculation of the interaction energy. In other words, an
extensive CI calculation would be necessary to recover this
important contribution in a supermolecular approach. A
second major result of JvH was that, for interoxygen dis-
tances greater than 5.0 a.u. (5.67 a.u. being the equilibrium
distance) the SCF binding energy was found to be very well
represented by the sum of the complete first-order energy
and the second-order induction energy, thus leading to the
approximate equality:

EfF~EVY + EQ2). (1
On the other hand, it is known that besides the first-order
and the second-order induction energies, the SCF binding
energy contains some part of the second-order exchange in-

duction contribution, and of the third- and higher-order “in-
duction” energies as well as some intramonomer electron

correlation contributions due to the self-consistency at the
dimer level.’® Accordingly, the preceding equality (1) was
interpreted by supposing that, at least for interoxygen dis-
tances greater than 5.0 a.u., the three effects just quoted did
not contribute significantly to the interaction energy. In fact,
further calculations done by Chalasinski and Jeziorski for
atomic van der Waals dimers such as He,, Be,, and Ne,
failed to confirm this assertion.'*!” More precisely, in con-
trast to JvH, they observed that the SCF binding energy was
poorly represented by Eq. (1). A number of reasons have
been given to explain this result (see, e.g., the discussion in
Ref. 18). Actually, one of these reasons (not the only one) is
the non-negligible role of second-order exchange terms. In
order to study quantitatively the importance of these contri-
butions, Chalasinski and Jeziorski developed a method of
evaluating second-order exchange energies (induction as
well as dispersion) for the interaction of closed-shell atoms
or molecules.” In practice, they performed calculations on
atomic van der Waals systems such as He,, Be,, and
Ne,.'*"'7 One of their main conclusions is that, as a general
rule, the second-order exchange energy is repulsive and
quenches a significant fraction of the interaction energy, at
least for the van der Waals dimers studied. Concerning mo-
lecular interactions, no systematic calculations have been
performed that would show the importance of second-order
induction and dispersion exchange effects. To our knowl-
edge, the first calculation for a molecular system is due to
Chalasinski.'® He showed that for the HF dimer at the equi-
librium geometry, E ), ., represents about 10% of E {3,
Very recently, Rybak?*?! found a similar contribution for
the water dimer. Finally, it seems that no calculations exist
concerning the exchange induction energy for molecular
systems.

The main purpose of this paper is to present a new meth-
od of deriving explicit formulas for the calculation of second-
order exchange contributions. Following Claverie’s point of
view,?? the strategy adopted in this work is essentially to
express exchange contributions as a combination of formal
electrostatic interaction energies between suitably general-
ized charge distributions (so-called overlap intermolecular
charge distributions). To do that, two basic ingredients are
used: (1) the so-called Longuet—Higgins representation of
the intermolecular interaction operator in terms of molecu-
lar charge distributions,* and (2) the possibility of reducing
the action of the intersystem antisymmetrizer (appearing in
SAPT, see Sec. II) on factorized SCF wave functions to a
sum of simple products of SCF determinants pertaining to
each subsystem. These determinants are formally “charge-
transfer” determinants corresponding to a certain number of
opposite transfers (depending on the number of exchange of
electrons between interacting molecules which are consid-
ered) between all possible pairs of spin orbitals of each mon-
omer.

In order to demonstrate the applicability of the present
approach, some numerical results on the interaction
between two water molecules are presented.

The organization of the present paper is as follows. In
Sec. II, we present the formal development of second-order
exchange contributions. In order to make as far as possible
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the present paper self-contained, the theory is presented in a
systematic and comprehensive way. Section III is devoted to
the presentation of numerical calculations for the two water
molecules. Results for the different components of the inter-
action energy as a function of the interoxygen distance are
presented and the importance of second-order exchange
contributions are discussed. The role of the basis set used is
also investigated. Finally, some concluding remarks are giv-
en in Sec. I'V.

1. THEORY

Let us consider two interacting systems 4 and B. The
total Hamiltonian H of the complex is written as

H=H,+ V", (2)
with
Hy=H"+ H? (3)

where H* (M = A,B) denotes the Hamiltonian of the non-
interacting systems and ¥ 4% is the intermolecular interac-
tion potential

po=y 3L

..zz__

acd BeB raﬁ acAd jeB T,
-~y 5 Zyys L (4)
BeB ica Tg; icA B r,j

where r,, = |r, — r, |. Italic indices label electronic coordi-
nates and Greek indices label nuclear coordinates. Z,, is the
charge number of nucleus p belonging to molecule M
(M = A,B). The eigenfunctions of the Hamiltonian H ¥ of
molecule M (M = A,B) are denoted ¥* with the corre-
sponding energies E¥. Then, the eigenfunctions of
H, = H" + H * are merely the products ¥;¥} with the cor-
responding energies E{ + E /.

Following standard symmetry-adapted perturbation
theories,'™!" the complete first- and second-order interac-
tion energies are written in the form>*%

(WoWs | V2 Al W5 ¥g)
(VW5 |A[¥5¥0)
(YW |V "RA(V** — E) W ¥5)
(VW5 |A|Wo¥g)
where R, denotes the reduced resolvent of H, given by
B A
Ro=S'— I‘I’f‘;’j ASE ‘l:ﬂ _
ij (Ei +Ej) - (Eo +Eo)

a_

, &)

E® = — , (6)

(D

(the prime in 2’ means as usual that the term corresponding
tof = 0andj = Ois excluded from the summation) and A is
the intersystem antisymmetrizer which we shall write in the
form??

A=1-A=1-P,
+Poy — A+ (=D Py,, (8)

where P, = Z/3]P,, denotes the sum of all permutations
exchanging (space and spin) coordinates of electron / of
molecule 4 with coordinates of electron j of molecule B, and
similar definitions hold for P,,, P,,... (N;,r denotes the

smallest value of N, and Ng, the numbers of electrons of
molecule 4 and B, respectively).

Remark that a number of definitions of A differing from
one another by the normalization factor have been given
elsewhere (see Appendix A in Ref. 22). However, this is of
no importance since A appears in both numerator and de-
nominator of Eqs. (5) and (6) and therefore the normaliza-
tion of A is immaterial.

Now, by using the decomposition A =1 — A’, where
A’'=P,, — Py, + -, the second-order perturbation en-
ergy E® [Eq. (6)] may be decomposed into the usual sec-
ond-order Rayleigh-Schrddinger (RS) perturbation energy

E R [obtained by setting A = 1in Eq. (6)] and into the so-
called second-order exchange energy E (2, in which we are
interested here.

After elementary algebra, the complete second-order
exchange term is found to be

EQ,=E®—EQ
_ (BB -EM W —aneh)
(&) ’

where (A’) and (A) are the expectation values of A’ and A
calculated with the ground-state wave function W{W¥g and
&'V stands for the first-order correction to the wave function
in the perturbation theory"’

OV = — R VAPWIVE, (10)
Now, since multiple exchanges are supposed to contribute
weakly in the region around the equilibrium geometry,'>
here we shall limit ourselves to the calculation of the leading
contribution to E ), corresponding to a single exchange of
electrons between molecules 4 and B. Thus, setting
A' = P, in Eq. (9) and neglecting terms which will corre-
spond to contributions of order higher than S? (where S
stands for overlap integrals between orbitals of monomers 4
and B) within the Hartree-Fock formalism used below, the
following expression of E 2}, is obtained:

E®

exch —

— (VW | (V2 — (V42))

><(P(l) —<P(1)))|¢m>, (11)

where (¥*2) is the first-order Rayleigh-Schrodinger inter-
action energy obtained by setting A = 1in Eq. (5).

Note that our formula (11) seems to differ from those
given in other works (see, e.g., Refs. 14-17) by a minus sign.
In fact, this is not true because the convention of sign we
have adopted for the decomposition of the antisymmetrizer
A is different [compare, e.g., Eq. (5) in Ref. 15 with our
definition (8)].

For our purposes it is convenient to rewrite ®* [Eq.
(10)] as follows:

N =YiPE, + BLVE + DL, (12a)
with
2 Zal gl 74 3
PB, =Y pP i (12b)
=2 EZ-E?
Ay B AB \I/A\I,B
(‘I’ WO|V | i 0)’ (120)

A _ \I,A 0
ind_z i
70 E{-E?
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(12d)

opp = 5wy (VEVIVIN)
& (E§—EH+(E§—E})
J#0
When inserting the previous decomposition of " into Eq.
(11), the second-order exchange energy decomposes into
three terms

E3) = Egc)h-ind (4~ B)

exch
+ E $hina (B>A) + Ee(:fc)h-disp- (13)

The sum of the first two terms in Eq. (13) will be referred to
in the following as the exchange induction energy, while
E éfc’h_disp will be referred to as the exchange dispersion ener-
gy

Evaluating such quantities requires expressions of W/
and W7, the exact eigenfunctions of monomers 4 and B. Un-
fortunately, it is well known that exact or even accurate cor-
related eigenfunctions for atomic or molecular systems are,
in general, not available, except for very simple systems. Asa
consequence, approximate wave functions are generally
used. However, it should be remarked that such an approxi-
mation is not inherent to the perturbation theory but is rath-
er related to the way adopted in ab initio frameworks for
evaluating perturbation quantities which consists in per-
forming explicitly the infinite summation involved in the re-
duced resolvent of H,. As an example, it is possible by using a
Monte Carlo path integral formalism to calculate exactly
perturbation quantities without doing such a summation.
The problem of finding good approximations of all exact
eigenfunctions of H, [needed for evaluating R; see Eq. (7)]
is then avoided.?®?’

Here, we shall limit ourselves to the use of approximate
eigenfunctions obtained from a SCF calculation, thus neg-
lecting the internal electron correlation of monomers. By
denoting a;, = a,;(r)of and b, = b, (r)a? as the SCF ortho-
normalized spin orbitals of monomers 4 and B (occupied as
well as virtual), the approximate (normalized) eigenfunc-
tions of H* and H® constructed from these spin orbitals will
be the following determinants:

1

yA = A1 [al(l)"'aN (NA)], (143)
NI ’
WE — ;'AB[bl(l)"'bNB(NB)]’ (14b)
!

where AY (M = A,B) is the intrasystem antisymmetrizer
for the electrons belonging to the monomer M [intrasystem
antisymmetrizer in contrast with the intersystem antisym-
metrizer defined above in Eq. (8)].

In order to avoid any risk of confusion, we shall system-
atically use different types of indices for labeling occupied
and virtual spin orbitals. More precisely, occupied and vir-
tual spin orbitals will be indiced by using subscripts £, , k, [
and p, g, 7, s, respectively.

A. Second-order exchange induction energy

By using Eqs. (11), (12a), and (13), E 2} .4 (4> B)
may be written as

E Qlina (A= B) = — (YW | (V4% — (V12))

X (Poy — (P, D |¥iPiny), (15)

with a similar formula for E {2, ;.4 (B—A4). Because of sym-
metry, only the expression for E (2, ., (4 — B) will be con-
sidered in the following.

For our purposes let us introduce the quantity W§ (Z;)
defined as the Slater determinant obtained by replacing in
W& the occupied spin orbital b, by the virtual spin orbital b, .
A similar definition holds for monomer 4.

Let us define ¢}, as

(WIWE| V2 | WaWE(;))
c, =
, EE _EB(kr)

where E 8(k—r) are eigenvalues of the Fock operator asso-

(16)

ciated with monoexcited wave functions g (Z; ).
Using this notation and Eq. (12b), 2, may be rewrit-
ten in the form

b,
¢ﬁd=22c;\1'5(b ) (17)
k

keB reB
where summations run over all occupied and virtual spin
orbitals b, and b,, respectively. Note that Eq. (17) involves
only single excitations since the interaction operator V4 isa
mono-electronic operator with respect to each of the inter-
acting subsystems.
Now, defining the so-called “induction functions” /2
(see Ref. 15) associated with the occupied spin orbital b, ,

ff = Z C;b,,
reB

and using standard properties of determinants, Eq. (17)
takes the following form:

ff)
B, =3 WP
ind Z WO (bk ’

(18)

(19)

keB

where W& (,,f) is an obvious generalization of the previous
notation indicating the replacement of the occupied spin or-
bital b, by the associated induction function /2. By inserting
Eq. (19) into Eq. (15), the exchange induction energy is
written

Eéfgh—ind (4-B) = — z <\I/3\I’g (VA2 — (V%))

keB

s (F5

X (P(l) _<P(1)>)‘IIO\PO b *
k

(20)

In order to make our notation more compact, the following
convention is introduced

e (7).
by

where O stands for an arbitrary operator. Thus,
E () ina (A— B) may be written in the expanded form

[0],<E<\I'o"\l/{,9 (0] 2n
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Eggh-ina (4-B)= — %([VABP(U ]k - (VAB)[P(U ]k

— Py, >[V“]k)- (22)

Note that the contribution associated with (V*2)(P,,)
vanishes because of orthogonality between spin orbitals.

Before expliciting further the three basic contributions
[V*2P,, 1s [Py Jo» and [V #2],, involved in Eq. (22),
let us present the very important formula expressing the ac-
tion of the permutation operator P,,, on a product of two
determinants W* and W in terms of a linear combination of
simple products of determinants pertaining to subsystems 4
and B (see Sec. III B in Ref. 22):

P, [¥19%] = z; yA (a) (b) :

where the summation is over the spin orbitals of determi-
nants ¥ (here labeled by i) and ¥# (labeled by 7). Let us
emphasize that no subscript 0 has been used for denoting ¥~
and W# since they must be viewed as rather arbitrary deter-
minants and, in particular, are not necessarily constructed
from a set of occupied spin orbitals. Using Eq. (23), all inte-
grals involving functions of the type P, [¥*¥?] are re-
duced to sums of integrals involving simple products

\I/‘(f:’lﬁ )WP(3) of “opposite transfer” determinants.

(23)

1. Expression of [ VA¥P,, ],
By applying the property just presented [ V%P, ], is

written as
fB
[VABP(l)]k'_-ZZ <\P3Wg y4e \I’o( )‘I’B( ))
A B b, b,
JAk
f f a;
+3 (vt valws () we (7))
(24)
where V2 (f k& ) denotes the Slater determinant of molecule

Bin which the occupxed spin orbital b, has been replaced by
f2 (sum of virtual spin orbitals of B) and the occupied spin
orbital b; (b ; #b, ) has been replaced by the occupied spin
orbital a; of molecule 4. Indices i and j in summations of Eq.
(24) run over occupied spin orbitals of 4 and B, respectively.

Our next step consists of the use of the so-called Lon-
guet—Higgins representation of the interaction operator V2
in terms of the molecular charge distributions p™
(M = A,B), namely,?

VAE = f % dridr®, (25)
with
PM(X) = prtcieas (F) + Plictronic (T)
= 2 Z,6(r—r,) — %6(r—r,)
M=A,BTLEM ) (26)

By using this representation, [ ¥ 42P,,, | is written as

6053

CfE oy
[VABP(l)]k=22fffm fOO(bkb dr dr®
€A /B
j#k

2
fffoo( )foo(bk de de?.

w ()

8
N .
(1) o oo

(27)

with the deﬁmtlons

o ;)= {w
i )=(w
6 ()= wslren]wa (7)),
5 (5) = loen s (51)-

Note that the quantities of Eqs. (28a)—(28d) can be viewed
as generalizations of the usual intramolecular charge density
associated with the ground-state wave function of molecule
M (M=A,B)

) (28a)

pE(r®)

Pt (28¢)

po(r®) (28d)

Fo5 (™) = (WipM(r™) |wsh

= z Z,6(eM—r,) — Z le; (x*) |3,

HEM eM

(28e)

wherec=afor M = 4 and ¢=b for M = B, and thus may be
referred to as “overlap intermolecular charge densities.” Us-
ing this terminology, [V *®P, ], as given by Eq. (27),
may be interpreted as a combination of electrostatic interac-
tions between these various overlap intermolecular charge
densities.

In order to write down simple formulas for these formal
charge densities it is convenient to rewrite the determinental
wave functions in terms of orthogonal spin orbitals. Let ¥ be
a determinant constructed from a set of NV orthonormal spin
orbitals {u, },_,~ and let v; be an arbitrary spin orbital
(that is with no particular orthogonality relations with re-
spect to {u, }), then the following property holds:

v v
0 =V + (u,;|v,)¥,
u; u,

where v; is comstructed to be orthogonal on the set
{u; }_ \ n» namely,
N
v =v; — k}:’ (uplvdu,.
=1

Applying this property and denoting S ” and SA as the

(29)

(30)

spin-orbital overlaps
5" =alb) = [ drambmtiah, G
and
Soa=(alfd) —J.dra (MfRr)ofol),  (31b)

we obtain the following relations:
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b; b;
() () v
a; a;

withb; =b, — 2., 4%,

B
4|/ K k AB\yA
w () =v () v s

Withfg'l =f£ — 2y Slffau

and )

\I/B (a ) \I/B (a’> SAB B

b, b,

- 2IEB‘S' ﬂBbl

For convenience, the expression of W& (f . ”) will be
written down by using a slightly generalized version of prop-
erty (29). Direct application of (29) would require con-
structing a spin orbital a; orthogonal with the set {;}, .,
and f£. In particular, a; would have no particular orthogon-
ality relation with respect to the spin orbital b, . However, as
will become evident below, it is very convenient to impose
also the orthogonality between these two spin orbitals. We
thus define the new primed orbital o/ as

with a! = a;

AB
a;=ai_zsi1 b,

leB

which leads to the following expression:

Xa % a i
R
O(bkbj "\, b,) 770 g,

B
-8 (b) U#k),

J

AB B
_Sifk k

which contains an extra term resulting from our new addi-
tional constraint.

Now, to evaluate matrix elements of Egs. (28a)—(28d)
we take advantage of the previous expressions and of the
monoelectronic character of operators p?(r?) and p?(r?)
(nonzero matrix elements only when evaluated between two
determinants differing by at most one spin orbital). Note
that this property holds here merely because we have intro-
duced new spin orbitals (labeled with a prime) constructed
to be orthogonal with original spin orbitals.

Thus, after some algebra we obtain

b.
fh (a’_) = —a ) |5, ot

“Zsz‘f”a,(r‘xaﬂof)] S8,
led

(32a)
fra; B AB
72 ([F9) = —menstanations;
by b,
+ b () fF (") (o} |o) ST (k)
(32b)

Hess et a/.: The water dimer

foo( )= —a,(r) [ff(r‘)(ofl«r}})

“staz(r‘)(oﬂoﬁ] £ SpA (o,
(32¢)

a;
75 (;) = — b [ otiod
k

— 3 51 ) otloh) | + 5121 e,
leB
(32d)
where /5 (r) (M = A4,B) stands for the usual molecular
charge density atr, Eq. (28¢). Finally, [ ¥ **P,,, ], given by
expression (27) can be written as a sum of mono- and bielec-
tronic integrals involving spin orbitals a;, b;, and /7.

2. Expression of (VA®)[ P, 1«

The quantity (¥*?) is nothing but the electrostatic en-
ergy of interaction between the systems A and B which may
be expressed as usual in terms of mono- and bielectronic
integrals involving occupied spin orbitals {a,} and {5,} of
the two monomers.??

Now, to evaluate [P, ], we simply set ¥*# = 1in Eq.

(24),
Pol=3% % <‘1"“’B v ( ) ¥e (bj b,))
¥e (ak) ¥o (b» oY

Jsé k
+y <‘P3‘I’€
€A
Due to the orthogonality of the spin orbitals f§ with the
occupied spin orbitals of B, only the second contribution in
Eq. (33) does not vanish, and we obtain

B T

which may be expressed in terms of overlaps between spin
orbitals as follows:

[P ]« —-ZS,fB

(35)

3. Expression of (P,,) [ V*®],
Using Eq. (23), (P, ) is written as

b, a;
Ppy)=3Y3 <‘P3\P€ v3 ( ’) \I/é‘( )) , (36)
e jeb a; b;

which leads to
(P(,))—ZZIS’”’ 2, (37)

€A B

On the other hand, [ V48], is written

vt ()
o*0 bk .

We shall not make explicit this latter expression further
since, when the summation over & is performed, it corre-

VAB

(V4] = (wgwg
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sponds to the usual second-order Rayleigh-Schrédinger in-
duction energy of 4 on B."?

B. Second-order exchange dispersion energy

The derivation of the second-order exchange dispersion
energy is actually very similar to the derivation just present-
ed for the induction term. Introducing the following coeffi-
cients
e (W3Ws |V |93 (GOWE (i) 38)

Y (B{HED — [Efk-n) + ESU-5)]

and defining the so-called “dispersion pair functions”
(which play a role here similar to the “induction functions”
/2 introduced for the induction term) as follows:'>

3 S cha, ()b, (2),

red ssB

uff(1,2) = (39)

the expression of ®42 may be rewritten as [using Egs.
(12d) and (14)]

olf, =5 > AA?[u

keA leB

WD I a:(d Hb,-(j)] :
i#k j#El
(40)

Now, by inserting ®42, into formula (11) [®4Z, is the dis-
persion part of ' according to Eq. (12a)] it is possible to
express E ) 4, in terms of the previous dispersion pair
functions.'® However, we shall not follow this method. In
the present work we shall prefer to show how the exchange
dispersion energy may also be formally written as a sum of
contributions which may interpreted as the electrostatic in-
teraction between suitable “overlap intermolecular charge
distributions” localized on monomers 4 and B, respectively,
thus pursuing what has been done for the exchange induc-
tion term. It should be remarked that such a point of view is
no longer possible when introducing the dispersion pair
functions since such functions connect explicitly variables of
monomers 4 and B [Eq. (39)]. The two ways of writing
down expressions for the exchange dispersion energy are of
course equivalent but the latter approach will be particularly
simple to handle.

By using Eqgs. (11) (12a), (12d), (13), and (38) the
following form for E 33), , is obtained:

L AT

keA leB red scB
\I}A (ar> \PB (bs)> (41)
0 ak (4] bI ’

where the two first summations are performed over the set of
occupied spin orbitals of 4 and B, while the two last ones run
over the virtual spin orbitals of 4 and B. Here also, E () uip
is expressed as a sum of three nonzero contributions result-
ing from the expansion of the bracketed product. For future
use, the following compact notation is defined:

i (o) i)
0 a, 0 b,/

where O stands for an arbitrary operator.

VAB__ (VAB>)

X(P(l) - <P(1)>)

o (42)

wm%ww

1. Expression of [ VAP, 14

In order to write down the expression of [ V%P, ] %,
the permutation operator P,;, must be applied to the prod-
uct of determinants W§ (57 )Wg ( Z';' ). To do this, our basic for-
mula (23) is used. When performing the double summation
involved in (23), four different cases must be distinguished,
depending on whether the spin orbitals a, and/or b, are
considered in the summations or not. Next, the Longuet—
Higgins representation of the interaction operator is used
and then the quantity [ VP ,, 17, takes the form

f (a,\a)fOO(b
vralz=3 3 [ = 1 G i
leA/eB
itk jEI
f5 (Z‘;)f (b
ff “X s TR0 gt de®
JEA
ik

J‘jfoo(ak)foo(b,b)d/,drﬂ
J#I

fffw,;AY$jbl dr* dr®.

Now, to calculate the “overlap intermolecular charge distri-
butions” the same method as that used in the derivation of
the exchange induction is employed. In fact, it is not difficult
to convince oneself that calculations are identical with those
accomplished for obtaining Eqgs. (32). Let us just give the
results in the following compact form:

¢, d
f& (c,, Ck) = —¢;(r"c, ™) (oMM S ;P
i &

+¢;(t™) e, (¢") (o) S 12,

with c=a, d=b for M = A and c=b, d=a for M = B.
Note that ¢;, c;, and d, are occupied spin orbitals and
¢; #c¢;. With the same notations, we have

d
foAg (Cﬁ) = — C,»(I‘M)[dﬁ (rM)<0i|UB>

(43)

(44)

— 2 Sﬁ;Bcj(rM)(a,-|aj)] + S5 o5 (x*).
(45)
Note that ¢; denotes an occupied spin orbital of one of the

two monomers, while dg may represent either an occupied
or a virtual spin orbital of the other monomer.

2. Expression of (V%) [P, 1%

As already noticed, the quantity (¥ ;) is nothing but
the usual electrostatic interaction energy between mon-
omers 4 and B. Expression of [ P}, ]%; in terms of spin orbi-
tal overlaps is as usual obtained by making use of our basic
property (23). One obtains

() (i)

(P 1= (wsws

. QABQAB
=SS,

Py

(46)
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3. Expression of (P,,,) [ V*#]3

We shall not make explicit the expression of [ V4217
further since, when summations over the indices are per-
formed, it corresponds to the usual second-order Rayleigh—
Schrodinger dispersion energy.'? On the other hand, (P, )
has already been given in Eqs. (36) and (37).

C. Hylleraas variational procedure

Now, when performing the practical evaluation of the
quantities written above, we are faced with the well-known
problem of summing expressions defined over the infinite set
of unoccupied orbitals of the Fock operator belonging to the
continuous spectrum. As pointed out by Jeziorski and van
Hemert,'? such summations are practically inexecutable in-
tegration. To overcome this difficulty, here we will use the
variational-perturbation method proposed by JvH. This
method, which is essentially based on the minimization of a
Hylleraas-type functional, has been already described in de-
tail (see, e.g., Refs. 12 and 16) and therefore only its main
features are summarized here. When applying the variation-
al procedure, it is possible to show'?'¢ that expressions of
induction and dispersion may be rewritten in a form identi-
cal with that obtained by the direct procedure, except that
expressions are expressed in a new basis set donated by JvH
as a molecular (or dimer) basis set. This new basis set con-
sists of the occupied spin orbitals of monomers 4 and B
({a;} and {b,} with the corresponding orbital energies €/
and e}’) and of a new set of virtual spin orbitals obtained by
diagonalizing the one-electron Fock operator of 4 (respec-
tively, B) within the space spanned by the basis set of the
whole dimer 4B (denoted as {@, } and {b,} with the corre-
sponding orbital energies &€ and €7). Note that the symbols a
and b do not indicate at which center the orbital is located
(basis set delocalized on the whole dimer). It should be em-
phasized that {a@,} and {5,} are sets of square-integrable
functions whereas {a,} and {4, } form continuous sets of
unnormalizable functions. When using the molecular basis
set, the induction and dispersion pair functions /2 and uj’
[defined by Eqgs. (18) and (39), respectively] must be re-
placed by the following new functions:

j‘f = 2 é;Br’ (473)
reB
wP(2) =Y Y &a, ()b (2), (47b)
red seB
where
& = (b | |b,)/ (ef — &), (48a)
with
A ’
wl(r) = ———foo (r) dr’
Ir—r'|
and
&= (akb, 1 6,135) (el +ef —& — &),
712

(48b)

The practical evaluation of expressions of second-order ex-
change contributions derived in the preceding sections

Hess et al.: The water dimer

(II A) and (II B) are performed by using the dimer basis set
{a,b} instead of the monomer basisset {a,b} and by employ-
ing formulas (47a) and (48a) for the induction functions /2
and formula (48b) for the coeflicient ¢;;. Note that, in con-
trast with other works,'>'*"'7 the new dispersion pair func-
tions #77 are not directly used (see discussion above, Sec.
II B).

ill. NUMERICAL RESULTS AND DISCUSSION

The implementation of the preceding expressions has
been performed by modifying and extending an original pro-
gram written by JvH. Since the main purpose of this work is
tostudy the importance of the second-order exchange effects
rather than to make a detailed investigation of the complete
potential-energy surface, all numerical calculations have
been done for a fixed relative orientation of the two interact-
ing water molecules and by varying only the distance, R g,
between the two oxygen atoms. In order to facilitate com-
parisons, the fixed orientation has been chosen to be identi-
cal with that used by JVvH in their original work on the water
dimer.'? The nuclear coordinates of the water dimer are list-
ed in Table I.

Second-order exchange induction and dispersion ener-
gies have been calculated by using the same basis set as JvH,
namely a Gaussian basis (11,7,2/6,1) contracted into
(4,3,2/2,1). This means 35 contracted basis functions for
the monomer and 70 functions for the dimer. By employing
this basis set, the total energy of the monomer and the bind-
ing energy of the water dimer are found tobe — 76.0576 a.u.
and — 3.87 kcal/mol, respectively.

Calculations with R oo ranging from 4.40 to 9.00 a.u.
have been performed. Numerical results for each individual
component of the interaction energy are listed in Table II.
No particular comments on results obtained for the com-
monly calculated contributions E {0, E ), E{Z), and E &),
will be made here: for a discussion concerning these terms
the interested reader is referred to the work of JvH.'2

Before discussing our results, let us briefly present the
few calculations performed so far for second-order exchange
contributions. Most of calculations have been done for atom-
ic van der Waals dimers (He,, Be,, Ne,).'*!” For distances
around the equilibrium separation, two general features
seem to emerge when treating inert gas dimers.

(1) There exists a large and systematic cancellation of
E {3} by the exchange induction contribution, E 2, ..

(2) The exchange dispersion energy cannot be consid-
ered as negligible and typically may represent a few percent

TABLEI. Nuclear coordinates for the water dimer (atomic units are used).

Atom X Y z
o 0.0 0.0 0.0
H 1.8088 0.0 0.0
H — 0.4641 1.7483 0.0
(o) Roo 0.0 0.0
H 0.9551 + Roo —0.5514 1.4338
H 0.9551 + Roo —0.5514 — 1.4338
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TABLE II. Particular contributions to the interaction energy of water
dimer (in kcal/mol).

Roo® EW  EQw  EN EQ, Elhie EShaw
440 ~27.10 5159 2122 —842 1431 311
480 —1706 2511  —930 -—489 605 144
520 —1L10 1203  —412 —28 245  0.67
567  —T11 489  —163 —154 080 027
700 —279 030 —018 —031 003 002
900 —112 000 —002 —005 000 000

* Atomic units.

of the dispersion energy E &), [up to 10% for Be, (Ref.
151.

With regard to molecular interactions, no systematic
calculations have been performed that would show the im-
portance of second-order induction and dispersion exchange
effects. Indeed, it has been recommended'*'7 to calculate
the interaction energy by using the following decomposition:

E ~ESFLE® LE® (49)

i int disp exch-disp *
and therefore attention has been focused on the evaluation of
the intermolecular correlation effects represented by
E ) + E 3 aisp and not on the evaluation of the exchange
induction contribution which is supposed to be correctly
taken into account in the SCF binding energy. To our knowl-
edge the first calculation for a molecular system is due to
Chalasinski.'® He showed that for the HF dimer at the equi-
librium geometry, E {2} 4., represents about 10% of E {3,
which corresponds to a slightly more important contribu-
tion than for inert-gas dimers. His observation has been very
recently confirmed by Rybak and co-workers,>**! who
found a similar contribution for the water dimer. To our
knowledge no calculations exist concerning the exchange in-
duction energy for molecular systems.

Our results for second-order exchange contributions are
presented in the two last columns of Table II. It should be
noted that, in order to study basis-set size effects, we have
performed an additional calculation with a substantially
larger basis set than that employed by JvH.'? The results
presented in Tables IV and V will be discussed in detail be-
low. However, anticipating our conclusions it is important
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to note that results are, in fact, not qualitatively changed.
Therefore, the following discussion and conclusions based
on results obtained by employing the JvH basis set will re-
main valid. A first remark would concern the magnitude of
the second-order exchange dispersion energy which is found
to represent about 20% of the dispersion energy, thus con-
firming the non-negligible role of this contribution,!#-!7-2%:21
Note that our result for E ), 4, is 0.27 kcal/mol while Ry-
bak’s result is 0.19 kcal/mol.?>*' This difference may be in-
terpreted as resulting from a basis-set size effect. Indeed, we
observed a systematic lowering of our result when we repeat-
ed our calculation with basis sets of various smaller sizes
(results not presented here). A particularly interesting re-
sult concerns the second-order exchange induction energy
which is found to be quite important. At the equilibrium
geometry, it compensates for approximately 50% of the in-
duction energy. The importance of this contribution, which
has been already noticed for inert-gas dimers,'*"” is there-
fore confirmed for the water dimer. When combining both
second-order exchange components a contribution of about
1 kcal/mol is obtained at the equilibrium geometry. Com-
paring this contribution to the estimated interaction energy
of about 5.4 kcal/mol,'? the importance of second-order ex-
change effects is clearly illustrated. It is therefore quite ob-
vious that such an exchange contribution cannot be neglect-
ed when doing high-quality evaluations of intermolecular
interactions (exactly or by means of high-quality simplified
representations).

Having calculated the exchange induction energy, it is
interesting to compare the SCF binding energy to the sum of
the complete first-order and second-order induction ener-
gies (displayed in columns 2 and 1 of Table III, respective-
ly). Except at large distances, results displayed in Table III
clearly demonstrate the noncoincidence of these two quanti-
ties. As a consequence, it is concluded that the additional
terms present in the SCF binding energy (induction part of
third- and higher-order Rayleigh~Schrodinger terms, some
intramolecular correlation contribution introduced when
doing a SCF supermolecule calculation'®) contribute in a
non-negligible way, even in the neighborhood of the equilib-
rium geometry. It is seen that these additional contributions
become more important as the intermolecular distance is
decreased. It may be expected that the difference between

TABLE III. Comparison of the SCF and perturbation-theory interaction energies for the water dimer (in kcal/

mol).
E(”-{-E-(z‘; ES(,:F+E52)
in in isp
Roo * + E Zhina ENT Eqne ENT+EG, + E S
4.40 17.57 10.72 12.27 2.30 541
4.80 4.79 0.92 1.35 - 3.97 —2.53
5.20 —0.75 —-2.77 —2.93 —5.62 — 495
5.67 —3.05 —3.87 —4.32 —5.41 —5.14
7.00 —2.65 —2.69 - 2.93 - 3.00 —2.98
9.00 —1.14 —1.14 - 1.19 —1.19 —1.19
* Atomic units.
®Pure perturbational interaction energy calculated as EN=ER +E{L +ED+EQ)

@ @
+ E oning + E eidnaisp-
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ESF and EY 4+ E %) would be partly cancelled if in the
perturbational approach the induction part of third- and
higher-order contributions would be considered. At this
point, let us recall that JvH (Ref. 12) obtained at
R o0 = 5.67 a.u. a good agreement between the SCF binding
energy ESCF ( — 3.87 kcal/mol) and EV + E {2 (—3.85
kcal/mol). Accordingly, their approximate equality

SCF (D (2)
Emt —E + Eln

(50)

results essentially from a cancellation between E 2}, ;.4 and
high-order contributions. Such a cancellation must be con-
sidered as fortuitous and cannot be generalized without
further theoretical investigations. In conclusion, it does not
seem justifiable to approximate the SCF binding energy by a
sum of perturbation terms limited to second-order contribu-
tions, even at intermediate distances (including the equilib-
rium geometry).

Now, in order to compare calculations with experimen-
tallly predicted values of the total interaction energy, it is
necessary to take into account intermolecular correlation
effects, that is, dispersion contributions. We present in Table
I1I values of the total interaction energy as calculated by our
pure perturbational approach (third column) and by the
most commonly used approach consisting of supplementing
the SCF binding energy with the dispersion contributions
(fifth column). Both potential-energy curves reveal a mini-
mum which is approximately located at the same intermole-
cular separation, namely, R oo = 5.67 a.u. As is known, the
experimental evaluation of the total interaction energy at the
equilibrium geometry is not easy to perform,’ in what fol-
lows we shall use the most commonly accepted value of

— 5.4kcal/mol with an estimated error of + 0.7 kcal/mol.”
It is very interesting to note that supplementing the sum
ESF + E L, with the exchange dispersion contribution no-
ticeably deteriorates the very good value of — 5.41 kcal/mol
obtained at the equilibrium geometry (without inclusion of
the exchange dispersion term). Once again, such a result
must be interpreted as a consequence of a fortuitous cancel-
lation of terms which are not evaluated. To be more precise,
it is expected that the sum EF + E ) + E (), 4, cannot
fit the exact interaction energy. Indeed, it is well known that
the difference between the SCF and correlated dipole mo-
ments of the water molecule are non-negligible (relative er-
ror of 10%; see Ref. 28), thus indicating a large electron

correlation contribution to the electrostatic interaction ener-
gy. Concerning the pure perturbational approach, it is clear
that, besides intracorrelation contributions, high-order con-
tributions must also be incorporated if a high accuracy is
needed.

Now, we will pay some attention to the important prob-
lem of the quality of the basis set used. There exists a large
amount of calculations performed with various basis sets at
the supermolecular SCF level. All these studies indicate that
basis sets involving a very large number of basis functions are
needed to accurately reproduce the total interaction energy.
However, except in a very recent extensive study of
Szalewicz et al.! in which the problem of the basis-set depen-
dency of the dispersion energy for the water dimer is ad-
dressed, to date no systematic study has been performed that
shows the dependence of each particular perturbational con-
tribution on the quality of the basis set employed. Here, we
shall not do such an extensive work. In order to test the
sensitivity of our results to the basis set we shall limit our-
selves to the use of one substantially larger basis set. The so-
called isotropic part of our basis (functions describing orbi-
tals occupied in the ground states of the atoms; see Ref. 28)
has been taken from Ref. 29 and consists of a set of (13s8p)
and (6s) functions on the oxygens and hydrogens, respec-
tively. This basis set has been extended with a set of (2d) and
(2p) polarization functions on oxygen and hydrogen, re-
spectively. The exponents were chosen to minimize the dis-
persion as well as the complementary exchange energies (see
Ref. 22). Exponents @, = 12and 0.3, ¢, = 0.6 and 0.15 have
been obtained. The complete contracted basis represents 94
basis functions for the water dimer.

The energy of the water monomer calculated by using
this basis set equals — 76.060 04 a.u. The SCF binding ener-
gies obtained for the water dimer are — 3.96 and — 3.73
kcal/mol without and with the counterpoise correction
{CP), respectively. The latter value agrees very well with the
SCF limit of — 3.73 4 0.05 kcal/mol (including CP correc-
tion) recently estimated by Szalewicz et al.' using a very
large basis set containing 212 contracted orbitals. The values
of the particular contributions to the interaction energy are
listed in Tables IV and V. The essential result to point out is
that the total interaction energy calculated as E

+ERQ+EZ, oras EXSF+ E(X + EX) with both

int disp exch-disp

basis sets (see Tables III and V) is not very different at the

TABLE IV. Particular contributions to the interaction energy of the water dimer (in kcal/mol) calculated

with a 94 AO basis set.”
ROOh E:l‘s) E(l)h E»(Zd) E((jZ) E(z)h'd E(Z)hd
exc] in isp exch-ing exch-disp
4.40 — 23.66 50.31 -21.25 — 8.90 14.28 3.32
4.80 — 16.68 24.19 —9.42 —5.27 6.19 1.51
5.20 —10.81 11.61 —4.37 —3.18 2.70 0.75
5.67 —6.89 4.85 —1.82 - 179 0.99 0.32
7.00 —2.67 0.39 —0.22 — 0.46 0.06 0.03
9.00 —1.05 0.01 —0.03 —0.09 0.00 0.00

Basis set described in the text.
® Atomic units.
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TABLE V. Comparison of the SCF and perturbation-theory interaction energies for the water dimer (in kcal/

mol) calculated with the 94 AO basis set.

EV 4+ ER EXFLEQ
in in isp
Roo * + E Zhving ENF Eqne EXT+EG, + E Shnaivo

4.40 16.68 10.97 11.10 2.07 5.39
4.80 428 1.08 0.52 —4.19 — 2.68
5.20 —0.87 —2.62 —3.30 — 5.80 — 5.05
5.67 —2.87 —3.73 —4.34 — 552 —5.20
7.00 —2.44 —2.55 - 2.87 —3.01 —2.98
9.00 — 1.07 —1.08 —1.15 —1.16 —1.16

* Atomic units.

"Pure perturbational interaction energy calculated as EN'=EQ+ELL +EQN+ER,

@ (2)
+ Eexch-ind + Eexch»disp'

equilibrium geometry and for large intermolecular separa-
tions. In addition, it should be noted that for these intermedi-
ate and large distances individual components appear to be
more sensitive to the basis-set extension than the total sum.
The two contributions to the total first-order interaction en-
ergy, namely, the electrostatic and first-order exchange
terms, are not seriously affected when the size of the basis set
is increased. However, the dipole moment of the water mon-
omer calculated with the 94 atomic-orbital (AO) basis set
(1.98 D) is in a better agreement with the experimental val-
ue®® (1.85 D) than the value obtained with the JvH basis set
(2.06 D).

With regard to the total second-order energy, it is inter-
esting to note that the appreciable change of the RS contri-
bution ( — 3.61 kcal/mol vs — 3.17 kcal/mol with the JvH
basis set) is partly compensated by a quite important in-
crease of the exchange contribution (1.31 kcal/mol vs 1.07
kcal/mol with the JvH basis set). The total interaction ener-
gies calculated with the 70 and 94 AQ basis set as the sum
E.=EXF+EQ, +E3) s equal —5.14 and — 5.20
kcal/mol, respectively, and are consistent with the experi-
mental value — 5.4 + 0.7 kcal/mol.2 However, as already
noticed above, non-negligible contributions to the interac-
tion energy must be expected from intramolecular correla-
tion effects which are known to decrease the dipole moment
of the monomers and therefore are expected to modify no-
ticeably the electrostatic contribution.

Szalewicz ef al. pointed out that the use of f functions
improved considerably their dispersion energy.' This obser-
vation is consistent with the results of Chalasinski for the
neon dimer. 'S However, although no f functions are present
in our calculations, our 94 AQ basis set leads to a value for
the dispersion energy of — 1.79 kcal/mol, close enough to
the exact value of — 2 kcal/mol estimated by Szalewicz et
al.! In addition, as just noticed, our SCF binding energy of
the water dimer coincides with the SCF limit estimated by
these authors. Accordingly, we do not think that inclusion of
forbitals should change the qualitative nature of our conclu-
sions.

IV. CONCLUSIONS

In the present paper new expressions for the exchange
induction and dispersion energies have been derived within

the framework of symmetry-adapted perturbation theories.
These expressions are valid for atomic and molecular sys-
tems having an arbitrary number of electrons. They have
been derived by neglecting all electron correlation effects
within the noninteracting molecules and by considering only
single-electron exchange between interacting molecules.
Within these approximations, numerical evaluation of sec-
ond-order exchange contributions for the water dimer have
been performed. Our major conclusion is that for such a
polar system, second-order exchange effects are essentially
dominated by the exchange induction energy and account
for 20% of the total intermolecular interaction energy. As a
conclusion, such contributions must be considered in any
accurate calculation of the interaction energy. On the other
hand, if a high accuracy on calculated interaction energies is
needed, it is clear that going beyond the SCF approximation
for the noninteracting systems is essential. In the case of the
water molecule, it is known that the Hartree-Fock ground-
state wave function overestimates the molecular dipole mo-
ment by about 10%, thus leading to an error of about 20% in
the electrostatic contribution due to the lack of intramon-
omer electron correlation effects (let us recall that the elec-
trostatic contribution is the leading component of the inter-
action energy at the equilibrium geometry). In addition, as
already pointed out in our discussion of results, third-order
(and higher-order) Rayleigh-Schrddinger contributions
should be evaluated since they are expected not to be negligi-
ble in the region of the equilibrium geometry (see calcula-
tions of Jeziorski et al. in Ref. 21).

At this point, it is important to emphasize that the goal
of the present work was not to obtain a very accurate value of
the interaction energy between two water molecules. Indeed,
itis clear that for a relatively simple system such as the water
dimer, standard supermolecule approaches based on a very
large CI calculation (or some form of it) are preferable (see,
e.g., calculations of Diercksen, Kraemer, and Roos' and of
Matsuoka, Clementi, and Yoshimine).3? Actually, one of
the basic motivations of our work was to put into evidence
the non-negligible role of the complete second-order: ex-
change contribution (exchange induction as well as ex-
change dispersion components). To be able to determine
quantitatively the importance of each of these components
opens the way towards representing second-order exchange
contributions through simple analytical functions fitted on
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calculated values. Knowledge of these functions will be re-
quired to derive high-quality parametrized formulas which
describe quantitatively the interaction between molecules of
arbicrary size.
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A method of evaluating perturbational components of intermolecular interaction energies by us-
ing quantum Monte Carlo (QMC) techniques is presented. It is shown how the nth-order Rayleigh-
Schrédinger (RS) perturbation term may be expressed in a very compact way in terms of suitably
defined stochastic autocorrelation functions of the perturbing operator (the intermolecular interac-
tion potential). The resulting formula is very general (not restricted to intermolecular interactions)
and corresponds in fact to an alternative way of expressing RS perturbation theory in any order. As
concerns the exchange contribution responsible for repulsion at small distances, an approximate ex-
pression for the first-order exchange interaction energy (by far the leading component) is given.
Both advantages and drawbacks of the proposed QMC approach with respect to more conventional
ab initio perturbational treatments are discussed. Some test calculations for the interaction of two
helium atoms at small distances are presented. Results are systematically compared to those ob-
tained with ab initio perturbation calculations using large Gaussian basis sets.

I. INTRODUCTION

Evaluating interaction energies between atoms and
molecules is an important goal of molecular physics. To-
day, the most commonly employed method for such cal-
culations is certainly the so-called supermolecule
method! in which the interaction energy is obtained by
subtracting from the total energy of the interacting mole-
cules (the supermolecule) the sum of the total energies of
each monomer, all energies being calculated by using the
same method, generally some form of the configuration-
interaction (CI) method. Difficulties associated with such
an approach are well known and have been discussed in
many places.! They can be summarized as follows.

(1) The problem of evaluating a very small quantity,
the interaction energy, as a difference of two large and
approximately evaluated quantities. Generally, it is very
difficult to know whether errors made in calculating the
total energies of the monomers and of the dimers are of
comparable quality or not.

(2) Difficulties associated with the occurrence of the
basis-set superposition error (BSSE), see, e.g., Refs. 2-5.

(3) Rapid increase of memory and CPU time require-
ments as a function of the size of the system studied.

An alternative approach to the supermolecule method
consists in calculating interaction energies from perturba-
tion theory using the intermolecular potential as pertur-
bating operator. When the intermolecular distance R is
large, one is dealing with the usual Rayleigh-Schrodinger
perturbation theory. In this case, the complete set of ex-
cited states of the unperturbed Hamiltonian involved in
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perturbational components is simply chosen to be the
products of monomer wave functions: due to the large
separation between monomers no antisymmetrization of
the factorized wave functions is necessary. In contrast,
for shorter distances, such as, for example, distances cor-
responding to the region around the equilibrium
configuration, the usual Rayleigh-Schrodinger theory
must be generalized® in order to take into account the ex-
change of electrons between the interacting monomers
(the introduction of exchange terms). This may be done
by making use of one of the versions of the so-called
symmetry-adapted perturbation theories (SAPT) in which
the fermionic antisymmetry of the whole dimer is im-
posed within the perturbational expansion through the
use of intersystem antisymmetrizers (see, e.g., Refs. 7 and
8). By using perturbation theory the basic difficulties of
the supermolecule method listed above are essentially
avoided: a direct evaluation of the small interaction ener-
gy is done, the BSSE is avoided, and calculations are gen-
erally much less expensive (the problem of having a high
level of accuracy on total energies of each system is re-
moved). However, a number of difficulties are still
present. First, in order to perform the infinite summa-
tions over intermediate states involved in perturbational
quantities, exact eigensolutions of monomers are re-
quired. Unfortunately, it is known that exact or even ac-
curate correlated wave functions for atomic and molecu-
lar systems are in general not available. Consequently,
approximate wave functions must be used. Generally,
they are obtained from a self-consistent-field (SCF) calcu-
lation, so that the intramonomer electron correlation of
monomers is neglected. However, it should be pointed

2139 ©1991 The American Physical Society



2140

out that by using the decomposition of the exact Hamil-
tonian of each monomer into the complete Fock operator
and into the residual two-electron operator accounting
for the electron correlation (Moller-Plesset-type decom-
position), and by applying the wusual Rayleigh-
Schrodinger perturbation theory, one can express in prin-
ciple each perturbation contribution (with respect to the
intermolecular interaction potential) as an infinite series
of perturbation corrections due to internal correlation.’
In practice, such a procedure is generally limited to the
calculation of leading corrections (e.g., up to second or-
der in the internal correlation) and/or to some partial
infinite-order summation corresponding to specific classes
of diagrams (see, e.g., Ref. 10). Another difficulty associ-
ated with ab initio perturbation theory is the problem of
summing efficiently infinite sums involved in perturba-
tional expressions. In particular, as pointed out by
Jeziorski and van Hemert!! summations defined over the
infinite set of unoccupied orbitals belonging to the con-
tinuous spectrum are practically inexecutable integra-
tions. To overcome this difficulty, suitable variation-
perturbation schemes have been proposed.!! In practice,
the achievement of a complete basis set is an obvious
shortcoming of such procedures. An additional well-
known difficulty common to any ab initio framework (su-
permolecular as well as perturbational approaches) is the
problem of adequately choosing the basis set to use for a
given physical problem. Due to the great sensitivity of
perturbation quantities with basis set, the use of judi-
ciously chosen basis sets turns out in fact to be essential.
Finally, it is known that computational aspects of ab ini-
tio techniques are not favorable. Codes are important,
complex, and many practical difficulties arise from calcu-
lation, storage, and manipulation of huge numbers of bi-
electronic integrals (with a very fast increase of the num-
ber of these integrals with the number of electrons treat-
ed).

In the present work, a method of evaluating perturba-
tion quantities by using quantum Monte Carlo (QMC)
techniques (e.g., Refs. 12—17 and references therein) is
presented. The basic idea of this approach is to express
perturbational quantities of interest in terms of suitably
defined stochastic averages. The underlying stochastic
process from which averages are taken is a pure diffusion
process (a generalized Brownian process) constructed in a
simple way from some reference wave function (a detailed
presentation of this aspect may be found in Ref. 17). Itis
demonstrated how the nth-order Rayleigh-Schrédinger
(RS) term AE{Y can be expressed as an (n —1)-time in-
tegral of the connected (cumulant) n-time autocorrelation
function of the perturbing potential (the intermolecular
interaction potential) with respect to the diffusion process
constructed from the exact ground-state wave function of
the unperturbed Hamiltonian (the Hamiltonian describ-
ing noninteracting dimer). It should be remarked that
this formula is very general (not restricted to intermolec-
ular interactions) and corresponds in fact to an alterna-
tive way of expressing RS perturbation theory in any or-
der.!® In addition, this new formulation appears to be
particularly compact, in contrast with the usual Bloch-
Briickner formulation of the RS perturbation theory.!®
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By expressing stochastic averages defined from the gen-
erally unknown exact ground-state wave function of the
unperturbed Hamiltonian in terms of stochastic averages
defined from an approximate trial wave function, and by
resorting to standard Langevin simulation techniques, it
is shown how practical calculations of AE 2 may be per-
formed. As concerns the exchange contribution responsi-
ble for intermolecular repulsion at small distances an ap-
proximate formula for the first-order exchange interac-
tion energy AE'!), (by far the leading contribution of the
total exchange interaction energy) is given.

An essential feature of the method presented here is
that no basis-set expansions are used. Resulting
difficulties described above are therefore avoided. Anoth-
er remarkable point is that infinite summations involved
in usual perturbational expressions do not appear in our
QMC formalism (in fact, they only appear implicitly, see
below). Accordingly, no approximate expressions for
eigenfunctions of each monomer are required. In prac-
tice, the only quantity needed for making exact calcula-
tions of perturbational quantities is an approximate
ground-state wave function for each monomer (e.g., a
Hartree-Fock wave function or better an explicitly corre-
lated wave function). Another basic point which deserves
to be mentioned is that intramonomer correlation contri-
butions to perturbational quantities may be exactly taken
into account without basic practical difficulties. Finally,
we would like to emphasize that the computational as-
pects of the method are quite favorable?® (in fact, this is a
very general feature of all Monte Carlo approaches): (1)
memory requirements remain perfectly bounded (no cal-
culation and storage of bielectronic integrals) and (2)
codes are short, simple, and very well suited for vector
and parallel computing.

In a more general perspective, let us mention that a re-
cent proposal based on the renormalization-group ap-
proach for electronic structure*®*! could lead to an alter-
native way of computing interaction energies. However,
no realistic calculations (done at the level of the chemical
accuracy) have been performed so far.

The contents of this paper are as follows. In Sec. IT we
present the basic theoretical elements of the method.
Section IT A is devoted to the derivation-of the basic for-
mula expressing AE {{ in terms of stochastic averages. In
Sec. I B we present our approximate formula for calcu-
lating AE(});. How to compute the stochastic averages
involved in both formulas is presented in Sec. II C. The
detailed theory including mathematical derivations may
be found elsewhere.!” Section IID briefly discusses how
to correctly introduce Fermi statistics for monomers
within the framework of the proposed method. Section
IIT is devoted to the presentation of some numerical re-
sults for the interaction of two helium atoms at short dis-
tances (ranging from 1.5 to 2 a.u.). The essential motiva-
tion of such numerical application is to demonstrate the
applicability of theoretical expressions derived in Sec. II
and not to make a quantitative study of He-He interac-
tion. In any case, at the short distances studied corre-
sponding to a nonperturbative region of interaction, per-
turbational treatments for describing He-He interaction
would fail (note that an exact treatment of this region of
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interaction has been made by Ceperley and Partridge?'
using a QMC supermolecular approach). Some calcula-
tions for AEQS, AE'),, and AE are presented. In or-
der to check the validity of the method our calculations
have been systematically compared to calculations per-
formed with an ab initio perturbational program based on
the Jeziorski—van Hemert approach.'’"?> The role of the
intra-atomic correlation contribution on perturbational
quantities (known to be particularly difficult to evaluate
within ab initio frameworks) is briefly discussed. Finally,
some concluding remarks are presented in Sec. IV.

II. THEORY

Consider two interacting systems 4 and B (atom or
molecule). The total Hamiltonian of the complex, denot-
ed as H, is decomposed as usual into three different parts

H=HA+HB+v4B (1)

where HM denotes the Hamiltonian of the noninteracting
system M (M= A4,B) and V “® is the intermolecular in-
teraction potential (atomic units are used)

pir=y 5Ll 52

aE A BEB "aﬁ CEA JEB raj

—22—%—22* (2)
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where r,,=|r,—r,|. Roman indices label electronic
coordinates and Greek indices label nuclear coordinates.
Z,, is the charge number of nucleus p belonging to mole-
cule M (M= A,B). The normalized eigenfunctions of
the Hamiltonian HM™ of isolated system M (M= A4,B)

are denoted ¢ with the corresponding energies E¥, thus
we write
HMpM=EM¢M, M= A4,B . 3)

The intermolecular interaction energy is defined as the
difference between the total ground-state energy Eé‘B of
the complex described by the Hamiltonian H and the to-
tal ground-state energy of the two noninteracting subsys-
tems 4 and B,

AE=E{* —(E{'+E{) . )

As usual, the interaction energy is decomposed into two
contributions corresponding to the so-called Rayleigh-
Schrodinger and exchange parts of the interaction energy

AE=AEps+AE,., . (5)

The Rayleigh-Schrodinger interaction energy corre-
sponds to the interaction energy obtained when antisym-
metry constraints on wave functions associated with the
possibility of exchanging electrons between each subsys-
tem are not considered. When full antisymmetry con-
straints are taken into account, the resulting increase in
energy is given by the exchange part AE, . Let us first
focus our attention on the Rayleigh-Schrédinger part of
the interaction energy.

A. nth-order Rayleigh-Schrodinger interaction energy

Within the framework of perturbational treatments,
AEyg is expressed as an infinite perturbation series of the
form

+
AEgs= S AEQ , (6)

n=1
where n corresponds to the order in ¥ “2. Let us show
how the nth-order RS interaction energy AE Y may be
expressed in terms of a suitably defined stochastic time-
correlation function of the intermolecular interaction po-
tential ¥ 2. For that purpose, it is first noticed that the
RS interaction energy may be expressed in the following
form:
~tH—EJ~EE)

B
AEgs= logles) . (D

—lliTm—%lnwé"fbgle
The validity of this expression is easily checked by mak-
ing use of the spectral representation of operator e ~*H. It
should be noted that the eigenvalue of H extracted by
making the long-time limit is the lowest eigenvalue of H
whose corresponding eigenfunction has a nonzero over-
lap with ¢¢'¢f. This wave function obeys the same an-
tisymmetry properties as ¢5‘¢§ and the interaction energy
obtained in Eq. (7) is therefore the RS interaction energy
and not the true physical one as defined by Eq. (4).

Now, our essential step consists in invoking the so-
called generalized Feynman-Kac (GFK) formula present-
ed elsewhere.!””?° Basically, this formula expresses the
quantum matrix element of the right-hand side of Eq. (7)
(actually, a slightly generalized version of the imaginary
time-dependent Green’s function associated with H) as
an expectation value with respect to a suitable diffusion
process. This basic formula is written here in the form

(bi'dole 6360
=17 varx(sas

~tH-EJ~Ef)

= <exP > , (8)
o'o8

o denotes the stochastic average over the

where ( )

infinite set of stochastic continuous trajectories X(s)
[defined in the time interval (—¢/2,¢/2)] of the underly-
ing diffusion process constructed from the wave function
58 (Refs. 17 and 20). Here, X(s) is a compact notation
for representing a point (at time s) in the 3(N ,+Np)-
dimensional  configuration  space, that is X
=(r',. .15 17, .,rﬁB), where N, and Ny are the
numbers of electrons of molecule 4 and B, respectively.
At this stage, we shall not define the exact meaning of
this stochastic average and the way of computing it in a
Monte Carlo simulation. This will be done in detail in
Sec. II C.

Our next step consists in taking advantage of the fact
that the previous stochastic average is a genuine average
operation (in the Kubo sense, see Ref. 23) so that it is
possible to resort to standard cumulant expansion
methods. Applying a theorem due to Kubo (theorem II
in Ref. 23), the averaged exponential in the right-hand
side of formula (8) may be rewritten as the exponential of
a cumulant expansion
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<exp

—f’” yAB(X(s )ds]>
o508

1"

t/2 '
o7, [ ar

VAB(X(2,)))¢ 4 9

" AB
S, dn v, bt

where { )¢ odlyp ATE the usual cumulant averages which are known to be expressed as some well-defined linear combina-
0

tion of products of same and lower-order moments (as pointed out by Kubo,?

¢ may be as well understood as connected

in the sense given to this word in the techniques of graphical representation). Note that for the sake of clarity a super-
script notation for c is employed here instead of the more commonly used subscript notation. By making use of Eqgs.

(7), (8), and (9), the RS interaction energy takes the form

+
AEgg=

) n t/2 Ly . L AB
— I‘Twa— 1( 1)f ar, ff, dt, - fﬂ/zdn(V (X(1,))

AB c
VAB(X(t ))WO (10)

Now, it is important to note that, due to the stationarity property of the diffusion process, all the cumulants involved in

the preceding expression are only functions of the time differences ¢, —¢,_;.

It is therefore possible to perform a time-

shift of length ¢ /2 on each variable of integration and then to make the time derivative, one obtains

AEgs=— lim

l'—*+mn:l

By making the following change of variables: u; ;—

!”_ t
(—1)”fotdt,,“1f0 dt, - fozdzl(V"B(X(ti))--~

U =t —

VAB(X(t, _ NV AB(X(1) ))C%B. (11)

t;_, (i=2 to n with t, =t and u(y=0) and by invoking
(n)

once more the stationarity property, the nth-order contribution of Eq. (11), AE Y, may be finally written in the form

AER=(

_1>n+1f0+mdunv1f0”n71du -

[ (v ARx0)

WARX (1)) - VAR w040 (12)
070

This is our final form for the nth-order RS perturbation term as a function of the n-time connected (cumulant) auto-
correlation function of the intermolecular interaction operator with respect to the underlying diffusion process. It
should be emphasized that this form is very compact, in contrast with the standard Bloch-Briickner formulation of the

RS perturbation theory in any order (see, e.g., Ref. 19).

Let us briefly explain how to recover standard expression for AE{) from our formula (12). In order to make explicit

the nth-order cumulant, kth-order correlation functions of the perturbing potential are needed (k=1 to n).

Using the

very basic definition of stochastic averages in terms of the underlying probability densities, the kth-order correlation

function of ¥ 2 is written

(VAPXO) -+ VK g D) yago= [ dxo -

with uy=0 and where p(x) and p(x—y,u) denote the
stationary and transition probability densities of the
diffusion process, respectively. These densities may be
expressed in terms of the eigenfunctions ¢! ¢j (with cor-
responding energles E, +EB) of the unperturbed Hamil-

tonian Hy=H 1+ H? as follows [see Egs. (2.7) and (2.13)
in Ref. 17):
=($g'dg ) (14a)
and
p(x-»y,u)zggjig(—i)—)%( A68)(x)(dAB)(y)
XeAu(EiA—)—EjB—EOA-Eg) .
(14b)

After having inserted expressions (13) and (14) into Eq.
(12) time integrals may be easily performed. Once this is
done, standard expanded expressions of Rayleigh-

k—1
dx;1p(x0)V *%(xo) T p(

X, =X, u;—u; )V AB(x,), (13)

i=1

Schrodinger perturbational components in terms of com-
bination of multiple summations over the complete set of
eigenfunctions of the unperturbed Hamiltonian H 4+ H %
are recovered. Let us derive the two first perturbational
contributions. The first-order interaction energy is readi-
ly obtained; one has

AERS =V ) ap= V) o - (15)
Now, since the stationary density of the diffusion process
is nothing but the quantum-mechanical probability densi-
ty associated with ¢3'¢s [Eq. (14a)], the usual expression
for AE QY is recovered:

AER =gV 2|pgdE) . (16)

Applying the general formula (12) to the case » =2 and
using expression of the second-order cumulant??

<X1X2>C:<(X1_(X[>)(X2*<X2>)>) (17)

the second-order RS interaction energy takes the form
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AEZ=— [T Tdu (VB (V4B) , )(X(0))(V 45—y 48)
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X(u)))¢ (18)

¢6'¢§)(

A4B -
0 %0

Using the basic definition of stochastic averages in terms of probability densities, one obtains

AE(RZS)Z—f0+wduffdxodxlp(xo)[VAB(xo)—(VAB>¢64¢g]p(x0—>xl,u)[VAB(xl)—<VAB)

By using Eqgs. (14) and performing the time integral, ex-
pression (19) is finally found to be

, Kod'sslV *Plo )21
E§+E§—(E+E})’

AEE=3 (20)

ij
which is nothing but the usual expression for the second-
order term (here, the prime in 3’ means as usual that the
term corresponding to i =0 and j=0 is excluded from
the summation). Higher-order perturbational terms
would be recovered in the same way.

B. Exchange interaction energy

In this work, we shall limit ourselves to the calculation
of the first-order exchange contribution which is by far
the leading contribution of the exchange interaction ener-
gy. Following standard symmetry-adapted perturbation
theories,”® the complete first-order interaction energy is
written

_ (GBI V1B 4 |DsldE

AE(I)
(D08 A|DfDE)

) 2n

where A is the full antisymmetrizer of the interacting su-
persystem (intra- and intersystem permutations are both
considered) and where ®Y (M = 4,B) denotes the com-
plete exact wave function of system M (depending on
both space and spin coordinates). Now, especially be-
cause 4 is a nonlocal operator mixing coordinates of
each subsystem, to derive an exact expression of AE‘!
suitable for Monte Carlo simulation is not a trivial task
(it involves off-diagonal matrix elements). In the present
work, we did not investigate such a possibility. We shall
content ourselves with giving a high-quality approximate
expression for AE D To do that, some approximate trial
wave function W) (M= A4,B) for representing each
monomer will be employed. Note that such an approxi-
mation is similar to that used when doing variational
quantum Monte Carlo simulation for calculating total en-
ergies (see, e.g., Ref. 24). However, it should be em-
phasized that no variational property holds here for such
a perturbational component. A well-known feature of
any QMC approach is that no basic limitations on the
form of the trial wave function to be used are required.
Here, following previous works (e.g., Refs. 12-17), we
shall use an explicitly correlated wave function for
describing monomers:

W= A MexpUlyexpUYX¥X}), M=A,B (22)

where X =[1;6Ma and X}/ =[1,4/"B. The symbol 4 ¥
stands for the intramonomer antisymmetrizer acting on
space and spin coordinates of the N electrons of system
M; functions Uﬁ"s and UY are some fully symmetric

¢0,,¢g] . (19)

—

Jastrow-like pair-correlation factors introduced to allow
explicitly for electron correlation in the wave function,
subscripts LS and US being introduced in order to distin-
guish between like spin (LS) and unlike spin (UL)
electron-electron correlation factors (for more details on
wave functions see, e.g., Refs. 14, 15, and 24-26). Final-
ly, {#M} is some set of one-particle atomic or molecular
space orbitals and a and B represent usual spin functions.
For the sake of clarity only expressions for two interact-
ing closed-shell systems having the same number of elec-
trons (here denoted N) will be derived. Generalizations
to different numbers of electrons N, 7Ny and/or to

non-closed-shell systems do not involve particular
difficulties. Now, since our Monte Carlo approach is
defined within a spin-free framework, spin variables in
Eq. (21) must be integrated out. Once this has been done,
AE'Y may be rewritten in the following form:

(— (Ys'ug IV AP A lyg'ug)

AE =
CYs's | A ls'ys )

(23)

where only space-dependent functions and space integra-
tions are involved. Here, 1/;6" (M= A,B) denotes the
space-dependent part of the trial wave function (22) and
A is an effective local operator depending only on space
coordinates of monomers A4 and B [expression (27b)
below]. To show this, we take advantage of the following
equalities:

A4’=4 (24a)
and
AAJAR=4, (24b)
and then rewrite AE'! in the form
AE = (AP BV 45| 40 15) (252)
(ADB|4048)
where

D P=exp(Uts + U )exp(UPs+ UB )X 2X2X fx B .

(25b)
Now, let us remark that AE" as written in the form
(25a) is nothing but the average of a spin-independent
operator V48 with respect to a properly antisymmetrized
wave function for the dimer, 4®“5. Spin integrations
may be easily performed and the resulting expression in-
cludes only space antisymmetrizations over « and f3 elec-
trons separately. More precisely, we have

(Ay Ay d*PlV 1P Ay Ay 6")

AE(I):
< ANHANB¢AB‘ANGAN/5¢AB>

s (26&)
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where ¢ 42 (depending only on space coordinates) is given
by

¢p*P=exp(Ufs+Ufs)exp(Ufs + Ugsg)

N, Ng
X T1¢/¢7 T1 67 -

i=1 i=1

(26b)

Quantities Ay (y=a,B) refer here to space- antisym-
y

metrizers with respect to the N, electrons of spin y (be-

longing to both A and B monomers). Finally, AE'"Y may

be written in the form (23) where 1&8’ (M= A,B) are usu-

al space-dependent trial wave functions for monomers A

and B:

N/2 N/2
Yo —exp( Ufls‘*'U{‘Jls)Azy/znfﬁyAzy/zH‘ﬁ% M=4,B
i=1 i=1

(27a)

and A the effective function is given by
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In Eq. (27a) A, stands for the intramonomer antisym-
metrizer acting on space coordinates of the N /2 elec-
trons of system M with the same spin. It should be em-
phasized that in contrast with expression (27a) in which
the total Jastrow factor is invariant under the action of
AM,A¥, and then can be factorized out, the Jastrow
factor involved in ¢4 [Eq. (26b)] is not invariant under
Ay, ANB (because of exchanges between electrons of same

spin of systems A and B) and then cannot be factorized
out when this operator is applied to ¢ 2.
Now, by using the decomposition

A=1—-4", (28)

the total first-order energy given by Eq. (23) may be ex-
pressed as a sum of two contributions corresponding to
some approximate Rayleigh-Schrodinger first-order in-
teraction energy and to the approximate first-order ex-

change interaction energy resulting from A ' in which we
are interested here:

1= (yg'vol 4 " 1vg'vs)

By rewriting quantum averages involved in Eq. (29) as
one-time stochastic averages with respect to the approxi-
mate diffusion process constructed from ¢¢lyg [admitting
(Y3'p8)? as stationary density, see details of Sec. IIC],
AE.!), takes the final following form suitable for Monte
Carlo simulation:

A“l VAB _ VAB/'{I
A g ) g V)
AEexch_ < "/> . (30)

C. The calculation of stochastic averages

In this section the problem of computing stochastic
averages introduced in the preceding sections [more pre-
cisely, kth-order correlation functions involved in Eq.
(12) and one-time averages of Eq. (30)] is addressed. Let
us first focus our attention on the computation of kth-
order correlation functions as defined in Eq. (13). In
principle, the computation of such quantities may be easi-
ly performed by merely averaging successive values of the
product V48(X(0))--- V45(X(u, _,)) along any sto-
chastic trajectory of the underlying diffusion process con-
structed from the reference unperturbed Hamiltonian
H*+H?" that is

_ $ydedl A1y ) (esug |V s ) — Cuged |V AP A yig'ys)

[

(VABX0) - - VABX (uy )Y s
¢35 9o

= lim
T—+»

1
T LV VA Xy o

(31)

where the infinite length stochastic trajectory X(s) is gen-
erated by using the Langevin equation associated with
the underlying diffusion process, namely,

dX(1)=b(X(t))dt +dW(t) , (32)

where W represents the multidimensional Wiener process
and b, the drift vector, depends only on the ground-state
wave function of the unperturbed Hamiltonian ¢glpZ as
follows:!”

b=V¢3'd5 /b5'd5 - (33)

In practice, such a scheme is impossible to perform since
the ground-state wave function of monomer
M (M= A,B) is generally unknown. To escape this
difficulty we introduce a new diffusion process defined
from a known trial wave function ¥} (M= A,B) for
each monomer. For that purpose, let us construct a new
reference Hamiltonian H'®™ admitting YM as ground-
state wave function. This may be trivially done as fol-
lows:
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H(O)M______%A_F V(O)M (34a)

with
VOM=1Ays /g5 +ECM, M=4,B (34b)

where A denotes the 3N,,-dimensional Laplacian opera-
tor, N, being the number of electrons of monomer M,
and EQ™ some arbitrary reference energy associated
with HO™ 1t is elementary to verify that

HOMyI=EPMyi, M=A4,B . (35)

The complete Hamiltonian HY of
M (M = A,B) may now be written in the form

monomer

HM=H"+H My /7y —EPM, M=A4,B . (36)

The basic quantity H "y} /¥ is referred to in the follow-

1

(VARX(0)) - -+ VAKX ) a0

<VAB(X(O)) VAR (g ))exp

- f’/z/2<ELA+E£—Eg°M —EQB)(X(s))ds
-1
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ing as the intramonomer local energy E associated with

'
EM=HMyM/yM M=A4,B . (37

Roughly speaking, the magnitude of this quantity (actual-
ly, a function of all particle coordinates) is a measure of
how much the unknown exact wave function ¢ and the
used trial wave function ¥} are different. Note that
when the trial wave function is chosen to be identical
with ¢}, the intramonomer local energy reduces to a con-
stant (namely, the exact energy EJ) and one obtains
HM=H'OM  Now, by constructing the reference
diffusion process from the trial wave function ¥§'¢§ and
by making use of the GFK formula as explained in Ref.
17, the previously defined stochastic averages can be ex-
pressed as stochastic averages with respect to this new
diffusion process. Let us write the quantity in which we
are interested here, namely, the k-time autocorrelation
function of the intermolecular interaction operator

> Yl

= lim
t—+

<exp

with —¢/2<0=u;=< - Zu, _<t/2.

The main steps of our approach for practical computa-
tions of AE{J may be then summarized as follows.

(1) Use formula (12) to express AE{{ in terms of a suit-
able combination of time-correlation functions with
respect to the diffusion process constructed from ¢J'¢3.

(2) Resort to formula (38) to express stochastic aver-
ages defined over the diffusion process built from the gen-
erally unknown ground-state wave function ¢g¢Z in
terms of stochastic averages defined over the diffusion
process built from the chosen trial wave function ¢g'¥2.

(3) Calculate stochastic averages involved in the right-
hand side of Eq. (38) by resorting to the ergodic formula
(31) (merely add the Feynman-Kac exponential weight),
the stochastic trajectory being generated using a discre-
tized version of the Langevin equation (32) in which the
drift vector is constructed from ¥g'¢8. In actual fact, it is
appropriate to introduce, instead of a single very long
trajectory, a set of shorter trajectories since the corre-
sponding set of time averages may be used for evaluating
the variance using standard statistical methods.?’

As concerns the computation of the first-order ex-
change interaction energy, it is readily done by taking
one-time averages of the integrand involved in formula
(30) along stochastic trajectories of the diffusion process
constructed from the trial wave function ¥glyg.

_ fZ/z/z(ELA+E£"Eé’O)A —EOB)(X(s))ds D
-t

, (38)
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D. Fermi statistics for monomers

Up to now, we did not pay attention to the problem of
imposing fermion statistics for each monomer. In the
preceding sections, formulas have been derived by impli-
citly assuming that a fixed-node approach for monomers
was employed. Indeed, the trial wave function ¥§yE was
supposed to obey the correct antisymmetry properties
with respect to internal exchange of electrons within each
monomer (no intermonomer exchanges of electrons). In
practice, such a condition may be fulfilled by antisym-
metrizing independently electrons of spin up and down
for each monomer (see Ref. 17 and references therein).
When computing first-order observables (that is, mere
one-time averages of local operators with respect to the
trial wave function, the total energy for example), it is
well known that such an approach generally introduces a
bias in results due to an eventual error in the fixed loca-
tion of the nodes of the trial wave function. The resulting
approximation, known as the fixed-node approximation,
has been extensively described in many works.!*1%17
Here, it is important to realize that we are in somewhat
different situation. In contrast with the usual case where
only a very good approximation of the unknown ground-
state wave function is needed, the computation of the k-
time correlation functions implicitly requires the com-
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plete set of eigenfunctions of the reference Hamiltonian
constructed from the trial wave function [Hamiltonian
defined by Eq. (34)]. To be more precise, let us write
which transition probability density is introduced when a
fixed-node framework for each monomer is used:

0" (y) FN FN
p(x—»y,r):mzqﬁi (x)¢p; " (y)e
0 i

—#EFN-EFN)

(39)

where (¢F'N, EFN) denote the fixed-node eigensolutions of
the reference Hamiltonian (34). These eigensolutions are
those obtained by imposing all eigenfunctions of H®™ to
vanish wherever the ground-state wave function ¢f~ =1
vanishes. In particular, excited states obtained in that
way may be very different from the correct ones which
actually have no reason to vanish at the same locations as
#5N. Accordingly, a wrong dynamics for the underlying
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diffusion process is introduced and an a priori uncon-
trolled error for correlation functions is made. It is quite
important to stress that such an error does exist, even if
exact nodes for the trial wave function would be used. As
a consequence, it is never a priori justified to use a fixed-
node framework for computing multiple-time correlation
functions.?® To escape this difficulty, projection methods
or some form of them!>17-?%39 (simple projection method,
release-node projection, or nodal relaxation methods)
must be used. This type of approach has already been de-
scribed elsewhere.!”?’ In a few words, the essence of
these methods consists in using a bosonic-type nonvan-
ishing wave function as trial wave function and to remove
bosonic components by making use of projection func-
tions having correct fermionic antisymmetry properties.
Let us denote as f and g two such projection functions;
the exact nonbiased autocorrelation function of ¥ #% is
then written

S
(VABX(0) - VAB(X(uy 1)) 4.
¢o %o
t/2
<f(X(~t/2))V’”’(X(O)) e VAB(X(ukgl))g(X(t/Z))exp—f /Z(ELAJrELB—*E{,o’A—Eﬁ)O’B)(X(s))ds>
—1
= lim s g
e <f(X(—t/2))g(X(t/2))exp‘ I (E,{A)+E‘LB>—EB°“‘~E5°’B>(X(s>>ds> 40)
t/2 w(?wg
[
where ¢¢'y8 is a bosonic (nonvanishing) trial wave func-  written in the form
tion. From a practical point of view, it is important to M
S 0.57, 24bry
recall that Monte Carlo procedures based on projection z/zé,M)(rl,rz):exp —— lexp | — |——~ ,J]W
methods are much less stable than those based on a l+ary, 1+b6M
fixed-node approach. We shall return to this point in our 2+ brM
. h . . 5
final discussion of the concluding section. Xexp | — |3 M| M=4,B (43)
1+brj
III. NUMERICAL APPLICATIONS M .
where rM denotes the distance between electron

In order to demonstrate the applicability of formulas
derived in the preceding sections, some test calculations
for the interaction of two helium atoms at small distances
have been performed. Results have been systematically
compared to those obtained by using standard ab initio
techniques. In what follows, two different trial wave
functions for the helium atom are employed. The first
trial wave function is the Hartree-Fock wave function
proposed by Clementi and Roetti,’!

YM(r,, 1)) =15y, (r)1sy(r,), M=A,B 41)

where the optimized 1s,, orbital (centered at nucleus M)
is built as a linear combination of five Slater orbitals,
namely,
5
.
Isy(r)= 3 ce )
i=1

M=A4,B . (42)

Coefficients and exponents may be found in the tables of
Clementi and Roetti.}! Our second trial wave function is
a more sophisticated wave function which explicitly con-
tains the interelectron coordinate 7, to properly describe
the electron-electron interaction at small distances. It is

i (i=1,2) and nucleus M (M= A,B). By employing
this form, it should be remarked that all two-particle
cusp conditions are fulfilled, namely
(1/¢)(a¢/aru>i,12:0=% (electron-electron cusp condi-

tion for unlike spins) and (l/¢)(8¢/ari)|,‘_=0:*z

(electron-nucleus cusp condition for an infinite mass nu-
cleus of charge number Z). In addition, a Padé form for
both correlated and Slater parts of the trial wave function
has been chosen. Parameters involved in Eq. (43) have
been adjusted in an exact QMC calculation of total ener-
gy of the He atom so as to achieve the lowest variance on
the estimator of the ground-state energy. Some features
of both trial wave functions are presented in Table I. In
the following, electrons labeled 1 and 2 (respectively, 3
and 4) are arbitrarily assigned to atom A (respectively
atom B). Using this convention, the intermolecular in-
teraction operator V 48 is written

4 2 2 2 2

AB _
VAR (1, 15,13,14) =
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TABLE 1. Some features of trial wave functions used.?

Hartree-Fock Correlated
Properties wave function® wave function®
E, —2.86168 —2.8983(1)
Correlation 0% 87%
energy*
(r) 1.362(1) 1.4247(6)

2All quantities are given in atomic units. Statistical uncertain-
ties on QMC results are indicated in parentheses.

"Equations (41) and (42), see Ref. 31.

‘Equation (43) with ¢ =0.3 and b=0.1.

dDefined as the difference between the exact nonrelativistic and
Hartree-Fock total energies.

A. First-order interaction energy

Let us first present some approximate calculations of
first-order Rayleigh-Schrodinger and exchange interac-
tion energies. For that we shall set the intramonomer lo-
cal energies [Eq. (37)] to zero. Such an approximation
consists in neglecting internal fluctuations due to the
nonexactness of the trial wave function §'yf used. As
already pointed out, this approximation is similar to the
approximation made when doing variational quantum
Monte Carlo simulations for calculating total energies,
except that no variational property holds here for such
variational components. Rewriting Eq. (15) by replacing
the exact ground-state wave function by the approximate
trial wave function, and Eq. (30), the following expres-
sions for AERe and AE(!), are obtained:

AERg= (V%) (45a)

vyl

AB _ AB £+
VAP = (VA

(4" e

Ay B
AED Yo Yo

exch

- (45b)
1—( 4 >%Awg

Expectation values involved in Eqgs. (45) may be evaluated
as one-time averages with respect to the diffusion process
constructed from g2, It should be remarked that they
are simply six-dimensional integrals and therefore it
would be possible here to resort to any efficient integra-
tion procedure to calculate them. However, let us em-
phasize that such procedures would no longer be useful
when considering calculation of exact quantities (such as
the exact first- and second-order RS interaction energies).
A practical difficulty encountered when using a finite
time step for integrating the Langevin equation (32) is the
occurrence of the well-known short-time approxima-
tion."#1617:32 Indeed, the transition probability density
used to generate stochastic trajectories (corresponding to
a discretized form of the Langevin equation) is only an
approximate version of the exact one, for example, in the
simple Gaussian approximation,

_ [y—x—bx)At]?
2At ’

p(x—y,At)= exp

(2mAr)7?
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TABLE II. Hartree-Fock first-order RS interaction energy.®

AEL N AER
R® (QMC)° (ab initio)! (exact)®
1.5 —0.0805(4) —0.0807 —0.0806
1.6 —0.0686(4) —0.0688 —0.0686
1.7 —0.0575(5) —0.0577 —0.0575
1.8 —0.0477(4) —0.0478 —0.0476
1.9 —0.0390(3) —0.0392 —0.0391
2.0 —0.0318(2) —0.0319 —0.0318

*All quantities are given in atomic units.

*Interatomic separation.

‘Using Eq. (45a). Statistical uncertainties are indicated in
parentheses.

4 4b initio calculation using
representing ls orbital (42).
“Exact analytical evaluation of Eq. (45a).

ten Gaussian functions for

and therefore calculated stationary averages are subject
to a finite time-step error. One possible way of removing
this error consists in imposing the detailed balance condi-
tion in the Monte Carlo simulation. Doing that, a non-
biased stationary density is constructed. In practice, de-
tailed balancing is ensured by accepting moves from x to
y with a probability P . given by*3

accep
(P38 (y)p(y—x,At)

=min |1 R (47)

P ’
(Y'eg)(x)p(x—y, A1)

accept

where p(x—y,At) is the short-time Gaussian approxima-
tion (46) of the exact unknown transition probability den-
sity. This procedure may be viewed as a generalized ver-
sion of the well-known Metropolis algorithm in which the
usual initial random displacement is replaced by a
Langevin move generated through Eq. (46).

Tables II and III present Hartree-Fock calculations
performed by using form (41) of the trial wave function.
Quantum Monte Carlo results for AEYS and AE!l),
(second column of Tables II and III, respectively) are
compared to ab initio calculations performed with a large
Gaussian basis set (ten Gaussian functions for represent-

TABLE III. Hartree-Fock first-order exchange interaction
energy.”

AE(,H.] AE(I),h
R® QMO (ab initio)*
1.5 0.508(11) 0.513
1.6 0.412(6) 0.415
1.7 0.334(8) 0.335
1.8 0.268(4) 0.270
1.9 0.215(4) 0.218
2.0 0.172(5) 0.175

?All quantities are given in atomic units.

Interatomic separation.

“Using Eq. (45b). Statistical uncertainties are indicated in
parentheses.

4A4b initio calculation using ten Gaussian functions for
representing 1s orbital (42).
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TABLE 1IV. First-order RS interaction energy using different
wave functions.?
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TABLE V. First-order exchange interaction energy using
different wave functions.”

HF wave Correlated wave Exact wave Correlated
R® function® function! function® R® HF wave function® wave function?
1.5 —0.0805(4) —0.0818(4) —0.080(4) 1.5 0.508(11) 0.566(12)
1.6 —0.0686(4) —0.0693(4) —0.068(3) 1.6 0.412(6) 0.450(10)
1.7 —0.0575(5) —0.0578(3) —0.057(3) 1.7 0.334(8) 0.358(10)
1.8 —0.0477(4) —0.0476(2) —0.048(3) 1.8 0.268(4) 0.284(9)
1.9 —0.0390(3) —0.0388(2) —0.039(2) 1.9 0.215(5) 0.226(8)
2.0 —0.0318(2) —0.0314(2) —0.032(2) 2.0 0.172(5) 0.178(7)

?All quantities are given in atomic units. Statistical uncertain-
ties are indicated in parentheses.

®Interatomic separation.

°Equations (41) and (42), see Ref. 31.

9Equation (43) with @ =0.3 and »=0.1.

°Equation (48).

ing 1s orbital taken from the van Duijneveldt tables®*).
Gaussian basis-set calculations are presented in the third
columns of Tables II and III. In addition, exact results
for AEY) obtained by performing space integrals in-
volved in Eq. (45a) are given (last column of Table II). Of
course, such exact integrations are possible only because
the Hartree-Fock wave function (41) has a very simple
structure. Agreement between exact and/or ab initio re-
sults and QMC results is excellent (within statistical er-
rors). Calculations of first-order RS and exchange in-
teraction energies with the explicitly correlated wave
function (43) are displayed in Tables IV and V, respec-
tively. It is seen that using a highly correlated wave func-
tion for describing each monomer does not change
significantly the Hartree-Fock results obtained for AE Y,

1 T 4B
?fo vV AB(X(7))exp

2All quantities are given in atomic units. Statistical uncertain-
ties are indicated in parenthesis.

®Interatomic separation.

“Equations (41) and (42), see Ref. 31.

dEquation (43) with @ =0.3 and b =0.1.

at least for the small distances studied. Such a conclusion
will be confirmed below from exact calculations of AE ..

In contrast, AE'!), appears to be slightly more sensitive

to intra-atomic correlation. For all distances, the effect
of correlation seems to be to increase Hartre-Fock re-
sults. It should be noted that a similar conclusion has
been obtained within the framework of ab initio calcula-
tions using CI wave functions,>>3® for larger distances (R
ranging from 3.0 to 7.0 a.u.).

Let us now present some exact calculations of the
first-order RS interaction energy. The basic expression
for practical calculation of AE izls) is obtained by rewriting
expression (15) in terms of stochastic averages with
respect to the diffusion process built from yglyg [Eq. (38)]
and by resorting to the property of ergodicity of the
diffusion process [Eq. (31)]. One gets

—f’/i: (Ef+EP—E4—EB )(X(s))ds]dq—
—t T

(1) — 713 :
AERs IETOO TETOO -l—fTex
T Y0 P

—t/2+T

where X(s) is an arbitrary stochastic trajectory of the
diffusion process built from gly8. In contrast with
preceding approximate evaluations of AE‘RIS) which were
based only on the use of the stationary density, formula
(48) also makes use of the dynamical properties of the
diffusion process. Accordingly, exact calculations of
AE ) [using Eq. (48)] are subject to the short-time error
resulting from the nonexact form of the transition proba-
bility density used. The usual way of handling this prob-
lem is to repeat calculations for different values of the
time step At and then to extrapolate results to zero time
step by using a more or less sophisticated extrapolation
procedure (see, e.g., Refs. 14, 17, and 32). Exact calcula-
tions of AE‘RIS) displayed in the last column of Table IV
have been obtained with Az=0.01 a.u. For such a time
step, the short-time error turned out to be smaller than
statistical fluctuations. Accordingly, results of Table IV
may be essentially considered as exact within the statisti-

— [T (BAHEP—EPA—EPP)(X(s))ds

; (48)
dr

cal noise. It is seen by comparing the second and last
columns of Table IV that for distances ranging from
R=1.5 to 2.0 a.u, no differences appear between
Hartree-Fock and exact results (up to statistical fluctua-
tions). It is therefore concluded that intra-atomic corre-
lation contribution to AEY{ is certainly negligible at

these small distances.

B. Second-order Rayleigh-Schrodinger
interaction energy

Calculation of the second-order RS interaction energy
is based on Eq. (18):

AER =~ [T wdu (49)
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where Cu ) is the connected two-time autocorrelation
function of ¥ 42 with respect to the diffusion process con-
structed from ¢¢ldE, namely,

Cu)=(VB(X(0))VB(X(u)))

oled

1

CYu)= lim lim r

SV )V X (7t )exp
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where VAB=p 48— ( VAB)¢A¢B. By expressing the sto-
070

chastic average in terms of stochastic averages with
respect to the diffusion process constructed from Y8
[Eq. (38)] and by making use of the ergodic property (31),
the following expression suitable for computational pur-
poses is obtained:

dr

= B EE B~ BT NX(s)ds
-t T

t—+ooT—+w

1 T
?fo exp

and the numerical evaluation of this expression is per-
formed as usual. On the other hand, by using the basic
definition of stochastic averages in terms of probability
densities [Eq. (13)] and by resorting to expressions (14)
for these densities, the following form for C(u) is ob-
tained:

Cu)=" [ pdBl(V AB—(V4B))|4Ap2)|?
ij

~uw(EAEP-EJ —Ef)

Xe (52)

Accordingly, it is seen that C(u) is written as an infinite
sum of real exponentials with true excitation energies of
the noninteracting systems as exponents, and squared
centered transition moments of ¥ 42 as amplitudes. Due
to this form, it is natural to fit the calculated function C*¢
by a function expressed as a sum of a finite number of
real exponentials, namely,

‘.u

N —
Clu)="3 ce (53)

i=1

At the distance studied (R =2 a.u.), this fit was per-
formed from a set of 50 calculated values of C¢ uniformly
distributed in the time interval (0,2). The method used to
perform the fit is a recently proposed method based on a
Padé analysis of the Laplace transform (or eventually
other integral transforms) of the function to analyze.
This method is presented in detail elsewhere (see Ref. 37).
We found out that a three-real-exponentials description
was sufficient to correctly describe our data. The follow-
ing amplitudes and exponents have been obtained:

¢,=0.03377, A,=1.7539,
¢,=0.08087, A,=5.4948 ,
¢;=0.06304, A,=19.025 .

Having an analytical expression of the autocorrelation
function, AE{Z is readily obtained from Egs. (49) and
(53); one obtains

Ci
A

1 ]

N
AERGZ=—3 (54)
i:

= EBAEP B —EQ)(X(5)ds
-t T

dr

The autocorrelation function obtained for the intra-
atomic distance R =2 a.u. is presented in Fig. 1. Note
that the statistical fluctuations for all data are rather
small, except at the initial time value u =0. This feature
is explained as follows. From expression (52) of C(u), it
is seen that C90) is nothing but the average of
the squared centered potential C0)
=(¢fpBl(V1E)2|psp8). When a particle of A (respec-
tively, B) is close to a particle of B (respectively, A4), this
latter quantity is essentially given by (1/r%), where r is
the interparticle distance. This average has a well-defined
value but an infinite variance. Special techniques for han-
dling this difficulty could be used (such as the introduc-
tion of a cutoff as made in Ref. 38). However, it should
be noted that this difficulty occurs only for u =0. Ac-
cordingly, in order not to bias our analysis, we decided to
remove the initial point from the set of data used to per-
form the fit. However, it should be noted that the initial
value was correctly recovered by the fit function (53).
The result obtained for AE at R =2 is presented in
Table VI and is compared with an ab initio SCF perturba-
tional calculation of the same quantity (method presented

0.20

Q.15

Q.10

0.05

correlation function (arb. units)

(0] 05 1.0 1.5 2.0
time (arb. units)

FIG. 1. The autocorrelation function of the intermolecular
potential computed by Monte Carlo simulation vs the time u
[Eq. (50)].
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TABLE VI. Second-order RS interaction energy.*
AER (SCF)*
—0.030

R® AE (QMC)*°
2 —0.0375(11)

*All quantities are given in atomic units.

®Interatomic separation.

‘Equations (49) and (51). Statistical uncertainites are indicated
in parentheses.

d 4b initio SCF calculation, see text.

in Refs. 11 and 22). The numerical calculation was car-
ried out by using an (8s,3p,2d ) Gaussian basis set. The
major conclusion resulting from comparison between ex-
act and Hartree-Fock calculations of AE 2 is that intra-
atomic correlation contribution to AEYS is important.
At the distance studied (R =2 a.u.), it accounts for more
than 20% of the exact value. It is therefore essential to
take account of such a contribution in any accurate cal-
culation of interaction energies.

IV. DISCUSSION

Let us summarize what has been done in the present
work. First, a very compact expression for the nth-order
Rayleigh-Schrodinger perturbational energy has been de-
rived within the framework of diffusion processes [Eq.
(12)]. This formula expresses the nth-order component of
the energy as an (n—1)-time integral of a connected
correlation function of the perturbing operator. It should
be stressed that it is a very general formula which can be
used in any problem for which a perturbational approach
is desired. However, in the present work we focused our
attention on a specific application: the calculation of per-
turbational components in intermolecular interactions.
In order to be able to compute the main part of the ex-
change interaction energy (a contribution resulting from
the change of antisymmetry properties between the
monomer -and the interacting dimer), a high-quality ap-
proximate expression for this quantity (defined beyond
the commonly used Hartree-Fock approximation) has
been derived. In order to demonstrate the feasibility of
our new approach we have carried out some test calcula-
tions for the interaction of two helium atoms at small dis-
tances. For this small system comparisons with more
standard calculations using ab initio techniques are very
satisfactory. Potential advantages of this new approach
with respect to commonly employed ab initio methods
may be summarized as follows.

(1) No basis-set expansions are used. Accordingly,
well-known difficulties associated with basis-set calcula-
tions are avoided.

(2) Infinite summations appearing in the usual Bloch-
Briicker formulation of perturbational components are
not performed. Consequently, good representations of the
infinite (continuous) set of excited wave functions and cal-
culations of transition matrix elements of the perturbing
operator between all intermediate states are not needed.
Actually, the resolvent of the unperturbed Hamiltonian
(responsible for the occurrence of infinite sets of inter-
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mediate wave functions in the usual formalism) is impli-
citly taken into account through the transition probabili-
ty density [see Eq. (14b)] of the underlying diffusion pro-
cess. In practice, the transition probability density may
be easily simulated [from Langevin equation (32)] only by
using an approximate expression of the ground-state
wave function of the unperturbed Hamiltonian.

(3) Quantities difficult to evaluate within ab initio
frameworks, such as intramonomer correlation contribu-
tions or high-order perturbational terms (third order, for
example) are in principle easy to evaluate.

However, a number of potential difficulties may also
exist.

(1) When applying formula (12) to systems involving
fermions, it has been seen that the fixed-node procedure
must be avoided, whatever the quality of the nodes of the
trial wave function used. By making use of a projection
approach, this problem may be in principle solved. How-
ever, it is known that such approaches are in general
quite unstable numerically due to the sign problem. Only
realistic calculations on bigger systems will permit one to
give a precise answer about the feasibility of such a pro-
posal. However, let us once more emphasize that this
problem disappears when bosonic-type systems (or more
generally when no change of symmetry between the un-
perturbed and total Hamiltonian occurs) are treated.

(2) It is not clear at this stage what the dependency is
of statistical fluctuations on the order of the perturba-
tional component considered. Here also the importance
of such a difficulty could be very dependent on the system
treated and on the quality of the trial wave function used.

The next step of this work will be to make calculations
for interaction of bigger systems [such as (LiH),, Be,, or
(H,0),, for example]. Expected practical limitations of
the method result essentially form present limitations of
QMC methods for treating monomers. Indeed, it is
known that a serious increase of statistical fluctuations
with the number of electrons treated is observed for
atomic and molecular systems (see, e.g., discussion in
Ref. 39). In the present method, this means that an in-
crease of statistical fluctuations on intramonomer local
energies must be expected when treating systems of in-
creasing size. In practice, calculating interaction of sys-
tems having up to ten electrons should be considered as a
reasonable limit at the present time. However, it is clear
that any future improvement in the efficiency of quantum
Monte Carlo methods for treating electronic structure
would directly improve the practical possibilities of the
present method.
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Abstract. —~ A method for accelerating the rate of convergence of the long-time (or small-
temperature) limit of quantum Monte Carlo approaches is presented. To do that, a variation of
the Lanczés algorithm suitable for QMC data is introduced. This algorithm allows one to extract
more information from correlation functions at small times, thus avoiding large statistical
fluctuations associated with large times. It is first applied to an exactly soluble system and then
to the LiH molecule. Calculations using both the fixed-node and nodal-release approaches are
discussed.

Quantum Monte Carlo (QMC) methods have proved to be powerful techniques for solving
the Schrédinger equation. They have been applied to a variety of problems [1] such as the
study of quantum liquids and solids, the electron gas or the electronic structure of small
molecules. In each case, very accurate results for some properties of these systems have
been obtained. Although there exists a number of variants of QMC methods, the common
idea in the approaches we consider here consists in projecting out the ground-state
component of a known trial wave function, ¥y, by applying a suitable projection operator to
this function (exp [— tH] in diffusion Monte Carlo (DMC) or 1/(H — E)" in Green’s function
Monte Carlo (GFMC) methods, H denoting the Hamiltonian operator) and then letting the
projecting parameter (¢ or n) go to infinity. Within the framework of DMC methods used in
this work, this projection procedure takes the form

exp[— tH1¥r— ¥+ O(exp[—tAE]), ast—o>x, ¢))

where ¥, denotes the ground-state wave function and AE is the gap in energy between the
first two eigenstates having a nonzero overlap with the trial wave function.

This long-time limit may be difficult to perform. Certainly the most well-known
illustration of such a difficulty is the so-called sign problem occurring in exact simulations of
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fermion systems. This problem has been discussed in detail in many places (see, e.g., [2-4]).
It can be summarized as follows. Fermion matrix elements of the operator exp[— tH]
decompose as a difference of two boson contributions corresponding to even and odd
permutations of the particle labels. At large times ¢ (or low temperatures), the two boson
contributions nearly cancel and the resulting fermion contribution becomes rapidly
exponentially smaller than the statistical fluctuations. Accordingly, only reasonably small
values of t may be used in eq. (1) in a fermionic simulation and convergence of the limit may
not be possible in practice. Even in bosonic-type calculations the long-time limit can be
difficult to handle for quantities other than the energy, particularly for systems involving a
large number of bosons. For example, to compute ground-state expectations of operators
not commuting with H requires a similar projection at large time (see, for instance, the
discussion in [5]).

In this work we propose a new procedure for taking advantage of the information
contained in data at small values of the projecting time t, thus minimizing the effect of
statistical fluctuations at large times. We shall present this procedure within the framework
of a variant of the DMC approach—the pure diffusion Monte Carlo method [6}—although
any other Monte Carlo scheme could be employed without essential changes. Consider the
projected trial wave function at time ¢:

Vr(t) =exp[— tH] ¥r. @

With quantum Monte Carlo techniques, quantum averages with respect to i may be
computed. In what follows the norm n(f) of ¥1(¢/2) and the average A(f) of H over ¥r(t/2)
will be used:

n(t) = (Fr(t/2)| Tr(t/2)) = (¥r|exp[— tH]| ¥r) (3a)
and
h(t) = (Fn(t/2) | H| Fr(t/2)) = (¥r|H exp[— tH]| ¥1) . (3b)

These matrix elements of exp [— tH] may be computed as stochastic averages over a set of
drifting random walks generated by using a Langevin equation. Denoting (...)prw the
stochastic average, n(f) and h(f) may be written in the following form:

DRW

n(t) = (¥s| ¥o) <w(R(o>) w(R(®) exp [— | EYRG) dsD (40)
0

and

h(t) = (¥s|¥5)

¢
: <w(R(o>) wR®) 5 (ELRO) + EUR®))exp [ - [ EY(R®) ds]> N
0 DRW
Here w= ¥'1/¥ is a weight factor involving the trial wave function, ¥, and the guiding
function, ¥, a strictly positive function responsible for importance sampling; Ef = H¥ /¥
is the local energy associated with ¥y, Ef = H¥ /¥ is the local energy associated with ¥,
and R(s) stands for the drifting random walk in the 3N-dimensional configuration space. The
normalization factor appearing on the right-hand side of each expression will be immaterial
in what follows. Equations (4) are a generalization of the well-known Feynman-Kac formula.
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For a detailed presentation and derivation of these formulae, the reader is referred to
previous works [6]. At this point, we would like to emphasize two situations that will be
encountered in what follows. When ¥ is chosen to be |¥;|, random walks generated by the
Langevin equation are trapped in subdomains of the configuration space delimited by the
(3N — 1)-dimensional nodes of the trial wave function ¥; and no change of sign for the
weight factor occurs. This stable approach is called fixed-node approximation, since the
nodes are in general approximate. On the other hand, when ¥ is chosen to be strictly
positive everywhere, no approximation is made but weights have no longer a definite sign
for fermions. This exact but unstable method will be referred to as the nodal-release
approach. More details about both approaches may be found elsewhere [3, 6].

The standard way of extracting the exact energy from a set of QMC data {n(t,), k(t)}i-1 n
consists in looking at the ratio

—Z%‘—) E 0 as t—> o, (5)
To do that, matrix elements are computed up to values of ¢ necessary to reach the
convergence. The main point of this work is to use information contained in &, n at smaller ¢.
This is important due to the increase of statistical fluctuations as ¢ goes to infinity. This idea,
which in fact takes its origin in the somewhat different context of effective Hamiltonian
theory [7], is implemented here in a quite simple way.

Let us define the following basis set of size n consisting of the projected trial wave
function evaluated at » different times:

(T, Frd), ..., TotD}={t, ta, coy t}.

For finite n, such a basis set is in general linearly independent and may be used to
diagonalize H. To perform the diagonalization, the matrix elements H; of H and N;; of the
unity operator between two arbitrary functions of the basis set are needed. It is easy to
check that such matrix elements may be in fact trivially expressed in terms of the matrix
elements (3) as follows:

Hy= (¥1(t)|H| F1(t)) = bt + &) (6a)
and
Ny= (Tt | Fr(ty)) = nlty + 1) (6b)

This is important since it means that no extra quantities beyond the usual matrix elements
(eq. (3)) are required. Then once H and N are estimated with QMC, the generalized
eigenvalue problem is solved by standard numerical methods. At this point, it is important
to emphasize that the algorithm proposed here is nothing but a variation of the well-known
Lanczés algorithm with ¥’ playing the role of the initial vector and exp [— tH] playing the
role of H. Using the terminology of Krylov spaces [8], this can be rephrased by saying that
H is diagonalized within the Krylov subspace {¥r,exp[—t,H]¥r,...,exp[—t, H] ¥}
instead of the Krylov subspace {¥r, H¥r, ..., H* ' ¥’} as in the Lanczos algorithm. Note
that the standard method described by (5) may be viewed as a rather trivial case for which H
is diagonalized within the one-dimensional subspace defined by Tr(t/2).

Let us first present the application of this approach to an exactly solvable problem
namely the harmonic oscillator described by the Hamiltonian H = — (1/2)(d%da?) + (1/2) Kux?,
The trial wave function is chosen to be Gaussian (different from the exact solution) and since
the kernel of exp [— tH] is also Gaussian, exact expressions for matrix elements (3) may be
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TABLE 1. — Comparison between the Lanczés-type algorithm and the standard method for the
harmonic oscillator. Hamiltonian corresponding to K = 3.0, trial wave function (*) with k= 1.

This work Standard method (%) Exact

Basis set (%) Eigenvalues Basis set () Eigenvalues

{0.0} do=1.0 {0.0} do=1.0

{0.0, 0.02} 2o =0.88 {0.02} Ao =0.98
A =5.1

{0.0, 0.02, 0.04} 2o = 0.8668 {0.04) 2o =0.96
Ar=44
)\2 =94

{0.0, 0.02, 0.04, 0.06} 2o = 0.8661 {0.06) 2o =0.95
Al =4,34
Jo="1.86
Ag=13.9

{0.0, 0.02, 0.04, 0.06, 0.08) X, = 0.86603 {0.08) Ao =0.94 o= 0.8666025...
A1 =4.331 A1 =4.3301...
A2 =17.80 Ag=T.7T94...
)\3 =12.0 A3 =11.258...
Ay=18.4 Ay =14.72...

@ ¥r=kim)™ exp [ (VE2) %),
(b) Equation (5).
(¢) Basis set defined as {t;, &, ..., t,} = {exp[~ t, H] ¥, exp[- L, H] ¥, ..., exp[—t, H] ¥y}, see text.

obtained. Table I presents results obtained when using a basis set of increasing size and
compared to those resulting from (5) using only the last component of the set. For the case of
the Lanczés-type algorithm all the eigenvalues are given. A few remarks are in order. First,
it is clear that the lowest eigenvalue in the Lancz6s approach converges quite rapidly toward
the exact energy. This is in sharp contrast with the standard method which would require
much larger times to achieve the convergence. A way of understanding this may be put as
follows. Diagonalizing H within the subspace {t, ¢, ..., {,} may be viewed as constructing
the best wave function written in the form of a linear combination of the projected trial wave
function defined at different times, > ¢, ¥1(t;). This combination has much more variational

k
freedom than the one-state approach using only {¢,} and therefore the resulting improv-
ement in energy may be important.

A second point worth mentioning is that excited-state energies may also be obtained in
principle. Results presented in table I show a good convergence of excited-state eigenvalues
toward their respective limit, at least for the first two. Note that, according to the
MacDonald variational theorem applying for linear variational calculations[9], all the
eigenvalues A;(f) are always greater than the corresponding exact eigenvalue of the
Hamiltonian, the equality would be obtained by letting ¢ go to infinity. How far 2;(f) is from
E;= 2;,() for a given time ¢ depends essentially on the overlap between the exact excited-
state and the trial wave function. The problem of evaluating excited-state energies will not
be discussed further, since the obtained results are not representative of the typical case
where matrix elements have statistical errors. However, note that this approach may be
readily generalized to the multiple-state method for computing excited-state properties of
Ceperley and Bernu [10].
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Fig. 1. - Fixed-node energy as a function of the projecting time ¢ for the LiH molecule for both the
standard method (@) and the proposed Lanczoés-type method (0). The dashed line indicates the exact
energy. The small difference between the energy obtained for large times and the exact energy is due
to the fixed-node error. Energy and time in atomie units. The curves are only a guide to the eye.

Fig. 2. - Nodal-release energy as a function of the projecting time ¢ for the LiH molecule for both the
standard method (®) and the proposed Lanczés-type method (0). The dashed line indicates the exact
energy. Large fluctuations at large times in the standard method result from the fermion sign
problem. Energy and time in atomic units. The curves are only a guide to the eye.

Let us present a realistic application to the LiH molecule involving quantum Monte Carlo
evaluation of matrix elements (3). In order to deal with the fermionic constraints, we have
used both the approximate fixed-node and exact nodal-release approaches. Figure 1
presents the convergence of the fixed-node energy as a function of the projecting time ¢ for
both the standard method (5) (upper curve) and the proposed method (lower curve). With
the Lanczés-type approach convergence is reached at times ~ 1.6 a.u., while the standard
method requires times greater than 3 a.u. Statistical errors for both curves have been
obtained by computing the dispersion of results over a set of independent calculations.

There is a serious numerical problem in applying this scheme to Monte Carlo results.
When ¢ goes to infinity the projected trial wave function ¥'r(t) converges exponentially fast
to @, eq. (1). Accordingly, projected trial wave functions at large times become almost
identical. Hence the matrices become nearly singular and, because of the finite precision on
machine, it is not possible to use basis sets of arbitrary size if there is any statistical error on
the matrix elements. We circumvented this problem by employing basis sets small enough
to lead to well-conditioned matrices. For the case presented in fig. 1, the successive basis
sets employed are: {0.0}, {0.0,0.4}, {0.0,0.4,0.8}, {0.0,0.4,1.2}, ..., and {0.0, 0.4, 2.8}
with At=0.005a.u. as time step. The energy obtained in both calculations is — 8.0691(6)
((99 £0.7% of the correlation energy is recovered).

Figure 2 presents our calculations using the exact nodal-release procedure. The positive

guiding function used here is of the form ¥;= -\/W?p+eﬂp(r,-), where [[¢ denotes the

Hartree density corresponding to the trial wave function ¥’r. The switching parameter 6 has
been chosen to have a value of 0.48 so as to minimize both statistical fluctuations on the local
energy Ey, = H¥ /¥ and fluctuations arising from crossings and recrossings of nodes [3].
The upper curve of fig. 2 represents the variation of the energy vs. the projecting time as
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obtained with the standard method (5). The fermion sign problem is evident as ¢ becomes
greater than 2.0 a.u. The lower curve has been obtained by applying our algorithm with the
successive basis sets: {0.0}, {0.0,0.2}, {0.0, 0.2, 0.4}, {0.0,0.2, 0.6}, {0.0,0.2, 0.8}, and
{0.0, 0.2, 1.0} with At =0.005 a.u. Within statistical fluctuations the convergence is reached
for ¢ ~2.0u.a., that is before statistical fluctuations arising from the sign problem become
too pathological. The resulting energy is E,= —8.070(1), compared with the exact
nonrelativistic energy of — 8.0699 [11].

These good results should be taken with caution. The main point to emphasize is that by
using a linear variational calculation the energy is expressed as a lowest eigenvalue which is
a nonlinear function of the matrix elements (3). The stability of the eigenvalue with respect
to statistical errors has been obtained here at the expense of a high-quality evaluation of the
matrix elements. It is not clear whether such a quality can be obtained for fermionic systems
involving a large number of particles. However, the results presented here are important
since they demonstrate that QMC data at small times, that is before the sign catastrophe
occurs, may eventually contain enough information for computing exact fermionic ground-
state properties. In a forthcoming work, a more stable and general method for taking
advantage of this information will be presented [12].
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We study a model of strongly interacting lattice bosons with a Gutzwiller-type wave function that
contains only on-site correlations. The variational energy and the condensate fraction associated with
the variational wave function are exactly evaluated for both finite and infinite systems and compared
with exact quantum Monte Carlo results in two dimensions. This ansatz for the wave function gives the
correct qualitative picture of the phase diagram of this system; at commensurate densities, this system
enters a Mott-insulator phase for large values of the interaction.

Strongly interacting boson systems have been exten-
sively studied for a long time. Apart from the usual A
transition between the superfluid and the normal liquid at
a given temperature, systems of bosons in an external po-
tential may also undergo a superfluid-insulator transition
at T =0 upon a change of strength in the interaction or
the conditions of the environment. Such a phase transi-
tion has recently been studied in several works for a mod-
el of strongly interacting lattice bosons interacting with a
repulsive on-site interaction. The model described by the
Hamiltonian

HzT’ > (a,.*aj+H.c.)+gzn,.(ni—1) (1)
(iyj) i

is the focus of the present Brief Report. It describes a
system of M bosons on a lattice with N sites in d dimen-
sions. This system exhibits a superfluid phase for all
values of the interaction U and noncommensurate densi-
ties; i.e., p=M /N not an integer. Indeed, some particles
can always gain kinetic energy at no cost in potential en-
ergy by hopping to sites occupied by a smaller number of
particles. At commensurate densities (i.e., integer p), the
model also exhibits a superfluid phase at small U /¢ since
the penalty in potential energy is not large enough to
offset the gain in kinetic energy that delocalizes the parti-
cles. However, for large enough interaction, this is no
longer true, and the system is trapped into a Mott-
insulator state. Accordingly, there exist two transitions
from the superfluid phase to the Mott-insulator phase: (i)
when U/t approaches some critical value U, /t at com-
mensurate (integer) densities #. and (ii) when the density
p approaches n. at large on-site repulsion U /t.

A scaling theory of these transitions has been worked
out by Fisher et al.! They have shown that transition (i)
is in the universality class of the (d +1)-dimensional XY
model, whereas (ii) is described correctly by mean-field

45

theory in any dimension.

Apart from considerations of universal quantities, the
explicit phase diagram of this system is of interest. These
questions have recently been addressed in exact path-
integral Monte Carlo (PIMC) simulations in both one and
two dimensions.>3 More general, if approximate, infor-
mation is provided by mean-field theory, in which the lo-
cation of the phase boundaries can also be determined. A
mean-field-theory treatment of this model has been indi-
cated in the work by Fisher et al.!

In this work we present an exact variational calcula-
tion with a Gutzwiller-type wave function

N
-7nN):Hf(ni)6

i=1

Y(n,,n,,..

N
> n,-—M] , (2)

i=1

for both finite and infinite lattices. This wave function
does not incorporate any information on the geometry or
dimensionality of the lattice and is therefore also mean
field in nature. In particular, it does not include long-
range correlations arising from zero-point phonons:
These must be described by a Jastrow factor of the type
exp[ 3, g(r;—r;)] multiplying Eq. (2), with g(r) de-
caying as r 2 for large ».* This term would ensure a
correct behavior of the structure factor S(k) for small k
and hence the correct spectrum for low-energy excita-
tions. However, inclusion of this factor ruins the appeal-
ing feature of Eq. (2), namely, that it leads to an explicit
solution for all values of the interaction U /¢t and density
p-
We use two variational approaches: a general minimi-
zation with respect to the {f(n),n=0,1,...} and a
simplified approach in which f(n) is parametrized ac-
cording to

F(n)~ exp(—kn2/2)/V'n!, (3)

and where the optimal parameter k minimizing the ener-
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gy is sought. This parametrization corresponds (in posi-
tion representation) to a wave function with a contact
term W(ry,ry, ... ,ry)=exp[—«k/23,;.;8(r;—r;)]. As
we shall see, the two approaches are equivalent for all in-
tents and purposes: They give the same asymptotic be-
havior [U/t—U./t=d(\/n,+4v'n.+1)}] for com-
mensurate densities p=n, and at U/t=c for incom-
mensurate densities, and agree closely in the numerical
values for the energy and momentum condensate. As the
critical value U, /t (at p=n,) is approached from below,
there is a second-order phase transition from the
superfluid into a Mott insulator with an energy per parti-
cle, E~—(U,— U)?, below the transition and E =0
above it. As the parameterized form of the wave function
is considerably simpler to evaluate for the finite systems
(which we can then compare to the exact numerical cal-
culations), we shall base much of our detailed calcula-
tions on this version.

We are also able to calculate the condensate fraction
associated with the wave function (the Fourier transform
at k =0 of the one-body density matrix), n(k =0). One
obtains n(k =0)~U,—U below the transition and
n(k =0)=0 above it. For incommensurate densities the
condensate fraction is strictly positive for any value of U,
demonstrating that the system is always superfluid. We
given an explicit formula for n (k =0) as a function of the
density p.

We have in addition performed high-precision simula-
tions of the two-dimensional model (d =2) using a zero-
temperature diffusion Monte Carlo scheme?® [it is for this
reason that we use a canonical formulation in Eq. (2)].
This allows us to compare the variational energy (at finite
N) with the exact energy at all values of the parameters,
especially away from the critical point where the solution
is expected to be accurate. The exact energy for a system

J

[SVn+1f(n)f(n+1)explirn)]
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with 16 bosons (p=1, d =2), e.g., is found to be off by
about 20% at U/t =6, by 5% at U/t =4, and by 1.5%
at U/t=2. The critical interaction U,/t=6+4V2
~11.66 (at density p=1, in two dimensions) compares
well with the value of U, /t~8.5 found in a previous
work? from two-dimensional PIMC simulations.

We now present the calculations for this model. The
norm of the wave function is given by

N N
(YIW)Y=TI |3 fin;) |8 zn,.—M]. @)
i=1 | n i=1
This can be written as
(ww)y= " 42 eong(f) (5)
— 2T
gfiM)=—idp+In| 3 fin)explirn) (6)
n=0

Similarly, we find, for the potential and kinetic energies,

Epot E o (fid)
7 dA
(W] 1Y=N [T " exp[Ng (f,0)] :
Eyin Eiin(f,1)
(7
with
_ n(n—1)f%n)expliin)
B =g 2 DI ®)
2 > f4n)exp(iAn)
and
9)

E. (f,A)=—dt i\
kin( /1) exp(i2) [Efz(n)exp(ikn)]2

For the given wave function, the condensate fraction is
proportional to the kinetic energy per particle. We find
that n(k =0)=—1/(dN)E;,.

For finite systems the integrals [Egs. (5) and (7)] have
to be calculated explicitly. In the N— o limit, of course,
the integrals are given by the values of the integrands at
their saddle point A, which is located at A=0, provided
that p= S2_onfin)/ S2-of X(n) [cf. Eq. (6)]. Under
this condition [and considering properly normalized wave
functions 3 2_,f%n)=1], the energy per particle is
given by

2
dt | &

=—— | I Vn+1fn)f(n+1)
p n=0
+ 2 in(n—l)fz(n). (10
2P n=0

From this equation we can now obtain the optimal values

f

of the parameters f(n), n=0,..., o, by solving for
OE /9f (n)=0 (under the constraints stated above). This
can easily be done by iteration.

Equation (10) can also be solved asymptotically in the
limit U/t—U./t, for commensurate densities n., and
U/t — o (for incommensurate densities). In fact, we can
show that a self-consistent ansatz for f(n) close to the
transition is given by f(n.)=Vv1—2¢ and f(n . £1)=Ve
with e <<1 and f(n,+2)<<V'¢, etc. In this limit the en-
ergy [Eq. (10)] reduces to

=——££e(1-2e)(\/71:+\/nc+1)2
c

U

2n

+ [2e+n(n.,—1)]. (1n

c

A simple derivation of E with respect to € shows that
the probability € to have n.£1 particles on one site van-
ishes at the critical interaction U,/t=d(V/'n,
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+1/n.+1)% Close to the transition (A=U, ./t —U/t),
the energy is given by
_AZ

E(A)= 4n. U,

(12)

For U > U, we find that E,;,; =0, E,, =U /2(n,—1).

Our complete results for the commensurate case p=1
are presented in Figs. 1-3. In Fig. 1 we show the evolu-
tion of the probability to have a site occupied by n parti-
cles, f%(n), with U/td for n =0,1,2,3,4 [cf. Eq. (10)].
Note that f2(n) quickly becomes extremely small for
n=3.

In Fig. 2 we show the energy per particle of the system
as a function of the variational parameter « for different
values of the interaction (U /td =1,3,5,7) for a finite lat-
tice with size N =16 [from Eq. (7)] and for the infinite
lattice [from Egs. (8) and (9)]. The optimal value of the
parameter, K, is marked also. The variational energy
E(kyy) is on this scale indistinguishable from the one
given by the more general E[{f(n)},,].

The inset in Fig. 2 gives the value of x,, as a function
of U, as determined numerically, both for the finite and
infinite systems, where it diverges as k.~ In(U,./
t—=U/t).

Figure 2 contains one more important piece of infor-
mation. The horizontal lines underneath each curve for
the finite system give the exact value of the ground-state
energy for the corresponding two-dimensional (2D) sys-
tem (with N =16), as determined with a pure-diffusion
Monte Carlo method.> For example, we find a ground-
state energy per particle of E=-—0.5111£0.002 at
U/t=6 (in 2D), whereas the variational energy is
E, . =—0.401 for the optimal solution {f(n)} and
E . =—0.388 for the wave function parametrized ac-
cording to Eq. (3). The agreement of the variational ener-
gy with the exact solution is good, considering the simpli-
city of the wave function.

In Fig. 3 we show the values of the momentum conden-
sate for this case of p=1, both for the finite case N =16
and in the infinite system and compare them to the exact
superfluid density at N =16 (cf. Ref. 2). The numerical
calculation of the momentum condensate, although in
principle possible,® has not been carried out for this mod-
el, in contrast to the (more interesting) superfluid density.

opt

2(n)

U/td

FIG. 1. Probability f%(n) of a site to be occupied by n parti-
cles vs interaction U /td for n =0, 1,2,3,4.
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FIG. 2. Variational energy (scaled by the dimension of the
lattice ) E/d vs variational parameter k at density p=1 for
U/td =1,3,5,7 (from below). N = (solid line, solid circles)
and N =16 (dashed line, open circles). The exact ground-state
energies for N =16 in two dimensions are indicated by horizon-
tal lines. The inset gives the optimal values of the variational
parameter, K.y, as a function of U /td for both N =16 and .

As is well known,”® there is no direct relationship be-
tween the two quantities away from the small-U /¢ re-
gion, where the agreement is excellent. In general, the
fact that n (k) > 0 only allows us to conclude that the trial
wave function describes a superfluid. For N= o, n(k)
goes to zero as (U, —U)/4dtn, at the transition into the
insulating state. In two dimensions the transition takes
place at an interaction strength of U./t =11.66, which
compares well with the exact value from the PIMC simu-
lations, which yield U, /t ~8.5. The critical exponent, of
course, coincides with the mean-field one and cannot be
expected to coincide with that ( ~0.669) predicted by the
scaling theory of Fisher et al.!

=0)

n(k

U/td

FIG. 3. Variationally calculated values of the momentum
condensate n(k =0) vs interaction (scaled by the dimension)
U/td for density p=1. N =0 (solid line) and N =16 (dashed
line). Also shown are the exact values of the superfluid density
ps/p for the system with N =16 in 2D.
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FIG. 4. Variational energy E /d vs « at density p=0.75 for
U/td =1,3,5,7,9 (from below). N= o (solid line, solid circles)
and N =16 (dashed line, open circles). The exact ground-state
energies for N =16 in two dimensions are indicated by horizon-
tal lines. The inset gives the optimal values of the variational
parameter, k,y, as a function of U/td at N =« for densities
p=0.75,0.85,0.95.

At a general incommensurate density p
(n,—1<p<n.) and U/t =, we can again perform an
asymptotic analysis with a self-consistent ansatz
fln,—1)=a and f(n,)=(1—a?)'2. A calculation
analogous to the one presented for the commensurate
case now yields

U(n,—1)X2p—n,)
pot (K)— 2% . (13)
E,.(k)—>—dt re(ne Zpllp=(n. 7 1)) ) (14)
p

Complete results for the incommensurate case p=0.75
are given in Fig. 4. In the main picture we show again
the energy per particle as a function of the variational pa-
rameter « for different values of the interaction
(U/td =1,3,5,7,9) for a finite lattice with size N =16
and for the infinite lattice. The optimal value of the pa-
rameter, Koy, and the exact ground-state energies for

E

FIG. 5. Variationally calculated momentum condensate
n(k =0) vs density p.

N =16 (in 2D) are also marked. The inset in Fig. 4 gives
the value of «,, as a function of U /td for the infinite sys-
tem ( the asymptotic behavior is «~ — In[2d(1—p)]
+ In(U, —2d)).

Finally, we show in Fig. 5 the variationally calculated
momentum condensate n(k =0) at U/t =« as a func-
tion of p at N=c. From Eq. (14) we can see that
n(k =0)=n,(n.—p)[p—(n.—1)]/p. For large values of
the density (n, —1<p <n,, with n— «), the momentum
condensate is therefore given by the formula
n(k=0)~(n.—p)[p—(n,—1)], with a finite maximum
value of n (k =0)=4 for p=n,—.

In conclusion, we have given a complete treatment of
the problem of strongly interacting lattice bosons in
terms of a Gutzwiller variational wave function. It will
be interesting to see whether this approach can be ex-
tended successfully to provide a suitable starting point
for calculations on more difficult problems, such as the
one of disordered bosons.”!

J.P.B. wants to thank P. Nozieres for discussions on
the problem on interacting bosons.'®
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On the Nonconservation of the Number
of Nodal Cells of Eigenfunctions.
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76252 Paris Cedex 05, France

(received 27 July 1992; accepted 29 September 1992)

PACS. 03.65G — Solutions of wave equations: bound state.
PACS. 33.10G - Vibrational analysis.

Abstract. — The theorem stating that the number of nodal cells of a pure eigenfunction of a
Hamiltonian with a smooth and uniformly bounded potential may change as the potential is
continuously varied, is illustrated by constructing a particular two-dimensional Hamiltonian (two
coupled oscillators) of which one of the eigenfunctions exhibits the nonconservation property.
The analytical form of both the potential (a six-order polynomial) and the eigenfunction is
given.

Very little is known about the properties of the nodes of eigenfunctions of
multidimensional systems. Paraphrasing Korsch [1] we may summarize the few established
properties as follows (here n labels the nondegenerate eigenvalues, E,, n=1,2,3,..,
ordered according to increasing magnitude; for simplicity, the properties are expressed for a
two-dimensional case):

1) The only state having no nodes is the ground state, n = 1.
2) The number of nodal cells of the n-th eigenfunction is not larger than = [2].
3) The number of nodal cells does not necessarily increase with n.

4) The nodal set is generically a manifold; in particular it means that in most cases nodal
lines do not cross in the interior of the domain of the Hamiltonian; however, crossings of
nodal lines are expected at the boundary [3,4].

5) If ¢ nodal lines cross, the crossing occurs at equal angles =/q, in particular at right
angles for g = 2 [5].

6) The total length of the nodal lines in state # is bounded from below and increases
with % faster than n'/%[6].

7) For a Hamiltonian with a uniformly bounded potential and a given energy the
volumes of the nodal cells are bounded from below [7] (strictly greater than zero).

An additional property which has been discussed is whether or not the number of nodal
cells of a given eigenfunction is conserved when a parameter of the Hamiltonian is
continuously varied. A proof that this number is conserved (adiabatic invariant) has been
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given by Robnik [7], but was very soon later on criticized by him as containing a gap [8]
(events such as the merging of two nodal cells along an (N —2), (N — 3), ..., 0-dimensional
boundary in an N-dimensional configuration space were not considered, and indeed we shall
construct below our counterexample in that way). Numerical calculations performed by
Korsch [1] for a rectangular «billiard» deformed into a parallelogram demonstrated that the
number of nodal cells can change when deforming boundary conditions. A similar conclusion
may be drawn from a number of numerical calculations done to study the connection between
nodal patterns of nodal lines of eigenfunctions in the semi-classical regime and «quantum
chaos» (see, e.g., [9-11]). However, it is generally considered that the number of nodal cells in
almost all cases is a conserved quantity, particularly when the energy spectrum is
nondegenerate [8]. To our knowledge, no exact eigenfunction of a nontrivial system changing
its number of nodal cells under a smooth variation of the potential has been exhibited so
far.

The motivation of the present work takes its origin in a recent proposal [12] of computing
the fundamental excitations of coupled oscillators with quantum Monte Carlo (QMC). In this
scheme—relying essentially on a generalization of the fixed-node approach for excited
states—a basic assumption on the nodal structure of eigenfunctions associated with
fundamental excitations was made. More precisely it was assumed that their nodes divide the
N-dimensional space (N oscillators) into exactly two domains. Such an assumption was
considered as reasonable since, by their very definition, the fundamental excitations are
connected continuously (when decreasing the coupled part of the potential) to the
fundamental excitations of some N uncoupled oscillators which, indeed, have this property.
However, although numerical calculations for some model and realistically ecoupled
anharmonic oscillators (compared to the exact results obtained by diagonalizing A using a
large enough Hermite-Gaussian basis set) have strongly supported our basic assumption, an
eventual breakdown of the conservation property could occur. Let us now construet such a
situation for a system of two coupled oscillators.

We consider the following wave function:

‘J/(x, Y, )\) =f(x9 Y, }*) eXp[" @(.CU, Y, )\)]’ (1)

where @ is a smooth and bounded function, f some function determining the nodes of ¢ via the
relation f=0, and A a parameter controlling the deformation of the nodal pattern. The
function @ is chosen so that ¢ describes a bound state, that is ® — + « when || or |y| tend
to infinity (a polynomial form for f being used here, the large-distance behaviour of ¢ is
determined by @). Let us choose f as the simplest function exhibiting the nonconservation
property when varying 2. We take
2
= 2 _ 3 — F \ -
f=y"—-x D o7 @)
where F(2) is some function of A. Regarding the nodal structure of f (or ¢) three different
regimes have to be distinguished:

i) When F(2) > —1/3 the nodes of f divide the plane into two regions.

ii) At the critical value F(4) = — 1/3 the nodal line crosses itself at the singular point
£2(1/8,0). Note that f has been chosen so that the crossing is at right angles as required by
the property 5) stated above.

iii) For F(2) < —1/3 the nodes divide the plane into three nodal cells.

The three different regimes are represented in fig. 1. It should be pointed out that
condition (7) forbids the emergence of an extra nodal cell from an isolated point of the plane



M. CAFFAREL et al.: ON THE NONCONSERVATION OF THE NUMBER OF NODAL CELLS ETC. 583

(the volume of a nodal cell cannot be arbitrarily small at a given energy). Deforming a nodal
line in the way just described above circumvents this problem. The next step consists in
showing that the wave function (1) may be interpreted as an eigenfunction of a physical
Hamiltonian H, namely

Hy=FE{, 3
where
__1[{&* &
H= 2(8902 + ayz)-#V(x,y,)\) (4)

and V is a bounded potential function to be determined. Using egs. (1), (3) and (4) V may be
written as follows:

2
LYY Y v ®)

_ 1 2 _ w2
V—E+2{(V®) Vcli}+2 7 7

The first three terms of the r.h.s. of (5) are bounded at any finite distances and therefore do
not introduce any difficulty (the imposition of the adequate large-distance behaviour of V and
¢ will be treated later). In contrast, dividing by fin the last two terms may lead to unphysical
divergencies in the potential at the nodes. Therefore, we shall seek a solution for @
verifying

= — - = V0 =K, y), (6)

where K is any bounded function well behaved at large distances. Equation (6) may be
rewritten under the form

20 sl =
S Qlx) + 5 R(y) = S(x, y) M

with
Q)= —-322-F, Ry =2y, Sk y=-Kf+1-3z.

It turns out that there exists a polynomial solution of eq. (7) when K is also chosen to be
polynomial. The simplest (lowest-order) form for K is

K(x, y)=K0+K1w+K2x2+K3y2, (8)
the solution @ having the form

O, y)= 2 4aijmiyf . )

i+
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The only nonzero coefficients a;; are

a1o=—%(1+22K70), (10a)
e %(KOF + Ezl—il - 3), (105)
Qg = — % , (10¢)
Qgg = — % , (10d)
U= - % + K;F : (107)
an= -2, (109)
oy = — % . (10Ah)

In addition, the coefficients K,, K;, and K; are related via the following equalities:
KO=§K2+ 22—7(%3—1), (11a)
K= 55, (11b)
K2=£23-(1+1—%y—3)—§173, (11¢)

where

p=F-L 41 (11d)

is a strictly positive function of A. In order to get an eigenfunction describing a bound state,
the higher-order coefficients a4, agq, and as determining the large-distance behaviour of ¢
and V must all be strictly positive. From egs. (10) it follows that coefficients K, and K3 must
be strictly negative. Finally, since no particular conditions hold for K, and X, any choice of
strictly negative coefficients K, and Kj verifying eq. (11c) is a solution of our problem. We
shall exemplify this by choosing K; so that coefficient a,, (eq. (10f)) vanishes, i.e. K; =
= 3K, /2F. From egs. (11b), (11¢), and (11d) it is easy to check that this is a valid choice if F' is
taken to be negative. Note that the only requirement on F to obtain a wave function
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Fig. 1. Fig. 2.

Fig. 1. - Nodal pattern of the wave function ¢, eq. (1). The three different regimes depending on
parameter F are shown. Q is the singular point where the two nodal cells separate.

Fig. 2. — Plot of the wave function § (see table II). Note the zero contour line reproducing the
nodes.

exhibiting the nonconservation property is that F, while varying 2, goes through the critical
value of —1/3. To summarize, we present the potential energy function and its excited
eigenfunction of energy E in tables I and II, respectively. In fig. 2 the wave function is drawn
for the three different nodal regimes. Figure 3 presents the potential energy function at the
critical value F = —1/3. No qualitative changes occur at other values of parameter F.
Finally, we would like to point out that the solution obtained is a nondegenerate one. To see
this, we have performed a careful variational calculation of the lowest eigenvalues by
diagonalizing H using a large Hermite-Gaussian basis set. Results are presented in fig. 4.
They indicate that the eigenfunction just constructed is nondegenerate (note that a crossing
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TABLE 1. - Potential energy function of the coupled anharmonic oscillators: Viz, y) = ' E c; jociyj.
Here P=F*—F/3 +1/9. i+7s6

=g+ 8F . 3 3 1 . 1

8P 8PF 2F 9op2  18p2

Cp = e E
07 2P " gppz  F2 ' gptr | gppz  PF

20, 1 _ 38 _B8F . 1 1

% . 2 . 8IF® 27 1 1 9
= =2 + I e +
‘0= 3pF T pr T gpz " 2P T Tgptrz PRt | ap?

8 . 1 _2IF_ 9

Cy = _——
7 oppr ' pp? ' 4p%  2PF
(o83 1 9
“7 gp2 " gptpr  gpp?
C50 = 2
0T yprp
o= 9
% gpzpe
oL __9 _8IF 207
%" gop2pz 1Pz g2p?  16PF
foo 248 21
“7 39p?  goprR?
oo 129
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BT 4pF? | 4Fp?
(o248 .3 21
27 16P? ' 16PF?  4PF?
27
c =
27 gpep
o 189
“7 gopzpe
e, = 81
7 gpepe

of levels of different symmetry, V is invariant under Y — — ¥y, occurs just before the critical
value) and is the 4th excited state of H in the subspace of even symmetry.
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TABLE II. — Eigenfunction of the coupled anharmonic oscillators: P = F? — F/3 + 1/9.

Yz, y, A) = (y“’ - 2%~ Fzx -~ 22—7)eXp[— A% — Ag &% — g0 x® — g2 * — gy ® — ager®y?)

with

W=~ 3p
3
%0 =~ 3pR
-1 _9F
%2~ ZpF ~ 8P
27
Go4 32PF
9
22 8PF

W

_10//
— 4O 8 //
£ 20 10 B
g 0 08 g -20° )
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Fig. 3. Fig. 4.

Fig. 3. — Plot of the potential energy function for F = —1/3. Other values of F give a similar
shape.

Fig. 4. - Low-lying energies of potential V (table I) vs. F (the arbitrary coefficient ¢y, of V being set to
zero). The constructed wave function ¢ is the 8th level when F > — 0.81 and the 7th for smaller values.
Crossing of the two energy curves (of different symmetries) is indicated by an open circle.
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Imaginary-time correlation functions calculated by quantum Monte Carlo (QMC) are
analyzed using the maximum entropy method (MaxEnt) to determine the ground-state energy
and spectral overlap function. In contrast to earlier applications of MaxEnt, the data is
obtained from importanced-sampled zero-temperature quantum Monte Carlo simulations. The
analysis includes two steps. First, that spectral overlap function and ground state energy
which maximizes the entropy and agrees with the QMC correlation functions is obtained. Then
the errors in the energy are evaluated by averaging over all the possible images (average
MaxEnt method), the multidimensional integrals being computed using the Metropolis
algorithm. The central feature of this approach is that all the information present in the
correlation functions is used in the only way consistent with fundamental probabilistic
hypotheses. This allows us to fully exploit the information contained in the correlation
functions at small imaginary times, thus avoiding large statistical fluctuations associated with
large imaginary times. In addition, the computed errors include both the statistical

errors and systematic extrapolation errors. The method is illustrated with a harmonic oscillator

and the four-electron LiH molecule.

I. INTRODUCTION

It is known to be very difficult to solve the Schrédinger
equation for fermion systems with a Monte Carlo proce-
dure because of the *“sign problem.” This problem arises
because Fermi averages decompose into a difference of
contributions corresponding to even and odd permutations
of the particle labels. At large imaginary times, these con-
tributions nearly cancel and become exponentially smaller
than the statistical error, but large times are needed to
project out from the trial wave function excited state com-
ponents. The increased variance coming from the cancel-
lations at large times will be greatly reduced by exploiting
more fully all the information present in data at small
times. In any case, it is important to estimate not only the
statistical errors, but the systematic errors resulting from
stopping the calculation at a fixed projection time. These
same issues are involved in computing the energy of any
excited state, not just the Fermion ground state.

In a previous work,! we have shown that the usual
methods of calculating the energy are not optimal. More
specifically, using a variation of the Lanczés algorithm for
QMC, we have shown that the ground-state energy could
be recovered from fixed-node or released-node data com-
puted at smaller imaginary times. However, there is no
guarantee that the Lanczds method will use all the infor-
mation present in the data and the stability of the algo-
rithm with respect to statistical fluctuations is bad.

In this work, we present a general procedure for taking
full advantage of the QMC data. In addition, this method
allows one to evaluate error bars on the energies including
systematic errors. The framework employed is Bayesian

*On leave from: Laboratoire Dynamique des Interactions Moléculaires,
Université Paris VI, 75252 Paris Cedex 05, France,
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probability theory and more specifically the maximum en-
tropy (MaxEnt) method. Maximum entropy has been
used in a wide variety of image reconstruction problems
encountered in such different fields as astronomy, magnetic
resonance imaging, neutron scattering, etc.2 MaxEnt is a
general and powerful technique for reconstructing positive
images from noisy and incomplete data. Recently, several
groups have applied this technique to extract dynamical
information from imaginary-time quantum Monte Carlo
Green’s functions of lattice models,>” e.g., a single-
impurity Anderson model.

Here, we propose to apply this method to data from
electronic systems, calculated by zero-temperature quan-
tum Monte Carlo. Although we shall also be concerned
with extracting a spectral overlap, our main purpose is to
estimate the ground-state energy. As explained before, our
ultimate goal is to avoid the sign problem appearing at
large times while still calculating converged results, both
for the ground state of Fermion systems and for quantum
excited states.

Let us briefly outline our approach. Quantum Monte
Carlo can estimate imaginary-time correlation functions of
the form

h(t)=(Yr|e H |V, (1)

where W is a known antisymmetric trial function. This
correlation function is related by a Laplace transform

B(t) = f”’ dE c(E)e~'E (2)

-

to the spectral overlap
c(BE)= X 8(E~E) |(¥r|®)|% (3
i
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where {E,®;} are the ith exact eigenvalue and eigenfunc-
tion of H. In contrast to the usual spectral density, c(E)
includes the squared overlap between the trial function and
the exact excited states. The use of a good trial function
leads to very accurate estimates of the ground-state energy.

Essentially, one is doing Monte Carlo only on the errors of

the trial function.

The usual method of calculating the ground-state en-

ergy from () is to find its rate of decay at large time. Let
the transient estimate energy be defined as

din[h(2) ' ) . ]
ETE(t)=_%‘—l i leera o eme e oo e (4)
Then
imEg(=E. (5

It is this transient estimate which has an exponentially
increasing signal-to-noise ratio at large tlme fora Fermlon

ground state.

The approach considered here is to regard Eq. (2) as

an ill-conditioned inversion problem and ask what spectral
overlaps are consistent with the noisy estimates of 4(f).
Using Bayes’ theorem, we postulate that the probability
distribution of a given spectral overlap is

P(c|hc*) < P(h|c)P(c|c*), =~ (6)

where the likelihood function P(%]c¢) is the distribution of
Monte Carlo errors given a spectral overlap and P(c|c*) is
the prior probability of a given spectral overlap and may
depend on an assumed model spectral function c*. We will
use an entropic form for this prior probability.

The proposed approach includes two steps. First, we
maximize P(c|h,c*) with respect to ¢ and thus determine
the most likely overlap. This we will call the MaxEnt step.
Then, to obtain a reliable estimate of the statistical errors,
we sample possible overlaps with probablhty P(c|h c*)
This we will call the AvEnt step.

The organization of this paper is as follows: In Sec. II,
the quantum Monte Carlo methods used in this work are
discussed briefly. Section III is concerned with the general
presentation of the proposed approach. In Sec. IV, the
main ideas of the method and details of implementation are
presented for a harmonic oscillator and in Sec. V, for the
LiH molecule. Finally, some concluding remarks are made
in Sec. VL )

Il. THE QUANTUM MONTE CARLO METHODS

In this paper, we are concerned with quantum systems
described by a Hamiltonian of the form

1 .
H: —'-2-: 'z V,Z'*' V(rla'"’rN)’ (7)
i=1

where r; is the position of the ith particle and V(R) is the
potential energy. Our analysis is based on the following
three imaginary-time correlation functions:

R () = (W 7| H*O(1) | ¥ 1) (8)

M. Caffarel and D. M. Ceperley: Monte Carlo correlation functions

‘where k={0,1,2}, ¥ is the trial function, generally the

best available computable approximate wave function
known for the system under consideration, and the opera-
tor O(t) is an evolution operator. Two forms for O(z) are
used for continuous systems; they define the two following

algorithms:
(i) Diffusion Monte Carlo (DMC) .
" O(nr)=exp|—nT(H—E7)]; 9

. .(ii) Green’s function Monte Carlo (GFMC)

O(nr)=[1+7(H—Ep)] ™" (10)

Here E7 is the reference energy and 7 is the time step.
--In both approaches, time-correlation functions of Eq.
(8) may be computed as averages over an ensemble of

- configurations (walkers) evolving in the 3/N-dimensional
- configuration space according to some appropriate proba-

bilistic rules. Since both methods will be used to compute

. the time-correlation functions 4% (¢), we shall give a brief
* description of each of them. For the complete description

of the basic aspects of QMC techniques, the reader is re-
ferred to the original works.

A. Diffusion Monte Cario (DMC)

In DMC, configurations advance according to three
elementary processes—diffusion, drift, and branching. In
fact, branching is not a necessary step in DMC sirnce it may
be taken into account by introducing weights in the corre-
lation functions defined along the stochastic trajectories
generated by diffusion and drift. In this case, the number of
walkers remains constant and the notion of trajectory is
identical with that used in a classical molecular dynamics
simulation. In this “pure” DMC, the configurations ad-
vance from 7 to 147 according to

fR 1= [ dRpR-RDSRD, (11
where f(R,z) represents the density of configurations
(walkers) at time ¢ and p(R—R’,7) is the transition prob-
ability density describing the drifted diffusion. In the short-
time approx1mat10n, it has the form

3N/2
’ . _ ' 2
P(R-R,7)= (277'7') exp{—[R'—R—b(R)7]*/27},
: (12)
where the drift is

b(R)=VIn(¥s) (13)

and ¥ a strictly positive function is a guiding (or impor-
tance) function used to increase the efficiency of the sim-
ulation by keeplng the Walk in 1mportant reglons of phase
space. -

= It is possible to show by iterating the relation (11),
and by introducing at each iteration the weight factor

e —E] L, where EG (R)=HVYs(R)/¥sis the local energy as-
somated with ¥, AL (1) may be estimated as

h<°>(t)=1<w(0)w(t)exp —-ftEg(s)ds
0

)
DRW

=~ ° 7 J.Chem. Phys., Vol. 97, No. 11, 1 December 1992
Downloaded 10 Mar 2010 to 130.120.228.223. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



M. Caffarel and D. M. Ceperley: Monte Carlo correlation functions

h(“(:)=1( (WO)w(NMET(0) +ET ()]

Xexp

- fo t EZ(s)ds

’
> DRW

and

RO (1) =I{w(0)w()EL(0)EL (1)

— J:Ef(s)ds

where w(R) =V /¥ is a weight, ET (R) =HWY /¥ is the
local energy associated with the trial function, (:**)prw
refers to the average over drifting random walks generated
by Eqgs. (11)-(13), and I=S \PZG is a normalization con-
stant which will eventually drop out. The practical evalu-
ation of time-correlation functions from Eq. (14) is rather
simple; for more details, the interested reader is referred to
Ref. 6.

Note that when ¥; is chosen to be | ¥ |, drifting ran-
dom walks generated via Eqgs. (11)-(13) are trapped in
subdomains of the configuration space delimited by the
(3¥-1)-dimensional nodes of the trial wave function ¥
and no change of sign of the weight factors w occurs. This
approach is called fixed-node approximation since the
nodes are in general approximate. When W is chosen to be
strictly positive everywhere, no approximation is made, but
the weights have no longer a definite sign for fermions.
This exact, but unstable method will be referred to in the
following as the transient method. More details about both
approaches may be found elsewhere.®”

)DRW » (14)

xXexp

B. Green’s function Monte Cario (GFMC)

The Green’s function Monte Carlo method is similar
to the DMC method, but it does not have the time-step
error inherent to DMC approaches. We will see that it is
important to remove all systematic errors before using the
Bayesian statistical analysis since otherwise these errors
could be amplified. There exist different variants of
GFMC; we shall use the formalism developed by Ceperley®
which is particularly convenient for particles interacting
via a Coulombic force. Precise rules for diffusion, drift, and
branching are described in the Ref. 8.

To compute the time correlation functions let us as-
sume that Ry is a configuration distributed according to
WZ(R,)/I. Then assume that the set of configurations
{R{,}, with 1<j<M (Rg,n), are produced after n genera-
tions (applications of the evolution operator). Then

M(Rq,n)

>

i=1

h(o)(m-)=l<w(Ro) w(R.) ) (15)
The other correlation functions A1(¢) and A (z) are
computed in a similar way.

The situation with respect to Fermi statistics is identi-
cal in GFMC and DMC. The fixed-node approximation is
obtained when ¥ is chosen to be |¥r|, and a transient
approach corresponds to the use of a positive guiding func-

tion.
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Here, we shall consider an additional exact approach,
the released-node method,® where the basic GFMC algo-
rithm is used with an important difference. The initial con-
figuration (denoted above as R;) comes from the output of
a fixed-node calculation instead of a variational one. It
should be emphasized that by so doing, slightly different
matrix elements of the evolution operator are obtained,
namely,

(0) 1 ’
O=\Y| | TmaE—Ey ) |
and
1 n
h(l)(t)=<\I’TH m <I>FN>, (16)

where ®py stands for the “exact” fixed-node wave func-
tion. It is difficult to compute #? (1), since the analytical
form for the result of the action of H on the fixed-node
wave function is not known.

lil. MAXIMUM ENTROPY ANALYSIS

In order not to repeat almost identical formulas for
both DMC and GFMC data, we shall present the method
only with DMC evolution [Eq. (9)], the extension to
GFMC evolution [Eq. (10)] being straightforward.

The first step consists of realizing that the data AD (1)
are related to the spectral overlap ¢(E) via a linear trans-
formation

AR (1) = J-” dE Ef¥c(Eye~"E-ED) | k=0,1,2,
where ¢(E) has already been defined in Eq. (3). Now ¢(E)
exhibits a very sharp maximum at E=E; since ¥ is cho-
sen as close as possible to the ground-state wave function
®,. The “zero-variance” principle of (zero-temperature)
quantum Monte Carlo states that as the trial function ap-
proaches an exact eigenfunction, the statistical variance
vanishes. It is important to preserve this property in the
MaxEnt analysis. This we do by requiring that the recon-
struction fit both A®(¢) and A (2).

Now, our problem is the following: Having computed
with QMC a set of data {A‘9,#V 5D} at different times
ty: 1<k<M and estimated (via statistically independent
calculations) the statistical errors of this data, we would
like to find the “best” and the ‘“‘average” spectral overlap
c¢(E) compatible—in a sense to be specified below—with
our incomplete and noisy data. This problem is often en-
countered in image processing where noisy data are related
to the quantity of interest—the image—by a linear trans-
formation. A robust and coherent way of tackling this dif-
ficult problem is the maximum entropy method based on
Bayesian logic. The essence of this approach is to look for
the most probable function ¢(E) compatible with the data
and with any prior knowledge about ¢(E).

For simplicity, we shall represent the data by using a
single vector k() as follows:

a7

1 199 . :
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() =hO (), hltryr) =HV(2),

Rt yanr) =HP (1)

and use a subscript C and F to distinguish between com-
puted (QMC) data k(1) and their corresponding fitted
values Az(2;) obtained via a representation of Eq. (17) in
terms of a large (but finite) number of real exponentials

P
ER ()= X ciEre " ErED)

(19)

where P is typically of the order of 200. The number of
components and the spacing in energy are chosen to have
a good representation of the integral in Eq. (17).

Now consider the first of the two probability functions
in Bayes® theorem [Eq. (6)], the likelihood function. Ac-
cording to the central limit theorem [assuming that the
variances of w(R) and w(R)E,(R) exist] for sufficiently
large simulation times, the probability of finding of a given
QMC correlation function 4(¢) will have a Gaussian dis-
tribution about its exact value Az(z);

P(h¢|c) <exp(—x*/2), (20)
where
M 7 o S
=2 [he(t) —hc(t) 1C5  [he(t) —he(2)]. (21)
hj
Here Cj; is the covariance matrix defined by
Cy={hc(thc(t)) — () (he(tp), (22)

where the averages are over a set of statistically indepen-
dent calculations. We have checked systematically that our
QMC-calculated correlation functions obey Gaussian sta-
tistics. )

Any image c(E) [in practice, the finite number of co-
efficients ¢;in Eq. (19)] with a y? significantly greater than
the number 3M of data points is improbable. The set of
feasible images is defined as the set of images verifying

x2~number of data points. (23)

Clearly, when the chi squared is significantly smaller than
the number of data points, we are overfitting the data, and
the resulting fit, which is essentially determined by the
noise, should be excluded from the set of feasible images.

Now we need a criterion to pick up among all these
feasible images. Many of the feasible images are physically
impossible or improbable, e.g., those with a negative spec-
tral overlap C(E) <0. The role of the prior probability
P(c|c*) is to filter out from all feasible images those that
are very different from a default model containing any
prior knowledge we have about the exact solution. It can
be argued by using very general probabilistic concepts that
for positive and additive images, there is a natural measure
for that probability—the entropic form!°

P(c|c*) <exp[aS(c|c*)], (24)

where the entropy is

(18)

M. Caffarel and D. M. Ceperley: Monte Carlo correlation functions

il c(E)
S= Eo e(E) —e*(B) ~e(E)ln s

(25)

and ¢*(E) is a default spectral overlap which encapsulates
all exact knowledge about the spectral overlap before add-
ing in the information from QMC. One may question
whether this entropic function is appropriate for the spec-
tral overlap function of a small molecule, where the dis-
creteness of the energy levels may be important. Two of its
features are significant—it only allows overlaps with ¢(E)
>0 and it has 2 maximum at c=c*.

The maximum entropy image is then defined as the
image having a X2~number of data and maximizing the
entropy. Since both the XZ function and the entropy are
convex functions, this image is defined uniquely. The pa-
rameter & controls the competition between .S and y.

Since our goal is to have an accurate evaluation of the
ground state energy E,, it is included in the set of fitting
parameters. In practice, this means that we shall define our
max entropy solution is the set {E,¢y,...,cp} maximizing S
with the constraint that y*>~3M. In the Bayesian frame-
work, the parameter a becomes an additional variable with
its own prior distribution. Following standard practice,”
we use a probability distribution uniform in log(a) and the
MaxEnt optimization and AvEnt averages evaluated with
P(c|h,c*)P(a), where P(a) < 1/a over some “sensible”
range. 7

~ Once the MaxEnt spectral function has been deter-
mined, it is important to estimate the statistical and sys-
tematic error. For that, we look at a typical set of feasible
images, sampled from P(c|h,c*) as defined from Egs. (6),
(21), and (24). Then the error on any component of the
spectral density, say the ground-state energy, is

8Ey= {(Eo—(Eo))*),

where the averages are over P(c|h,c*). A similar formula
may be written for the error of any coefficient ¢, This
approach, which consists of integrating the fluctuations
around the MaxEnt solution in the functional space of all
possible images, is the average maximum entropy
method.!! The multidimensional integrals involved can be
computed using the Metropolis algorithm.

The reader may be wondering why we have chosen to
fit the three functions h(k)(t) rather than simply h(o)(t),
since analytically 2 () is equivalent. There are several
reasons. In the pure DMC approach, if the trial function
equals the guiding function, it is true that one could nu-
merically differentiate 2% (z) to obtain 4V (2) and AP (¢).
In practice, this introduces systematic errors which cause
the statistical analysis to become unreliable. In the more
important case where the guiding function is not equal to
the trial function, statistical fluctuations in the time deriv-
ative of 29 (¢) are different from those where V() is
computed directly. In fact, it is the very strong correlation
between the fluctuations of A (¢) and h(l)(t) which lead
to the zero variance property of QMC. It is clearly impor-
tant to use both 2® and A in doing the statistical anal-
ysis, since it is in the correlation between these two func-
tions that gives a low variance energy estimate.

(26)
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Knowledge of all three correlation functions implies
that the feasible images have values of the ground-state
energy bounded from both above and below. The upper
bound is given by the transient estimate energy and a lower
bound by the Temple bound'?

[AP(1) — Erg(1)*]

ETE(I)_ \E0<ETE(I)’ (27)
Egap
where E, is the gap to the next state of the same symme-

try. Note that these upper and lower bounds squeeze in the
exact energy exponentially fast in ¢ because the energy Etg
of the projected trial function e~/ Z‘I/T converges expo-
nentially fast to the ground state. Now the spread in
ground-state energies for feasible images will be smaller
than the bounds in the above inequalities because we are
asking that the spectral overlap and energy fit the Monte
Carlo data at many times simultaneously. For example, the
results of the Lanczés method, described below, give
tighter upper bounds than the transient estimate energy
using the same functions 2 (z) and AV ().

The fact that the fitting gives tighter energy bounds is
only one of the reasons to use this approach. It is perhaps
more important that the information in the correlation
functions is combined in a statistically robust way. The
error bars on the correlation functions are all exponentially
increasing in time. Thus it is important to strongly weight
the small time data. Bayesian statistics provides a system-
atic framework for balancing the statistically accurate, but
biased data at short times with the noisy, but more con-
verged data at large times.

IV. APPLICATION TO THE HARMONIC OSCILLATOR

In this section, we apply our approach to the Hamil-
tonian
1d> 1

22;}-’- x4 yx, (28)

where y is some constant defining the magnitude of the
linear perturbation. By using the Green’s function Monte
Carlo method presented in Sec. II B, we calculate the time-
correlation functions with a trial wave function ¥, chosen
to be the ground-state wave function of the unperturbed
(y=0) harmonic oscillator

—x2/2

D (29)

and ¥s=¥r. Then one can show

-3 1 1 n
(72) erB) (1) G0

KO (r) e~ 5 2
k=0

when the reference energy is equal to the ground-state en-
ergy Er=(1/2)—(¥*/2). We have performed a GFMC
calculation using the time-dependent Green’s function of
the unperturbed harmonic oscillator as trial Green’s func-
tion.

The upper curve of Fig. 1 shows the transient energy
Erg(t). The open circles are the QMC results, to be com-
pared with the solid line representing the analytical results

Downloaded 10 Mar 2010 to 130.120.228. 223 ‘R h(frsr}rl%mlsonvso&b?gctNt% /1I
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FIG. 1. Energy as a function of the projecting time for the harmonic
oscillator. The solid line is the exact transient estimate energy from Eq.
(30); the open circles are Erg(r) from QMC. Results obtained from a
Lanczds-type analysis are shown by the filled circles and ¢ labels the
amount of data used in the analysis. The dashed line shows the exact
ground-state energy.

obtained from Eq. (30). The agreement between exact and
computed values is excellent.

The lower curve gives the result of a Lanczds-type
analysis using the same data. The Lancz6s algorithm used
here has been presented elsewhere! and may be summa-
rized as follows: Consider the following projected trial
wave function at some given time ¢,=p7:

4

\17T(t,,)=[ V. (31)

1+r(H—-Er)

The overlap and Hamiltonian matrix elements between any
two such states, say, at times 7, and #,, may be expressed in
terms of the time-correlation functlons R® and A1V, We
have

(Ur(t,) |Wr(1,)) =hO (1,41,),

(W r(t,) | H W (1)) =ED (1,4 1,). (32)

Having computed all the time-correlation functions A‘? up
to a given maximum time ¢, we consider the generalized
eigenvalue problem defined in the basis set consisting of all
of the projected trial wave functions defined at different
times with 7,<2/2. By doing this, tighter upper bounds are
obtained from the QMC data than from the transient esti-
mate energy since more variational freedom is introduced.
One is constructing the best linear combination of the pro-
jected trial wave function defined at different times
20 ¥ r(t). One sees from Fig. 1 that the exact result is
obtained almost immediately from the “short-time” infor-
mation. However, this procedure, based on a nonlinear
relation between QMC correlation functions and the en-
ergy, is unstable with respect to statistical errors.

Because of the discrete nature of the energy levels of
the oscillator, we represent the spectral overlap by a sum of
delta functions

P—1

c*(E)= 2, 8(E—E)ck. (33)
i=0

ﬁc%%%eer%qecrgpg)?r?ght see http://jcp.aip.org/jcp/copyright.jsp
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TABLE 1. Maximum entropy analysis for the harmonic oscillator.

¢*(E)  Most probable c(E)  Average c(E)  Exact c¢(E)
E, 0.500 0.419 8 . 0.4199(2) 0.420 00
S 0.900 0.923 21 0.9232(2) 0.923 12
€ 0.025 0.07378 0.073 8(1) 0.073 85
¢ 0.025 0.003 13 0.003 10(5) 0.002 95
e 0.025 0 0 7.8%x10~3
cy 0.025 0 0 1.5x10™¢

The coefficient representing the ground state is by far the
largest since the overlap between the trial wave function
and the ground state has been optimized. The energies E;
for i>1 could be incorporated into the fitting procedure,
but for simplicity in this model, we only optimized the
location of the main peak corresponding to the ground-
state energy E,. The other energies were fixed at their exact
value. In applications to many-electron systems with a qua-
sicontinuum of excited states, the assumption of a uniform
grid in energy is more appropriate.

We assumed a “flat” default model, i.e., a model in
which a uniform weight is used for the excited peaks. It is
essential to introduce in the default model the fact that
there is a very dominant peak close to the variational en-
ergy, but its precise magnitude does not matter. Once the
magnitude of this peak has been chosen (we have taken
0.9), the common magnitude of the other peaks is chosen
uniformly

P—1

Y c*=h00)=1.
i=0

(34)

In our numerical applications, we have chosen P=35 and
therefore ¢ = 0.025 (for i>0). We have then used the
GFMC method to calculate the values of £ (), 2V (#),
and A®(#) at the 13 times shown in Fig. 1.

A very important point to notice is that the transient
estimate of the ground-state energy is a relatively smooth
function of time despite the stochastic nature of its evalu-
ation. This is due to the fact that we use a common set of
random walks to compute the correlation functions at dif-
ferent times. In other words, all the QMC data on which
we base our analysis are highly correlated. It is essential to
include this correlation between the data in calculating the
Xz. In fact, when we tried to perform the MaxEnt analysis
neglecting this correlation, the resulting ground-state en-
ergy was systematically biased because of a tendency to fit
the noise. Therefore, our first step consists of performing a
singular value decomposition of the covariance matrix Cj;
to determine the degree of correlation between data and to
discard those eigenvalues with singular values less than the
computer’s precision 10716, For the case shown in Fig. 1,
12 eigenvectors are kept out of 39 original data points.

The maximum entropy solution is given in Table I. It
is remarkable that the analysis succeeds in reproducing
accurately the magnitude of the first three peaks. The error
bars have been obtained by averaging over the probability
distribution of feasible images. This simple example illus-
trates the feasibility of this approach on an exact model.
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FIG. 2. Fixed node energy as a function of the projecting time ¢ for LiH.
The upper curve of the three pictures is E1g(#) and +’s are the Lanczés
results. The lower curve of the first picture represents the average MaxEnt
results obtained from the time-correlation function #(® (¢') only using the
data #'<t. The second picture gives the result obtained with £ and A"
and the third with A9, 2V, and #®. The solid horizontal line indicates
the fixed-node energy.

V. A REALISTIC APPLICATION: THE LiH MOLECULE

Let us now apply the maximum entropy ideas to the
determination of the ground-state energy of the LiH mol-
ecule. We begin with the fixed-node, pure DMC method of
Sec. II A. In the calculations below, the Li and H ions were
fixed with a bond length of 3.015 bohr, the trial wave
function was ¥, of Ref. 13, and the guiding function from
Ref. 8. The exact electronic energy, corrected from zero-
point and relativistic effects, is estimated at —8.070 23 har-
trees. This number is computed by adding together the
nonrelativistic energies of Li and H atoms, subtracting
the experimental binding energy of the molecule,'® and the
zero point energy of LiH. This experimental number is
lower than a modern configuration interaction (CI) calcu-
ation!® (which obtained an energy of —8.06904 hartrees)
by 1.2 mhartrees.

A. Fixed node approach

The Monte Carlo data input to the Bayesian analysis
consist of a set of 13 values for each correlation function
hD(#) (i=0,1,2) starting at +=0 and uniformly distrib-
uted with a spacing of 6z=0.2 a.u. The upper curve of Fig.
2(a) [upper curves of Figs. 2(a)-2(c) are all identical]
shows the transient energy Ep(¢). Because the fixed-node
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FIG. 3. Fixed node spectral overlap for LiH using all the Monte Carlo
data.

method is stable, one can extend this curve until the tran-
sient energy has converged. This occurs for times on the
order of 3—4 a.u., where it reaches the value of —8.0680(6)
(represented by the horizontal solid line). This is higher
than the exact energy because the assumed nodes of the
trial function are not correct. We also show the Lanczos
results [Figs. 2(a)-2(c), “+”’s] obtained by using a two-
dimensional basis set consisting of ¥ (0) and ¥ y(n7) with
n=1,...,6. The convergence of the Lanczds energy is faster
than that of the transient energy.

We have used a flat model for the spectral overlap, but
in order to represent the continuum of states present, it was
necessary to use a large number of fixed energies. P in Eq.
(19) was on the order of a few hundreds. The spacing
between these peaks needed to describe the details of the
spectral overlap was found to be 0.1 a.u. In order to get a
good fit to the data, energies up to 20 a.u. were included.
Only the ground-state energy was varied in the analysis;
the other energies (but not the spectral overlaps) were
fixed. We note that one can prove by considering the ex-
istence of the integrals ¥V H,Vr=§ dE E"c(E) that the
spectral overlap for a trial function of a Coulombic inter-
action will decay as O(E~*) at large energies where the
exponent k depends on whether the trial function has the
correct two-particle cusp condition. We have chosen not to
use this additional analytic prior information in our anal-
ysis. Indeed, our results are insensitive to the default
model.

Figure 3 presents the maximum entropy spectral over-
lap obtained when all the data available [#?(z,), AV (z,),
and h(z)(t,) for i=1-13] are used. We see clearly besides
the very dominant peak associated with the ground state, a
structure for the excited states. More precisely, a second
peak is seen ~ —7 a.u. as well as a smaller peak ~ —2 a.u.
Note that the location of the first peak is in agreement with
the estimate of the gap in energy which can be obtained
from the exponential decay of the transient estimate curve
of Fig. 2(a). This gap does not represent the first excited
state, which is much smaller, but represents the lowest

-8.061-

E{a.u.)
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- I DR | T N
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FIG. 4. Transient estimate energy (filled circles) and Lanczds energies
(open squares) for LiH. The dashed line indicates the exact energy.

excited state having a large overlap with the trial wave
function. The small peak at an energy of —2 a.u., which is
always present in our analysis, represents a nontrivial fea-
ture of ¢(E).

The lower curves of Figs. 2 (squares with error bars)
show the dependence of the estimated ground-state energy
on the quantity of information available. For example, at
t=0.2 [Fig. 2(a)], we use only 4‘©(0.2), perform the fit,
and calculate errors. Obviously, the quantity of informa-
tion is very limited and the error bar obtained on the en-
ergy is therefore large. Nonetheless, the error bars overlap
with the exact result. Then, we incorporate the next value
A (27), etc. The convergence is very rapid. Figures 2(b)
and 2(c) show how the information contained in A‘! and
h® affects the estimated energy and errors. The conver-
gence is much enhanced, particularly at the very short
times for which any additional information improves our
knowledge of the ground-state energy substantially. How-
ever, we also see when convergence is reached, at approx-
imately 1 a.u., introducing more data does not significantly
reduce the error bars since little additional information is
contained in the correlation functions. The only way of
decreasing this error bar would be to decrease the statisti-
cal errors on the data by making a much longer Monte
Carlo run.

In this example, the trial function was chosen equal to
the guiding function which implies that the information in
A and A? is essentially present in A‘?). Hence there is
not a rapid decrease in errors bars as 4! and 4 are
added to the analysis.

B. Transient method

We have computed the correlation functions using a
strictly positive guiding function, thus removing the fixed-
node restriction. The results in this section were done with
the pure diffusion Monte Carlo scheme presented in Sec.
II A. The upper curve of Fig. 4 reproduces the conver-
gence of the transient estimate energy Eqg(#). The sign
problem is evident for 1=2.0 a.u. The lower curve shows
the results obtained by using the Lancés algorithm for
these data. In contrast to the fixed-node case for which the
MaxEnt analysis was successful, we encountered some se-

Downloaded 10 Mar 2010 to 130.120.228.22%: R8N A8 Y BadNey hipiPecember1992ight: see http:/jcp.aip.org/icp/copyright.jsp



8422 M. Caffarel and D. M. Ceperley: Monte Carlo correlation functions

‘8.0684 T T B} I ‘l* l T | L
i % ]
-8.0688— -
I % ]
-8.0692} % .
3 I % R
S -8.0696|- e
e L |
-80700[- ¢ >‘E .
[ ]
-8.0704| -
T TR SR SRR S

(0] 0.4 0.8 1.2 .6

FIG. 5. Released-node energy as a function of the projecting time for
LiH. The upper curve (X) is Epg. The average MaxEnt results are given
by filled circles. Note the expanded scale.

rious problems in doing the analysis for the transient data.
Indeed, we found that the analysis is very sensitive to sys-
tematic time-step errors in the data. Very small time steps
are required to obtain a time step-independent image. Un-
fortunately, in that case, the corresponding total simula-
tion time (roughly, the number of MC steps multiplied by
the time step) is too short to give reliable QMC data.

C. Nodal-release approach

To avoid the time-step errors and to speed up the con-
vergence in imaginary time, we used the GFMC method
with released node where one starts from the fixed-node
output ¥ Wy as initial population instead of the transient
method which starts from ¥%. This means that we com-
pute slightly different matrix elements of the evolution op-
erator and that

¢(E)= Y. 8(E—E){(¥r| D) (D;| Pr) (35)

1

is not necessarily positive. However, since the trial wave
function W is chosen quite close to the fixed-node solu-
tion, it is likely that significant values of ¢(E) are positive
and we continued to use the entropic prior function. We
are currently investigating a more rigorous prior function
which will be needed to extend this analysis to excited state
energies. s s -

The transient energy is shown as the upper curve (X)
of Fig. 5. The Bayesian results are given by filled circles.
Since there is no simple way of computing the correlation
function £? (2), the fit only includes #® and AV, We see
that the convergence of the MaxEnt solution is very rapid
and leads to a stable solution without going to large pro-
jecting times. We get a very accurate value of —8.0700
+0.0002 for the ground-state energy. In contrast to previ-
ous calculations, our errors include both statistical errors

* and systematic errors. The only uncontrolled systematic

error arises from the assumption of the prior probability.
Our result is 0.23+0.2 mhartree above the experimental
result.

VI. CONCLUSIONS

— In this paper, we have presented an application of Bay-
esian statistics to the determination of the ground-state
energy of quantum systems. We analyze time-correlation
functions obtained from zero-temperature quantum Monte
Carlo calculations (projector methods) to obtain the spec-
tral overlap function of a given trial function. This spectral
overlap contains a dominant peak at the ground state and
small components at higher energies. It has been found
that the default model appearing in the prior probability
does not play a role as important as in other applications,
so a flat model for the density of excited states is sufficient.
In order to calculate the ground-state energy, we consid-
ered the location of the main peak as a parameter to be
optimized. By using a chi-squared likelihood function and
an entropic prior function, we have computed the average
and the dispersion of the estimator of the energy (average
maximum entropy) with the Metropolis method. In that
way, a reliable estimate of the errors is obtained. Our nu-
merical applications have demonstrated the efficiency of
this approach for simple problems, e.g., the LiH molecule
treated with the fixed-node method. However, the situation
is a little more difficult when real Fermion data (data ex-
hibiting the sign problem) are analyzed. In particular, we
found that the maximum entropy analysis for LiH was
very sensitive to systematic errors such as the finite time-
step error. By using a GFMC scheme free of systematic
error and a released-node approach starting from an initial
fixed-node population, we demonstrated feasibility of the
method on the four-electron LiH molecule. It is not yet
clear how this method will scale with the number of Fer-
mions, but this way of analyzing the correlation functions
is guaranteed to be better than the transient estimate
method, simply because all information generated in the
QMC is used.

The Bayesian approach also appears to provide a way
of calculating excited state properties with quantum Monte
Carlo. Our previous work!” has used a generalization of the
transient estimate method and was bedeviled with instabil-
ities coming from statistical fluctuations. The approach
considered here is the most general way of treating system-
atic and statistical errors and uses all information in the
correlation functions. At present, we are testing various
choices for the nonpositive prior functions needed for ex-
cited states. Applications to these more difficult problems
will determine the usefulness and generality of this type of
analysis.
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‘We present some systematic calculations of dynamic multipole polarizabilities and van der Waals
dispersion coefficients for the helium atom and H; molecule with a quantum Monte Carlo calculation.
Using an original method based on a gauge-invariant formalism we also report some ab initio results
of the same quantities. In light of the results we discuss the advantages and drawbacks of both
approaches in comparison to prior theoretical results.
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I. INTRODUCTION

Dynamic multipole polarizabilities determine a num-
ber of properties of systems interacting with external
electric fields. In particular, they can be closely related
to the van der Waals dispersion coefficients that describe
the long-range interaction of atoms and molecules. It is
well known that such quantities which formally involve
all the excited states of the system (both the discrete
and continuous part of the spectrum) are very difficult
to evaluate with accuracy. To illustrate this, it is quite
instructive to point out that, for the rather elementary
case of the helium atom, it is only in 1976 that Glover and
Weinhold [1] were able to determine some high-quality
upper and lower bounds of the dynamic dipole polar-
izabilities; more interestingly, these bounds were tight
enough to rule out the majority of previous theoretical
and experimental predictions.

A number of approaches based on ab initio meth-
ods has been devised to obtain dynamic polarizabilities.
Among the numerous ab initio models currently in use
(corresponding to various levels of accuracy) we may cite
the self-consistent-field configuration-interaction (SCF-
CI) and the full-configuration-interaction (FCI) methods
(2—4], the multiconfigurational time-dependent Hartree-
Fock or multiconfigurational linear response (MCTDHF
and MCLR) [5, 6], the random phase approximation
(RPA) [7], or the more elaborate second-order polar-
ization propagator approximation (SOPPA) [8, 9], and
a time-dependent gauge-invariant (TDGI) method intro-
ducing a dipole-moment factor in the SCF-CI approxi-
mation [10-13].

Very recently, Caffarel and Hess have presented a
method of computing response properties with quantum
Monte Carlo (QMC) [14]. Basically, this scheme re-
lies on the possibility of connecting the imaginary-time-
dependent dynamics of the unperturbed system (the
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time-dependent Green’s function closely related to quan-
tum response properties) with the transition probabil-
ity density of a diffusion process. As a consequence,
the usual perturbational components of the Rayleigh-
Schrédinger perturbation theory may be expressed in a
natural way in terms of stochastic correlation functions
of the perturbing potential. These correlation functions
are then computed from random walks in configuration
space generated using the transition probability density
(Langevin techniques). The salient features of this ap-
proach will be presented with some detail in Sec. II. It
is interesting to note that such a scheme is formally very
similar to that of standard molecular dynamics, except
that Newtonian trajectories are replaced here by Brow-
nian trajectories (mimicking the “diffuse” character of
quantum mechanics).

The chief advantage of the QMC approach with respect
to ab initio schemes is that no basis-set expansion nor ex-
plicit summation over a large, but necessarily incomplete,
set of basis functions are introduced. It is, of course, a
fundamental property of QMC, considering the impor-
tance of such aspects in ab nitio schemes. Other origi-
nal features include the possibility of computing several
response properties (e.g., dipole, quadrupole, octopole,
etc., components) in one single Monte Carlo run; the
possibility of having a rigorous estimation of the error
bars on results (a difficult task for ab initio methods);
the very favorable computational aspects of QMC (mem-
ory requirements are perfectly bounded—no calculation
and storage of huge numbers of bielectronic integrals; the
computer codes are short, simple and very well suited for
vector and parallel computing), etc. All these aspects will
be illustrated in this paper.

The quantum Monte Carlo perturbation formalism has
been first applied to the problem of the interaction of
two helium atoms at short distances [14]. Some prelim-
inary calculations concerning the dynamic dipole polar-
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izability of helium have also been reported [15]. In this
paper we are concerned with the presentation of some
more systematic calculations of dynamic multipole po-
larizabilities and van der Waals dispersion coefficients for
the helium atom and H; molecule. These results are pre-
sented together with some ab initio calculations of the
same quantities we performed by using an original for-
malism based on a TDGI method [12] derived in the spirit
of the variation-perturbation approach [16,17] later used
by Karplus and Kolker [18] for the time-dependent inter-
action. The very different features of QMC and ab initio
approaches are emphasized and the advantages and draw-
backs of each of them are discussed in comparison with
the most accurate theoretical results available [1,19-41].

Just before completing this work we received a paper
from Huiszoon and Briels in which the static dipole po-
larizabilities of helium and Hs (at equilibrium geometry)
are computed using a differential-diffusion Monte Carlo
method [42]. In fact, their approach is very similar to
ours as presented in Refs. [14] and [15], and in the present
work, except that a branching process is used in their
simulations (like in most QMC methods designed so far
to compute total energies).

The organization of this paper is as follows. In Sec.
II, the quantum Monte Carlo method for computing re-
sponse properties of two-electron systems is presented.
We also give a brief presentation of the TDGI ab initio
method we shall use for making some comparisons (in
particular, when no ab initio data are available). Section
III presents calculations of dynamic multipole polariz-
abilities (both in real and imaginary frequencies) for He
and Hy. In Sec. IV we present some results concern-
ing van der Waals dispersion coefficients. Finally, some
concluding remarks are presented in Sec. V.

II. METHODS
A. Quantum Monte Carlo

Dynamic multipole polarizability components of an V-
electron system at frequency w are given by

o' (W) = o' T (W) + o}’ " () (1)
with
(W) = (Z) (¢o | Qi;l fzg(fzil :37 | ¢o)’ @)
i (#0 v

where Qj}* stands for the multipole operator:

4m 1/2 .
u— 97 1 i v i ) = - CECaEY
9 _(2l+1> Z;'”" Y(0i, i), u=—l,---,+l

and ¢; are the eigenfunctions of H (the Hamiltonian de-
scribing the isolated atomic or molecular system) with
the corresponding energies E;. It is easy to see that
J

Capqy (1) = ([QF(R(0)) — Q¥IIQY (R(7)) — QF))

= / dRodR; [QF (Ro) — Q¥ ]p(Ro)p(Ro — Ry, 7)[Q} (R1) — @Y,
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av*(w) may be rewritten in terms of the Laplace trans-
form of the following centered two- (imaginary) time cor-
relation function:

+00 _
a;.w?(w) — _/0 dr eiTwCQL“Q;’ (7.), (3)
where
Carar(m) = (¢o | (QF = Q)™ H=E(QF — Q}) | ¢0),
(4)
and
Q—le<¢OIQ;U|¢0>1 w=1u,v. (5)

The important point is that such correlation func-
tions may be computed by using simulation techniques
based on diffusion processes. To do that, we intro-
duce a Markovian diffusion process in configuration space
whose transition probability density is closely related to
the imaginary-time-dependent Green’s function associ-
ated with H. More precisely, the transition probability
density employed here is

p(R - R'¢t) = %0(% Z ¢i(R)ps(R)e~HE:i—Fo)

(6)
where R is a compact notation for representing a point
in the 3N-dimensional configuration space, that is R =
(r1,...,rn), where N is the number of particles of the
system. It should be noted that the stationary density,
p(R), of the diffusion process (obtained by letting ¢ go to
infinity in the preceding formula) is nothing but the usual
quantum-mechanical probability density associated with
the ground-state wave function

p(R) = 45. (M

In practice, a Gaussian short-time version of the transi-
tion probability density (6) is used to generate stochastic
trajectories of the diffusion process:

1 3N/2
) e—[R’—R—b(R)At]2/2At’

! —
p(R — R/, At) = (27I'At

(8)

where the so-called drift vector b responsible for impor-
tance sampling is given by

Vo
®o
The effect of drifting the mean value of the Gaussian
function (8) is to increase the efficiency of the simula-
tion by keeping the configurations in important regions
of phase space. The two-time correlation functions are
formally defined in terms of the stationary and transition

probability densities as follows:

b(R) = (9)

(10)
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where () denotes the average with respect to stochastic trajectories. The validity of Eq. (10) is easily checked by
inserting expressions (6) and (7) into (10) and comparing with (4). In practice, such averages may be calculated
from random walks generated from Egs. (8)—(9) and by averaging the two-time product of @’s along them. However,
at this point this scheme is rather formal since the ground-state wave function of H [whose expression is needed to
construct the drift vector (9)] is generally not known. In fact, it is possible to avoid this problem by introducing a
new diffusion process defined from a known trial wave function ¥ instead of the exact one [43]. In order to compute
the very same correlation functions, it is possible to show that one just has to introduce a suitable weight factor in
the preceding averages (for a detailed presentation, see [14] and [43]). For example, the two-time correlation functions

in which we are interested here are expressed as

([ Q' (R(0)) — QI[QY (R(7)) — Q1) =, lim

t—+o0

where averages of the right-hand side of the equation are
defined with respect to the diffusion process built from
a trial wave function tr. In fact, formula (11) is noth-
ing but a generalization of the well-known Feynman-Kac
formula [43]. The quantity Fj, appearing in the weight
(Feynman-Kac) factor is defined as

Er =H\I’T/\I/T (12)

and is usually referred to as the local energy.

As discussed in length in [14] it is important to em-
phasize that the formalism presented here is effective for
systems having no more than two electrons (no antisym-
metry constraints from the Pauli principle). In theory
bigger systems could be treated by introducing some pro-
jecting weights with appropriate antisymmetry. In prac-
tice, doing this introduces a dramatic sign problem at
large times which renders the simulation very delicate
to perform. Note that the commonly used fixed-node
approximation cannot be employed for computing multi-
time correlation functions (even if the exact nodes of the
ground state were known, see [14]). Some proposals to
control this difficulty have been very recently proposed
by one of us [44, 45]. However, the situation is not yet
fully satisfactory.

B. Ab initio TDGI method

Since this original ab initio method has been described
in detail in Ref. [12], only its main features will be given
here. The dynamic polarizability components [Egs. (1)-
(2)] may be obtained from a time-dependent variation-
perturbation approach [18] using the following expres-
sions:

af(w) ==Y (¢o | QF — Q| 1°7F)
+

with
(H — Eg £ w)| 1F) = —(Q} — Q) | ¢o) (13)

where H is the Hamiltonian of the unperturbed (isolated
system), ¢g is its ground-state wave function, Eg the cor-
responding energy, and | 1*% > the first-order perturba-

(QF (R(0)) — QHIQY (R(r)) — Qyle™ J-e7a PL(RWNdsy

(11)

(€= 2ea BLR@)dsy

tional wave function.

We have shown elsewhere [12] that the use of a first-
order wave function which combines a polynomial func-
tion §(r) and both true spectral states ¢, and quasi-
spectral states 1, allows us to reach accurate values for
static and dynamic polarizability components. For the
case of dipole polarizabilities (Q}* = u) the expression of
this first-order wave function is

N

M
11°%) = g7 (0) o) + D € In) + > o [¥m),

n (>0)
(14)

where §(r) is a first degree polynomial function of the
electronic coordinate:

g“* (r) = Zaziu with u,v =z,y,2
u

when the electric field lies in the v direction. ¢, are the
true spectral states built from Slater determinants

bn = Chtbm,

and v,, is a quasispectral series determined by Slater
determinants selected using the following threshold:

e

mm_EO

with Hypm = (U H|Ym).

The computation of the dynamic polarizability re-
quires the calculations of azi, c}’f, and c',’: factors ob-
tained by projecting Egs. (13) (for +w and —w) on v|¢o),
|¢n), and |¢),). This leads to a system of two linear sets
of equations to be solved.

When the origin is fixed at the electronic centroid, the
dynamic dipole polarizability components are given in
atomic units by
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oy (W) =3 al (wu) + 37 e (dolulén)
+,w +,n
+ > e (dolultrm) (15)
+,m

with u,v,w = z,y,2 and {(wu) = {¢o| 27] wit;|do) (ne
being the number of electrons).

We have reformulated the TDGI expressions for
the imaginary frequency-dependent dipole polarizability
a(iw) in order to calculate the dispersion coefficients via
the Casimir-Polder formula [46]. The two systems of lin-
ear equations become identical but twice greater than for
real frequencies. The resolution is made as described by
Koch and Harrison [47].

Quadrupole polarizability components are obtained in
the same way by replacing the dipole moment operator
by the quadrupole moment but the polynomial function
§(r) has not been used in this case.

III. DYNAMIC MULTIPOLE POLARIZABILITIES
FOR HE AND H;

A. He

Tables I-IV present the dynamic dipole, quadrupole,
and octopole polarizabilities of helium as calculated
by QMC and TDGI (present work), and various ab
initio methods for comparison. The most commonly
used method for evaluating dynamic polarizabilities
is certainly the time-dependent Hartree-Fock method
(TDHF). TDHF results may be largely improved by us-
ing a MCSCF wave function as reference (MCTDHF)
instead of a single one [25]. However, for a simple two-
electron system such as He nearly exact results may be

TABLE L
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obtained using full CI (FCI) calculations or explicitly cor-
related wave functions [1, 24, 37]. Note also that, in the
case of He, Glover and Weinhold [1] have used a method
for calculating rigorous upper and lower bounds to dy-
namic dipole polarizabilities using explicitly correlated
wave functions. To study the reliability of QMC and
TDGI methods, our values are to be compared to these
almost exact results when possible.

Let us first discuss the QMC results. As emphasized
in Sec. II A a central role is played by the trial wave
function used. The closer the exact solution of the trial
wave function is, the smaller the fluctuations of the lo-
cal energy (12) are, and the better the simulation for
a given amount of computer time is. In practice, one
of the best trial wave functions available for the system
under consideration is generally chosen. The wave func-
tion may have a rather arbitrary form since only its first
(drift vector) and second derivatives (local energy) are
to be calculated (no integrals to perform). Highly and
explicitly correlated trial wave functions (i.e., including
the interelectronic distance) are generally used. Here, we
have chosen a rather simple form

_311_2__> (16)

¥r = [s(ra)stra)) exp (T2

with

3
[1s(r)) = > csexp(—Air),
i=1

where parameters a, b, A;, and ¢; have been optimized to
minimize the energy. With our optimized trial wave func-
tion (@ = 0.5; b = 0.51571; ¢;=0.00698; c;=0.367 14;
c3=0.53762; A\1=4.462; A\;=2.8955; A3=1.5689) we re-

Dynamic dipole polarizabilities a(w) (in a.u.) of He for real frequencies (in a.u.).

GW stands for Glover and Weinhold [1], QMC for quantum Monte Carlo, and TDGI, TDHF [25],
MCTDHF or MCLR [25], SOPPA [27], and FCI [26] for the corresponding ab initio methods.
Statistical errors on the last digit of QMC results are indicated in parentheses.

Frequency w a(w)
QMC TDGI GW TDHF MCLR SOPPA FCI

0.00 1.382(16)* 1.3827 1.3834(8) 1.3214 1.3821 1.3674 1.3846
0.05 1.386(17) 1.3872(8) 13712 1.3885
0.10 1.398(17) 1.3984 1.3990(8) 1.3354 1.3976 1.3826 1.4003
0.15 1.418(19) 1.4191(8) 1.4022

0.20 1.449(22) 1.4478 1.4485(8) 1.3797 1.4467 1.4307 1.4500
0.25 1.490(25) 1.4885(9) 1.4695

0.30 1.546(31) 15404  1.5412(9) 1.4619 15385  1.5205 1.5431
0.35 1.618(39) 1.6096(10) 1.5866

0.40 1.715(52)  1.6974  1.6983(11) 15995  1.6938  1.6722  1.7009
0.45 1.846(73) 1.8145(13) 1.7840

0.50 2.031(111) 1.9696 1.9705(15) 1.8327 1.9621 1.9334 1.9746
0.55 2.318(188) 2.1875(18) 2.1753 2.1402

0.60 2.858(399) 2.5091 2.5091(23) 2.2741 2.4897 2.4441

0.65 3.0391(34) 2.9380

0.70 4.1308 4.1184(73) 3.4320 4.0339 3.9173 4.1527
0.75 8.1640(761)

®Reference [42]: «(0)=1.38(1).
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cover 89% of the correlation energy. Stochastic trajecto-
ries in the six-dimensional configuration space are gen-
erated using the Gaussian transition probability density
(8) with

VU
- (17)

As usual when using a step-wise procedure to generate
trajectories, a finite time-step error is introduced (the
“short-time error”). In order to reduce it significantly we
have used the acceptance-rejection procedure presented
in Refs. [14] and [48], essentially a standard Metropo-
lis algorithm based on a Langevin move. To keep the
short-time error under control, we have repeated our sim-
ulations for different time steps of decreasing magnitude
up to some value for which the time-step error is signifi-
cantly smaller than the statistical one. A typical value of
the time step for the simulations presented here is 0.01
a.u. The following autocorrelation functions have been
calculated:

Ci(m) = {(Q: = Q)(0)(Q: = Q)(7)), 1=1,2,3  (18)

b(R) =

TABLE II. Dynamic dipole polarizabilities a(w) (in a.u.)
of He for imaginary frequencies (in a.u.). GW stands for
Glover and Weinhold [20], QMC for quantum Monte Carlo,
and TDGI for the ab initio method. Statistical errors on the
last digit of QMC results are indicated in parentheses.

Frequency w a(iw)
QMC TDGI GW

0.00 1.382(16)° 1.3827 1.3834(8)
0.05 1.378(16)
0.10 1.366(15) 1.3675 1.370(10)
0.15 1.347(14)
0.20 1.322(12) 1.3242 1.322(7)
0.25 1.291(11)
0.30 1.256(9) 1.2587 1.257(5)
0.35 1.217(7)
0.40 1.175(6) 1.1788 1.178(4)
0.45 1.132(5)
0.50 1.088(4) 1.0918 1.090(3)
0.55 1.044(4)
0.60 1.001(4) 1.0035 1.002(2)
0.65 0.958(4)
0.70 0.916(4) 0.9180 0.917(2)
0.75 0.875(4)
0.80 0.836(4) 0.8377 0.836(2)
0.85 0.799(4)
0.90 0.763(4) 0.7637 0.762(2)
0.95 0.729(4)
1.00 0.696(3) 0.6964 0.695(2)
1.10 0.635(3) 0.6358
1.20 0.581(3) 0.5813 0.580(1)
1.30 0.532(2) 0.5326
1.40 0.488(2) 0.4891
1.50 0.449(1) 0.4501 0.449(1)
2.00 0.305(1) 0.3075 0.3069(9)
3.00 0.1647(7) 0.1659
4.00 0.1016(3)
5.00 0.0686(1.5)

*Reference [42]: «(0)=1.38(1).
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where the Q;’s are the dipole (I = 1), quadrupole (I = 2),
and octopole (I = 3) operators given by (only one com-
ponent for each multipole moment has been considered
because of spherical symmetry)

Q1 =21 + T2,
Q2 =3(22 +23) — 3(ri + ),
Qs =3 + 23 — 321 (¥F + 2%) — 3x2(y + 23),

where z;, y;, 2; denotes the position of electron i. A very
important feature of this type of approach is that the
different correlation functions are computed from a com-
mon set of random walks. Only integrands change when
computing different averages. It should be noted that
within the framework of ab initio methods computing
polarizabilities corresponding to different multipole mo-
ments requires in theory as many calculations as dif-
ferent operators. In practice, this is not strictly true
(the perturbation-independent part of the calculation is
evaluated only once; it is possible to take advantage of
efficient algorithms for solving simultaneous equations,
etc.), but the cost remains larger. Figure 1(a) (upper
curve) presents the dipole correlation function C; versus
7 as calculated for several statistically independent sets of
random walks (here, only eight curves have been drawn).
The location of the different curves gives a visual repre-
sentation of the dispersion of QMC results. The number
of independent calculations done for any result presented
in this paper is always of the order of 100, the error bars
given in the tables being estimated from these statisti-
cally independent sets of trajectories. As usual when
computing correlation functions it is important to realize
that the long-time regime may be difficult to reproduce.
The reason for that is the exponential decay of the func-
tion, together with the presence of an error bar more or
less constant as a function of time. We illustrate this
difficulty by showing the logarithm of C(7) in Fig. 1(b)
(lower curve). The theoretical expression (4) indicates
that InC should become linear for sufficiently large times
(the slope representing the gap in energy of the system).
In practice, this is what happens for large enough times
(here, around 7 =~ 2 a.u.); however, at too large times
(here, around 7 > 3 a.u.) the noise dominates. To com-
pute polarizabilities and van der Waals force constants
[Egs. (3) and (22)] the correlation function must be inte-
grated over the entire time domain. Therefore, we must
pay special attention to the long-time domain. The strat-
egy employed here is simple. We determine at large times
a range of time values where the correlation function de-
cays as a single exponential and for which the noise is still
small. On this interval a fit of the correlation function
as a single exponential is performed. This representa-
tion for C(7) is used for ulterior times. In the short-time
regime, the data are represented analytically via a spline
interpolation procedure. Accordingly, the integrations
involved in (3) and (22) are expressed as a finite sum
(the number of QMC points) of Laplace transforms of a
third-order polynomial (spline part) plus a trivial residue
corresponding to large times. Here also, as in the case
of evaluating properties related to different multipole op-
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erators, it is important to stress that we do not need to
do two separate calculations when both imaginary- and
real-frequency polarizabilities are needed. Indeed, once
the multipole correlation function has been computed as
a function of time over a sufficiently large range of time
values, evaluating multipole polarizabilities at zero or ar-
bitrary frequencies (real or imaginary) and even van der
Waals dispersion coefficients is just a matter of perform-
ing a few trivial analytical integrations. Let us now have
a closer look at our QMC results. A first observation is
that the results obtained are good since in all cases (Ta-
bles I-IV) they are compatible with the estimated exact
values. This is, of course, expected since QMC results
are supposed to be exact and free of any systematic error
(such as the choice of the basis set in ab initio methods).
The only relevant quantity here is the magnitude of the
error bar defining the accuracy of the QMC simulation.
According to the central-limit theorem, the error bar be-
haves as ¢/+/T, where T is the computer CPU time which
is directly related to the total number of Monte Carlo
steps performed. c is a constant depending on different
factors such as the quality of the trial wave function used
and the amount of statistical correlation between succes-
sive configurations generated and the nature of the oper-
ators involved in the averages. Since in the present work

TABLE III.

3709

a common set of trajectories has been used to compute all
the quantities presented, differences in statistical errors
are mainly due to the nature of operators. In particular,
it is worth noting that the statistical error on polariz-
abilities increases when multipole operators correspond-
ing to increasing [ are considered. To explain this we
first notice that errors on polarizabilities and correlation
functions are expected to be roughly proportional due to
the linear relation between them. On the other hand, a
rough estimate of the error on correlation functions may
be obtained by evaluating this error at the initial time,
which is essentially given by the dispersion of the squared
multipole operator. We have

sar _ 6C(0) V(60 16Qu* | do) — (90 | 6Q:* | o)’
a ~ C(0) (®o | 8Qi* | do) ’
(19)

where

5Qi=Q— Q.

A crude estimate of these errors may be obtained by com-

Dynamic quadrupole polarizabilities (in a.u.) of He for both real and imaginary

frequencies (in a.u.). BL stands for Bishop and Lam [24]. Statistical errors on the last digit of

QMC results are indicated in parentheses.

Frequency w C(w)qmc C(w)rpar C(w)BL C(iw)qMmc C(iw)TpaGr
0.00 0.800(16) 0.8022 0.8146 0.800(16) 0.8022
0.05 0.802(16) 0.8161 0.799(16)

0.10 0.807(16) 0.8085 0.8208 0.794(15) 0.7960
0.15 0.815(17) 0.8289 0.787(15)

0.20 0.827(17) 0.8280 0.8404 0.776(15) 0.7781
0.25 0.843(18) 0.8559 0.763(14)

0.30 0.864(20) 0.8633 0.8757 0.749(13) 0.7504
0.35 0.891(22) 0.9007 0.732(13)

0.40 0.926(26) 0.9192 0.9318 0.714(12) 0.7153
0.45 0.972(31) 0.9705 0.695(11)

0.50 1.034(40) 1.0058 1.0189 0.675(10) 0.6754
0.55 1.125(57) 1.0802 0.655(10)

0.60 1.287(104) 1.1449 1.1596 0.634(9) 0.6331
0.65 1.2661 0.613(9)

0.70 1.3965 1.4172 0.593(8) 0.5903
0.75 1.6541 0.572(8)

0.80 2.0946 0.552(7) 0.5485
0.85 0.533(7)

0.90 0.513(6) 0.5086
0.95 0.495(6)

1.00 0.477(6) 0.4712
1.10 0.442(5) 0.4364
1.20 0.410(5) 0.4043
1.30 0.381(4) 0.3750
1.40 0.353(4) 0.3482
1.50 0.329(4) 0.3237
2.00 0.233(2) 0.2301
3.00 0.129(1) 0.1296
4.00 0.0803(3)

5.00 0.0545(2)
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puting the averages in (19) using the approximate trial
wave function instead of the exact one. Resorting to a
standard Metropolis algorithm to compute integrals we
obtain

baz fla1 o5
az-/ ai
bas [ s
(6%} (631

These ratios agree quite well with ratios of QMC errors
presented in Tables I-IV. For the case of the dipole re-
sults, our values are compatible with the narrow range of
possible values resulting from the very tight rigorous up-
per and lower bounds of Glover and Weinhold [1, 20] ob-
tained by using correlated Hylleraas-type wave functions
or, for the static case, with the experimental value of
1.383 79(7) obtained by Gugan and Michel [49] [after cor-
recting for the motion of the nucleus we get 1.38323(7),
in agreement with the best ab initio value (1.383192)
given by Bishop and Lam [24]].

This is true for both real and imaginary frequencies.
Concerning quadrupole polarizabilities our results are
compatible with our TDGI results and the results ob-
tained by Bishop and Lam [24] (note that we have di-
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vided our results by a factor 3 to match their conven-
tion). Table IV presents dynamic octopole polarizabili-
ties of He. They are compared with the ab initio results
of Luyckx, Coulon, and Lekkerkerker [38] obtained by
a simple variation method. The latter ones agree quite
well with our QMC results within statistical errors. An-
other feature which deserves to be commented on is the
increase of the statistical error with real frequency. This
behavior arises from the fact that high real frequencies
require an accurate evaluation of the correlation func-
tion for increasing times [the Laplace kernel exp(wT) in
(3) explodes for large frequencies], and the small statisti-
cal errors on the tail of the correlation function are then
exponentially magnified by the Laplace transform. Note
that this problem does not exist in the case of imaginary
frequencies.

In order to make some comparisons, a number of ab
initio calculations are also presented in Tables I-IV. Our
ab initio calculations were performed using the TDGI
approach [12, 13] briefly presented in Sec. IIB. For He,
the basis set employed consists of 13s, 7p, and 6d primi-
tive Gaussian orbitals based on the van Duijneveldt (10s)
primitive set [50, 51] and an even tempered (7p, 6d) po-
larization set augmented by adding 3s diffuse function.

TABLE IV. Dynamic octopole polarizabilities (in a.u.) of He for both real and imaginary
frequencies (in a.u.). Ab initio results are taken from Ref. [38]. Statistical errors on the last digit

of QMC results are indicated in parentheses.

Frequency w as(w)qmc a3(w)ab_initio a3 (iw)omc a3(iw) ab_initio
0.00 10.36(69) 10.48° 10.36(69) 10.48°
0.05 10.38(70) 10.49 10.33(69) 10.46
0.10 10.45(71) 10.54 10.26(68) 10.42
0.15 10.57(72) 10.63 10.15(66) 10.34
0.20 10.75(75) 10.74 10.01(64) 10.23
0.25 11.00(80) 10.90 9.83(62) 10.10
0.30 11.33(86) 11.10 9.62(59) 9.94
0.35 11.77(96) 11.34 9.40(57) 9.76
0.40 12.35(113) 11.64 9.16(54) 9.56
0.45 13.14(144) 12.01 8.91(51) 9.35
0.50 14.26(212) 12.45 8.66(49) 9.12
0.55 8.41(46) 8.89
0.60 8.17(44) 8.65
0.65 7.92(41) 8.40
0.70 7.69(39) 8.15
0.75 7.46(36) 7.90
0.80 7.23(34) 7.66
0.85 7.02(32) 7.41
0.90 6.81(30) 7.17
0.95 6.61(28) 6.93
1.00 6.41(26) 6.70
2.00 3.51(9) 3.42
3.00 1.92(2) 1.93
4.00 1.198(9) 1.217
5.00 0.820(11) 0.828
6.00 0.591(8) 0.597
7.00 0.452(4) 0.449
8.00 0.350(3) 0.350
9.00 0.276(3) 0.280
10.0 0.225(2) 0.228

2Reference [37]: a3(0)= 10.6144.
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Exponents of the 3s orbitals are, respectively, 0.049 069,
0.022 304, and 0.010138. SCF and CI calculations within
this basis set give an atomic energy of —2.861 67 a.u. and
—2.902 52 a.u., respectively. Dynamic dipole polarizabil-
ities of He for real frequencies computed with TDGI are
listed in Table I together with some TDHF [25], MCLR
[25], SOPPA [27], and FCI [26] results and the very accu-
rate rigorous upper and lower bounds obtained by Glover
and Weinhold [19, 20]. A first point to emphasize is that
our ab initio TDGI results for the static polarizability
(1.3827 a.u.) is in excellent agreement with the one ob-
tained by Glover and Weinhold [1.3834(8)] and with the
very accurate value (1.383 192) given by Bishop and Lam
[24] using explicitly electron-correlated wave functions.
MCTDHF and FCI methods give quite accurate re-
sults; an error of approximately 1% is found with
SOPPA. The main differences between various calcula-
tions appear at frequencies close to the first excitation
energy of He. Table I shows that, for frequencies up to

0.7 a.u., the TDGI results, close to the accurate results
of Glover and Weinhold [1], are the most accurate ones
among ab initio calculations. The main explanation is
that the excitation energy corresponding to the transi-
tion 1s — 2p is very well reproduced in our calculations,
namely, 21.193 eV, to be compared with the experimental
value of 21.22 eV. As already explained above QMC re-
sults have a statistical error which increases very rapidly
with the frequency. Calculating polarizabilities for real
frequencies close to the excitation energy is not an easy
task for the QMC approach. For the case of imaginary
frequencies where this problem does not exist, we obtain
a very good agreement between QMC and TDGI results
(Table II). Concerning the dynamic quadrupole polariz-
abilities (Table III) our results are compared with those
obtained by Bishop and Lam [24] which have to be con-
sidered as reference values. Between 0.0 and 0.6 a.u. our
ab initio values have a similar behavior as Bishop and
Lam results. However, it seems that our results are too
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FIG. 1. (a) Dipole correlation functon of
He vs 7 as calculated in eight independent
runs. (b) Logarithm of C(7). Note the effect
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small with an error of approximately 1.5%. QMC results
within the statistical errors are in good agreement with
both sets of results.

B. H;

Calculating response properties for a molecular system
such as Hy using QMC does not introduce any additional
difficulties with respect to an atomic system such as He.
As usual choosing a good approximate trial wave func-
tion is the crucial step. Since calculations at both in-
termediate and large internuclear separations, Ry-u, are
considered here it is important to choose a wave function
capable of describing both the equilibrium region (co-
valent regime) and the large Ru-u region (valence-bond
regime). This could be realized with one single wave
function with some parameters connecting both cases.
For simplicity we have chosen here to use two different
wave functions

For large distances
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ari2

Upr = —_—
T =P <1+b7”12

) @A) B5(2) + BA(2)E5(1)]

(20)
with

D2 (2) = exp(—A1rinm) + cexp(—Aerim), M = A, B,

where 7;3s denotes the distance between electron ¢ and
nucleus M (M = A, B).
For intermediate distances

Ur = exp ( ) B(1)3(2), (21)

arie
1+ bT‘12

where the molecular orbital is given by
®(i) = exp(—Ar;a) + exp(—Ar;p).

Concerning our ab initio TDGI calculations, we have
chosen for each hydrogen atom a contracted basis
[6s, 6p, 3d] issued from the basis [4s, 3p, 1d] proposed by
Siegbahn and Liu [52] in their study of the potential
energy surface of Hz. The two additional s functions

TABLE V. Dynamic dipole polarizabilities (in a.u.) of Hz at R = 1.4 for real and imaginary
frequencies (in a.u.). QMC stands for quantum Monte Carlo and TDGI, Rych [28] and SOPPA [27]
stand for the corresponding ab initio methods. Statistical errors on the last digit of QMC results

are indicated in parentheses.

Frequencies alfleC a’l{‘DGI aﬁtych SOPPA anC oTPGI a‘ltych oSOPPA
Real
0.0000 6.42(8)*  6.4310 6.3873 6.4495 4.53(7)®  4.5944 4.5786 4.5676
0.0720 6.55(9) 6.5617 6.5164 6.5812 4.60(7) 4.6725 4.6562 4.6445
0.0834 6.59(9) 6.6077 6.5618 6.6276 4.62(7) 4.6999 4.6834 4.6715
0.1045 6.69(9) 6.7132 6.6659 6.7338 4.68(9) 4.7626 4.7457 4.7331
0.1363 6.90(10) 6.9278 6.8776 6.9501 4.79(9) 4.8892 4.8715 4.8576
0.1535 7.04(10) 7.0756 7.0235 7.0990 4.87(10) 4.9758 4.9576 4.9427
0.1979 7.52(13) 7.5865 7.5256 7.6136 5.13(13) 5.2713 5.2503 5.2328
0.2354 8.09(15) 8.2125 8.1412 8.2437 5.43(18) 5.6257 5.6017 5.5800
0.2500 8.37(17)  8.5226 8.4481 8.5568 5.57(22) 5.7982 5.7738 5.7493
0.3000 9.68(34) 10.0190 9.9160 10.0649 6.6041 6.5713 6.5367
0.3500 12.7855 12.6126  12.8558 7.9877 7.9320 7.8834
0.3748 15.2223 14.9610 15.3084 9.1058 9.0182 8.9633
0.4000 19.4440 18.9847 19.5639 10.8521 10.6930 10.6421
0.4500 61.6664 54.3276  62.0977 20.9387 19.4400 20.0551
Imaginary

0.0000 6.42(8)> 6.4310 4.53(7)* 4.5944

0.1000 6.19(7) 6.1939 4.40(7) 4.4517

0.2000 5.59(6) 5.5834 4.05(5) 4.0777

0.3000 4.82(4) 4.8082 3.58(4) 3.5888

0.4000 4.05(3) 4.0395 3.09(3) 3.0870

0.5000 3.36(2) 3.3624 2.63(2) 2.6294

0.8000 1.96(1) 1.9746 1.63(1) 1.6367

1.0000 1.423(7) 1.4396 1.220(8)  1.2290

1.2000 1.073(5) 1.0848 0.942(4) 0.9481

1.5000 0.743(4) 0.7484 0.670(3) 0.6718

1.8000 0.542(3)  0.5437 0.499(2) 0.4978

2.0000 0.448(2)  0.4496 0.417(2) 0.4160

>Reference [42]: ) (0) = 6.38(5); i (0) = 4.60(3).
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and three p functions have an exponent of (0.028 7739,
0.0125103) and (0.101818, 0.037025, 0.0134635), re-
spectively. The three exponents of the d functions are
1.20252, 0.463925, and 0.0812406. Even if this basis
set is far from being complete, the introduction of the
polynomial in the determination of polarizabilities im-
proves the convergence. Performing a full CI calculation
within this basis set leads to an energy of —1.173485
a.u. at R=1.401 a.u. A most important point when
determining the dynamical properties of Hy is to cor-
rectly describe the vertical transition X 122“ — BI%F
and X 'S} — C'II,. Our results for the corresponding
excitation energies are 12.73 eV and 13.21 eV, respec-
tively, in excellent agreement with the exact values of
12.76 and 13.22 eV.

Table V presents dynamic dipole polarizabilities of Ho
at the equilibrium geometry for both real and imagi-
nary frequencies as computed with QMC and TDGI. Re-
sults for real frequencies are compared with the reference
calculations by Rychlewski [28] based on a variation-
perturbation method using explicitly correlated wave
functions and some recent SOPPA results by Sauer,
Dierksen, and Oddershede [27].

QMC results for real frequencies are compatible with

TABLE VI.
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Rychlewski’s values within statistical error bars. Con-
cerning ab initio (TDGI) results, it is noted that the
static components ¢, (0) and a,;(0) overestimate Rych-
lewski results by a factor of 0.7% and 0.3%, respectively.
This overestimation is true for all frequencies. At fre-
quency 0.4 a.u., close to the resonance, our values are
too large by a factor of 2.4% and 1.5%, respectively. It
should be emphasized that our TDGI results, obtained
using a much smaller basis set than Sauer, Dierksen, and
Oddershede [27] with SOPPA are of comparable quality.
Although the parallel component is better reproduced
with TDGI than with SOPPA, this is no longer true for
the perpendicular one much more sensitive to the angu-
lar correlation. In the case of imaginary frequencies, only
our QMC and TDGI results can be compared. Both sets
of results appear to be compatible.

Table VI presents dynamic quadrupole polarizabilities
of Hs at the equilibrium geometry for both real and imag-
inary frequencies for the three independent components
denoted as C,; .., Cyzzz, and Cyeor (2 is the inter-
nuclear axis), as computed by QMC and TDGI. Our
static components and values at real frequency w=0.0720
a.u. are compatible with those available in the literature
[33,34]. TDGI results are in good agreement with QMC

Dynamic quadrupole polarizabilities (in a.u.) of Hp at R = 1.4 a.u. for real and

imaginary frequencies (in a.u.). QMC and TDGI stand for quantum Monte Carlo and ab initio,
respectively. Statistical errors on the last digit of QMC results are indicated in parentheses.

Frequencies c2ie Ciner CRE Crzar Cx Crons
Real
0.0000* 6.10(35) 5.9914 4.30(36) 4.1976 4.93(24) 4.7929
0.0720° 6.17(36) 6.0645 4.35(37) 4.2440 4.99(25) 4.8465
0.0834 6.19(38) 6.0879 4.37(38) 4.2601 5.01(26) 4.8651
0.1045 6.25(39) 6.1410 4.40(40) 4.2968 5.05(27) 4.9074
0.1363 6.36(44) 6.2466 4.47(45) 4.3696 5.14(30) 4.9914
0.1535 6.43(47) 6.3177 4.52(49) 4.4186 5.20(32) 5.0478
0.1979 6.66(62) 6.5530 4.68(65) 4.5806 5.41(41) 5.2340
0.2354 6.93(80) 6.8209 4.87(83) 4.7650 5.64(54) 5.4451
0.2500 7.06(90) 6.9461 4.96(93) 4.8511 5.75(62) 5.5433
0.3000 7.4885 5.2236 6.23(115) 5.9652
0.3500 8.2798 5.7656 6.5684
0.3748 8.8137 6.1304 6.9660
0.4000 9.5016 6.5989 7.4656
0.4500 11.6312 8.0344 8.9104
Imaginary
0.0000 6.10(35) 5.9914 4.30(36) 4.1976 4.93(24) 4.7929
0.1000 5.98(31) 5.8662 4.21(30) 4.1113 4.82(21) 4.6929
0.2000 5.64(25) 5.5243 3.99(27) 3.8750 4.53(15) 4.4191
0.3000 5.16(18) 5.0444 3.66(19) 3.5428 4.13(11) 4.0336
0.4000 4.63(14) 4.5098 3.29(16) 3.1720 3.69(9) 3.6035
0.5000 4.10(12) 3.9815 2.92(13) 2.8047 3.26(8) 3.1789
0.8000 2.80(9) 2.6840 2.01(9) 1.8986 2.23(5) 2.1454
1.0000 2.18(6) 2.0839 1.59(6) 1.4774 1.75(3) 1.6734
1.2000 1.73(4) 1.6455 1.28(5) 1.1687 1.39(3) 1.3302
1.5000 1.25(2) 1.1935 0.92(2) 0.8495 1.01(1) 0.9760
1.8000 0.921(8) 0.8975 0.680(9) 0.6399 0.768(6) 0.7421
2.0000 0.775(6) 0.7553 0.570(7) 0.5389 0.653(4) 0.6286

*Reference (34]: Ciz,z: = 5.983; Czz,0z = 4.180; Crz,zc = 4.927.
PReference [34]: C.z,zz = 6.050, Crzoz = 4.226, Cuz oz = 4.981.
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TABLE VII. Dipole static polarizabilities (in a.u.) of Hz at selected internuclear distances R
(in a.u.). Rych stands for Rychlewski [29], BL stands for Bishop and Lam [31], QMC stands for
quantum Monte Carlo, and TDGI stands for ab initio. Statistical errors on the last digit of QMC
results are indicated in parentheses.
Distance R O&MC aTPCt aiych afl aﬁMc a]fDGI a}?ych afL
1.4 4.53(7)* 4.5944 4.57856 4.5785 6.42(8)* 6.4310 6.38732 6.3875
24 7.61(14) 7.6697 7.66049 7.6592 14.57(57) 14.2932 14.26621 14.2691
3.0 8.76(20) 8.8494 8.85806 8.8555 17.60(79) 17.8692 17.79965  17.9990
3.4 9.01(26) 9.2238 9.22883 18.35(90) 18.3724 18.28339
3.8 9.13(18) 9.3003  9.30201 17.41(53) 17.3388  17.30680
4.4 9.10(17) 9.2143 14.59(28)  14.7043
6.0 8.98(13) 8.9371 8.92719 10.17(17)  10.2007 10.19754
2Reference [42]: o (0) = 6.38(5); a1 (0) = 4.60(3).
ones, except at large imaginary frequencies where TDGI ceb = 0°%(1,1),
seems to give too small values. ,
The dependence of static dipole polarizabilities on the Cgb = C(1,2) + C(2,1), (23)

internuclear distance H-H is presented in Table VII. For
all distances the TDGI results are in excellent agreement
with the reference values obtained by Rychlewski [29)].
The same remark is valid for QMC results.

IV. van der WAALS COEFFICIENTS FOR He
AND H,

The multipole dispersion force coefficients between two
systems a and b may be expressed in terms of the dynamic
polarizabilities as follows (see, e.g., Ref. [53])

(2o +20) [+ o
C®(lg, ly) = m A dw of, (iw)af, (iw),
(22)

usual van der Waals constants being related to these co-
efficients in the following way:

TABLE VIII.
digit are indicated in parentheses.

C8t = C%(1,3) + C%(2,2) + C*(3,1).

A. Cg-Cg and C10 for He

As already pointed out a remarkable feature of QMC
is that no additional calculations are needed to compute
van der Waals constants once the polarizabilities have
been evaluated. Indeed, when computing polarizabilities
we built an analytical representation of the correlation
function of each multipole operator. Obtaining van der
Waals coefficients is then a simple matter of perform-
ing the analytic integrations involved in formula (22).
Our results for cg, cg, and cjg are presented in Table
VIII together with some other results found in literature
[20,27,35-40]. QMC results appear to be quite good.

Our TDGI results are obtained from the values of
the polarizabilities at imaginary frequencies using the

van der Waals dispersion coefficients (in a.u.) of He. Statistical errors on the last

Method Cs [ €10
Glover and Weinhold® 1.460(6)

Maeder and Kutzelnigg® 1.457 13.90 177.24
Meyer® 1.456 13.90 175.4
Thakkar? 1.4608 14.1118 183.6
Luyckx, Coulon, and Lekkerkerker® 1.458 14.06 182.2
Buckingham and Hibbardf 1.4638 14.094 183.47
SOPPA® 1.4394

MCTDHF"? 1.4608

Present work:

QMC 1.454(14) 13.88(22) 177.9(69)
TDGI 1.4593 13.883

®Reference [20].
bReference [35].
“Reference [36].
dReference [37)].

°Reference [38].
fReference [39].
EReference [27].
PReference [40].
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TABLE IX.
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cs dispersion force constant (in a.u.) for He-H> as a function of the interhydrogen

distance R (in a.u.) with quantum Monte Carlo (QMC) and ab initio (TDGI) methods. Comparison
with the semiempirical results of Matias and Varandas [41], see text.

R 14 2.4 3.0 34 3.8 4.4 6.0

Method
Parallel
QMC 4.61(4) 7.81(15) 8.75(22) 8.88(29) 8.30(12) 7.46(11)  5.99(5)
TDGI 4.6267 7.8405 8.8621 8.8602 8.4148 7.4756 6.04
Max. Matias 4.6 7.5 8.6 8.4 7.8 6.6
Min. Matias 4.2 6.8 7.6 7.3 6.7 5.7
Perpendicular

QMC 3.53(4) 5.05(6) 5.52(8) 5.64(9) 5.68(9) 5.67(8) 5.59(8)
TDGI 3.5579 5.0702 5.5774 5.7275 5.7563 5.7198 5.61
Max. Matias 4. 6.1 6.9 6.9 6.6 6.4
Min. Matias 3.2 5.8 5.4 5.3 5.2 5.0

Casimir-Polder formalism. More precisely, we first solve
Eq. (13) in order to get a(iw) for a number of imaginary
frequencies. Then, we perform a fit of the resulting curve
using the oscillator strengths and transition frequencies
as fitting parameters. Finally, the coefficient cg is ob-
tained from the following expression:

82

3
Ce = — E
2 ” wihwB (Wi + wp)

using the optimized parameters. Note that the values
of the oscillator strengths (fi, fZ) and transition fre-
quencies (w{,‘,wf ) calculated at the CI level for the two
systems A and B are used as a starting point of our op-
timization.

The evaluation of the coefficient ¢;9 which requires
some additional calculations has not been performed.
The values obtained for cg and cg are in excellent agree-
ment with those obtained by QMC and preceding calcu-
lations.

B. cg for He-H,

Table IX presents calculations of the cg dispersion force
constants (both parallel and perpendicular) for the sys-
tem He-H; as a function of the interhydrogen distance
Ry-pg with quantum Monte Carlo and ab initio (TDGI)
methods. To our knowledge this is the first from-first-
principles calculation of this quantity. We have compared
our results with the recent results of Matias and Varan-
das ([41]) obtained from a number of more or less crude
semiempirical approximations. It is very satisfactory to
note that our QMC and TDGI results are compatible
(within statistical error bars) for any distance. We have
given the upper and lower bounds obtained from calcula-
tions by Matias and Varandas (denoted as Min and Max).
We see that for a number of distances our evaluations are

in complete disagreement with their results. This illus-
trates how semiempirical evaluations can be significantly
poor.

V. DISCUSSION

The purpose of this work was to present some sys-
tematic calculations of dynamic multipole polarizabilities
and van der Waals dispersion coefficients of two-electron
systems (He and Hz) with quantum Monte Carlo results.
A detailed presentation of the practical implementation
of this new approach has been given. We compared our
results with a number of previous theoretical results ob-
tained by using various ab initio methods. In all cases
QMC results are in good agreement with estimated “ex-
act” values within statistical error bars. The typical sta-
tistical error on QMC results is of the order of a few per-
cent. This should be considered as satisfactory, even if for
simple systems such as He and Hy more accurate results
have been obtained by using explicitly correlated wave
functions (particularly for static quantities). However, it
should be noted that the accuracy on QMC results could
be increased by making longer Monte Carlo runs (that
was not the purpose of this work).

We also reported some results obtained using an orig-
inal ab initio method based on a gauge-invariant formal-
ism (TDGI method). It has been illustrated that TDGI
results are of comparable quality with the best ab initio
values, although the size of our basis sets was significantly
smaller. This is essentially due to the fact that, besides
giving a good description of the ground-state wave func-
tion, in TDGI we also give a very good description of
the first excited state, an essential step to correctly re-
produce the dynamical properties of the system. Having,
at our disposal, this accurate ab initio method appeared
to be essential in checking our QMC calculations in the
interesting cases where QMC results entered in conflict
with existing theoretical results. That was, in particular,
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the case when calculating the cg dispersion coefficient for
He-H;, a quantity for which only semiempirical results
were known. In addition, presenting QMC results to-
gether with ab initio results helps us to emphasize the
very different features of both approaches.

QMC does not require any expansion on a basis set.
Most of the correlation energy is taken into account via
the high-quality trial wave function used. The remain-
ing part is recovered using an appropriate weight factor
(Feynman-Kac factor) when computing averages. Such
a property is remarkable. In some very rough sense, we
may view the various ab initio methods referred to in
the tables as different clever ways of trying to tackle the
problem of basis-set convergence. In particular, as em-
phasized above, our TDGI method is another original
way of getting accurate results from a relatively modest
basis set. In addition, it should be emphasized that no
error bars appear in tables for ab initio results. Indeed,
computing errors resulting from an incomplete basis set
with a given ab initio method is by no way an easy task.
In sharp contrast, QMC gives a natural and viable esti-
mate (nonbiased statistical estimator) of the error made
for a given amount of numerical effort.

Using our QMC framework based on two-time corre-
lation functions enables us to compute during a same
run all the response properties corresponding to different
multipole operators (real and imaginary polarizabilities
for 1=1,2,..., van der Waals dispersion coefficients). This
is particularly convenient. Within the framework of an ab
initio calculation, in theory, a calculation is required for
each separate quantity (although in practice it is possible
to reduce a non-negligble part of the cost). In particular,
that was the reason why we did not compute dynamic
octopole polarizabilities with TDGI (even if, of course,
this is possible).
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The computational aspects of QMC are remarkably
favorable: the memory requirements are very small (no
calculation and storage of bielectonic integrals); the codes
are short, simple, and very well suited for vector and
parallel processing.

Finally, we would like to end with some of the limita-
tions of QMC. First, as pointed out above, the method is
not suitable for computing real dynamic polarizabilities
at a frequency close to a resonance. Big error bars in the
frequency region close to 0.7 a.u. in Tables I and III-VI
illustrate this point. However, this does not occur for
imaginary frequencies which are used for computing van
der Waals constants. However, the most important lim-
itation of QMC is that the formalism used in this work
is limited in practice to two-electron systems (see discus-
sion at the end of Sec IT A), systems for which accurate
ab initio calculations may be performed using explicitly
electron-correlated wave functions. Accordingly, it will
be possible to consider QMC as a viable alternative to
the use of full CI methods only when efficient methods
of computing multitime correlation functions for many-
electron systems will be available. This will require some
more methodological developments.
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Dynamic dipole and quadrupole polarizabilities of the 2 'S and 2 3S metastable states of He are calcu-
lated using our time-dependent gauge-invariant method and compared with previous theoretical results.
Dispersion coefficients for the He(2 !S)-H, and He(23S)-H, systems, and their dependence on the in-

tramolecular H—H distance are reported.

PACS number(s): 31.20.Di, 31.50.+w, 31.90.+s, 35.10.Di

I. INTRODUCTION

Collision processes involving excited atoms play an im-
portant role in many fields of physics including gas-laser
physics, plasma physics, and upper-atmosphere physics
[1]. Among these processes, an important one—which
has been extensively studied—is the Penning-ionization
process involving metastable helium. For the systems
He(2!S and 23S)-H,, experimental data in the thermal
[2-6] and superthermal [7] energy range have been re-
ported. Qualitatively good agreement between experi-
mental results and quantum-mechanical calculations
based on an optical-potential model [8] and classical tra-
jectory calculations [9,10] has shown that the dipole-
dipole interaction is the major contribution to the au-
toionization process at large interatomic distances [11].
However, although reliable values for the dipole-dipole
(Cg) dispersion coefficients are available for a large num-
ber of rare-gas diatomic systems in which atoms are in
their ground state [12-15], very little is known for excit-

ed atoms. On the other hand, it is well known that
dispersion coefficients may be obtained from the
knowledge of frequency-dependent polarizabilities.

Then, to be capable of calculating frequency-dependent
polarizabilities for the low-lying excited states of rare gas
is of importance.

The purpose of this paper is first to present accurate
calculations of the dynamic (both real and imaginary fre-
quencies) dipole and quadrupole polarizabilities for the
two low-lying metastable states (2 1S and 23S) of He us-
ing our time-dependent gauge-invariant (TDGI) method
[16—18]. When possible, our values are compared with
the nearly exact results obtained by Glover and Weinhold
[19,20] using explicitly correlated wave functions. Then,
the frequency-dependent polarizabilities are used to com-
pute the two-body dispersion coefficients corresponding
to 118, 21S, and 238 states, and by combining the present
results with those obtained in a previous work [18], to ob-
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tain the C,4 dispersion coefficients and their dependence
on the intramolecular coordinate of H, for the He(2 'S
and 23S )-H, systems.

Some methodological and computational details are
given in Sec. II. Results are presented and discussed in
Sec. III. Atomic units are used throughout the paper.

II. METHODOLOGICAL AND COMPUTATIONAL
DETAILS

Our calculations are done by using a recently presented
method based on a TDGI formalism for calculating static
as well as dynamic linear and nonlinear polarizabilities
[16,17]. This method, which has been first applied to sys-
tems in their ground state, is extended here to calculate
polarizabilities of the 2'S and 23S metastable excited
states of He at frequencies below and above the first exci-
tation threshold. Many of the theoretical details are
similar to those described in Refs. [16,17] and [21], and
therefore need not be repeated here. The fundamental in-
gredient to obtain accurate values of dynamic polarizabil-
ities is to generate wave functions leading to accurate en-
ergies for the ground 1 18 and excited 2'S, 23S, 2P, and
2 3P states, as well as accurate dipole-transition moments.

TABLE I. Comparison between calculated and experimental
transition energies (AE), oscillator strengths (fj; ), and transi-
tion probability ( A;) involving 2 'S, 2 'P, 23S, and 2 *P states of
He. Experimental values (see Ref. [29]) are in parentheses.

Transition AE (a.u) Sfi Ay (10°s7h)
1's—21'p 0.778 879 0.2723 1.769

1s2? 1s2p (0.779751) (0.2762) (1.799)
21§ 21'p 0.022 251 0.3801 0.002015
1s2s  1s2p (0.022 130) (0.3764) (0.001976)
23§ 23pP 0.042 143 0.5408 0.01028
1s2s  1s2p (0.042 060) (0.5391) (0.01022)

161 ©1993 The American Physical Society
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For He, the basis set used consists of 13s, 7p, and 6d
primitive Gaussian orbitals based on the van Duijneveldt
(10s) primitive set [22,23] augmented by an even-
tempered (7p,6d) polarization set and 3s diffuse func-
tions. Exponents of the 3s orbitals are 0.049069,
0.022 304, and 0.010 138, respectively. Using this basis
set, full configuration-interaction (CI) calculations were
carried out to obtain the ground and the low-lying excit-
ed states by means of the multireference second-order
many-body perturbation through the cCIPsI algorithm
[24,25]. A comparison of our energies with the “exact”
nonrelativistic values [26-28] illustrates how good

our wave functions are: 21S: —2.145916 (exact:
—2.145974), 238: —2.175229 (exact: —2.175229),
21p.  —2.123666 (exact: —2.123843), and 23P:

—2.133086 (exact: —2.133163). As an additional test
of the accuracy and the completeness of our wave func-
tions, we calculated the absorption oscillator strengths

TABLE II. Dynamic dipole polarizability a;(w) of the 2'S
state of He. Comparison with the rigorous bounds results of
Glover and Weinhold [19,20]. We think there must be a typing
error on this value marked with an asterisk. All results are in
a.u.

fiw TDGI results Rigorous bounds [19,20]
0 803.25 803.31+6.61
0.001 804.84 804.90%6.63
0.002 809.66 809.68+6.68
0.003 817.81 817.81+6.76
0.004 829.51 829.46+6.87
0.005 845.07 844.96+7.03
0.006 864.93 864.74+7.22
0.007 889.69 889.38+7.47
0.008 920.14 919.68+7.77
0.009 957.38 956.71+8.14
0.010 1002.85 1011.91*+8.60
0.011 1058.59 1057.28+9.15
0.012 1127.45 1125.63+9.84
0.013 1213.58 1211.02+10.71
0.014 1323.18 1319.56+11.81
0.015 1466.01 1460.78+13.26
0.016 1658.27 1650.45+15.22
0.017 1928.94 1916.66+17.99
0.018 2335.48 2314.75+22.18
0.019 3010.05 2970.69+29.21
0.020 4339.60 4246.89+43.32
0.021 8149.49 7785.88+85.30
0.025 —2700.55 —2707.52+£93.61
0.030 —877.88 —881.51+£22.42
0.035 —474.98 —477.48+13.19
0.040 —301.61 —303.61+10.09
0.045 —206.30 —208.08+8.77
0.050 —146.21 —147.95+8.30
0.055 —104.49 —106.35+8.39
0.060 —73.05 —72.23+9.04
0.065 —47.24 —50.04+10.41
0.070 —23.65 —27.60+12.97
0.075 1.46 —4.78+17.98
0.080 35.23 24.01+£29.18
0.085 103.15 78.79+64.32
0.090 529.0 631.0£591.0

S for the dipole transitions between lower (i) and upper
(k) states as well as the Einstein spontaneous-transition
probability A;.

As can be seen in Table I, there is an excellent agree-
ment between our theoretical values for AE, f;,, and A4,;
for the 2§ —2 'P and 23S —2 3P transitions and the ex-
perimental ones [29]. Such an agreement is important
since the more these properties are accurately described
the more the results on computed dynamic dipole polari-
zabilities are expected to be good. In order to obtain
realistic potential surfaces for triatomic van der Waals
systems consisting of a metastable atom and a stable dia-
tom, the knowledge of the dependence of the atom-
diatom dispersion coefficients on the diatomic internal
distance is needed [18,30-33]. For the He(2'S and
238)-H, systems, calculations of the dispersion
coefficients are based on the so-called Casimir-Polder [34]
formula which expresses dispersion coefficients in terms
of imaginary-frequency integrals of the dynamic polariza-
bilities for the noninteracting systems. Note that by us-

TABLE III. Dynamic dipole polarizability a;(w) of the 23§
state of He. Comparison with the rigorous bounds results of
Glover and Weinhold [19,20]. All results are in a.u.

fiw TDGI results Rigorous bounds [19,20]
0 315.92 316.24+0.78
0.0025 317.00 317.33+0.78
0.0050 320.31 320.63+0.79
0.0075 325.97 326.30+0.80
0.0100 334.25 334.59+0.83
0.0125 345.56 345.90+0.86
0.0150 360.50 360.75+0.90
0.0175 379.96 380.32+0.96
0.0200 405.28 405.65+1.03
0.0225 438.51 438.89+1.13
0.0250 482.95 483.34+1.25
0.0275 544.17 544.57+1.43
0.0300 632.41 632.82+1.70
0.0325 768.67 769.05+2.10
0.0350 1003.68 1003.93+2.82
0.0375 1499.53 1499.16+4.39
0.0400 3205.28 3199.13+10.27
0.0450 —2097.0 —8388.01+6339.0
0.0500 —1726.27 —724.20+5.89
0.0550 —417.20 —416.441+3.05
0.0600 —281.78 —281.32+2.14
0.0650 —206.21 —205.84+1.74
0.0700 —158.17 —157.82+1.56
0.0750 —124.94 —124.58+1.51
0.0800 —100.49 —100.11%+1.55
0.0850 —81.55 —81.15+1.71
0.0900 —66.11 —65.71£2.03
0.0950 —52.74 —52.38+2.63
0.1000 —40.07 —39.91+3.79
0.1050 —26.03 —26.501+6.40
0.1090 —10.17 —11.93+11.88
0.1095 —17.49 —9.82+12.77
0.1125 16.98 10.98+25.63
0.1150 74.32 61.24+67.87
0.1170 450.0 1193.0+£1192.0
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TABLE IV. Dynamic quadrupole polarizability of the 2 'S
and 23S states of He. All results are in a.u. C,, ., is defined [49]
as C,, . =2/3%3,, +,1(gl8.Im)*/0,,=1/3a,

fie) Cp (2'S) Cuze (2°S)
0 2290.3 887.34
0.005 2296.9 888.97
0.010 2317.0 893.07
0.015 2351.1 900.14
0.020 2400.9 910.51
0.025 2468.1 923.80
0.030 2555.6 940.91
0.035 2667.7 961.92
0.040 2810.0 987.40
0.045 2991.6 1018.1
0.050 3225.6 1054.8
0.055 3531.8 1098.5
0.060 3944.5 1151.2
0.065 4522.8 1214.4
0.070 5383.5 1292.1
0.075 6785.9 1387.5
0.080 9460.5 1507.5
0.085 16 548.0 1662.6
0.090 90882.0 1868.1
0.095 —22973.0 2153.9
0.100 —9525.4 2577.6
0.105 —5639.2 3267.9

ing our TDGI method the dispersion coefficients for
seven specific H—H bond distances varying from 1.4 to
6.0 a.u. have already been calculated in a previous work
[18].

III. RESULTS AND DISCUSSION

There is a vast amount of theoretical [19,20,35-45]
and experimental data [46] for the static dipole polariza-
bilities a; of the 2 1S and 2 3S metastable states of helium.
To our knowledge, none are so accurate and so reliable as
the rigorous upper- and lower-bound results obtained by
Glover and Weinhold [19,20]. They also give the
rigorous bounds for dynamic dipole polarizability at real
[a,(w)] and at imaginary frequencies [a,(i®)] for a wide
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range of energies. We shall use these rigorous bounds as
a criterion to estimate the quality of our TDGI results
(Tables II and III). A first point to emphasize is that our
results for the static polarizabilities (803.25 and 315.92
a.u. for 2 'S and 23S, respectively) are in excellent agree-
ment with the rigorous bounds of Glover and Weinhold
[19,20] (803.311+6.61 and 316.24+0.78 a.u.), and also
agree with the experimental values (728.8+87.7 and
301+20 a.u.) determined by the electric-deflection time-
of-flight method [26]. For the dynamic polarizabilities at
frequencies up to the second excitation threshold, TDGI
results are always compatible with the rigorous bounds,
except for the 2 S metastable state near the resonance
within the range 0.019-0.021 a.u.

In contrast to the dipole polarizabilities very little is
known about quadrupole polarizabilities (a,=3C,, ,,) of
excited states of He. For the 23S state, earlier theoretical
values for the static quadrupole polarizability component
C,, ., range from 887.7 to 947.6 a.u. [47] in the extended
Coulomb approximation (ECA) and quantum-defect or-
bital (QDO) methods, while multiconfiguration self-
consistent-field (MCSCF) calculations done by
Konowalow and Lengsfield [48] give a value of 914.4 a.u.
(note that we have divided their results by a factor 3 to
adopt Bishop’s convention [49]).

For the 2 'S state, the values obtained by Lamm and
Szabo [47] are 2346 and 2425 a.u. depending on the ap-
proximation used. Calculated dynamic quadrupole po-
larizabilities are given in Table IV. Our static C,, ,,
values (2290.3 a.u. for 2 'S and 887.34 a.u for 23S) agree
within 2% with the ECA value of Lamm and Szabo [47].
For the dynamic values we found no published data to
compare with [50].

The multipole expansion of the second-order interac-
tion energy between a pair of neutral S-state atoms is
given by

AE=—C4R S —CgR ¥ —C R ..,
where the C,’s are the van der Waals or dispersion
coefficients. The Cy and C dispersion coefficients for the
interaction between the ground (11S) and excited states

TABLE V. van der Waals C¢ and Cj coefficients (in a.u.) for He in the 1S, 2 'S, and 23S states. The
rigorous bounds results are given in parentheses for Cg.

Cs 1's 2's 238
1's 1.4593 42.12 29.19
(1.4597+0.0055) (41.47%1.70) (29.00£0.51)
2's 1.136 X 10* 5.866 X 10°
([1.133:£0.063] X 10%) ([5.767+0.339]X 10%)
238 3.279X 10°
([3.289+0.090] X 10%)
Cs 1's 218 238
1's 13.883 3263 1689
218 8.125X10° 4.068 X 10°
238 2.086 X 10°
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TABLE VI. Calculated C, dispersion coefficients for He(2 15)-H, and He(2 3S)-H, as a function of

the interhydrogen distance R.

R 1.4 24 3.0 3.4 3.8 44 6.0
He(2'S)-H,
cl 188.7 406.7 501.5 513.4 484.4 412.9 292.1
ct 135.8 222.8 255.7 266.0 268.2 265.7 258.0
C, 153.4 284.1 337.6 348.5 340.3 314.8 269.4
He(23S)-H,
cl 129.1 274.4 336.6 343.8 324.4 277.1 197.5
ci 93.0 151.6 173.8 180.7 182.0 180.5 175.3
C, 105.0 192.5 228.1 235.1 229.5 212.7 182.7

(21S and 23S) of He were calculated by combining our
a,(iw) and a,(iw) TDGI values through a simple numer-
ical integration using (see [S1] and Table IV),

C6=ﬂ Owa{‘(iw)af’(iw)dw ,
_ 15%4 © L 4. By : A/ By :
Cq —J, [as(iv)ajlio)+af(io)a;(io)]do .

For the ground and low-lying S states of He, C¢; and
Cg values are given in Table V. For C¢ our values are
compatible with the very tight error bounds obtained by
Glover and Weinhold [20]. Our best estimate of C¢ for
(118-118), (215-218), and (238-23S) are different
from rigorous calculations by 0.03%, 0.26%, and 0.3%,
while our (21S-23S) result is too high by 1.7% with
respect to the rigorous bounds mean value of [20]. For
Cg the largest difference between the values in Table V
and the results given by Proctor and Stwalley [52] is
2.7%. As expected, in all cases the results obtained for
systems consisting of excited atoms are fairly large with
respect to those obtained with atoms in their ground state
since excited rare-gas atoms lose their ‘“‘closed-shell”
character.

Table VI presents TDGI calculations of the C¢ disper-
sion coefficients (both parallel and perpendicular) for the

systems He(2 'S)-H, and He(2 3S)-H, as a function of the
interhydrogen Ry_y distance. This is a calculation from
first principles of this quantity involving low-lying meta-
stable states of He. Cg dispersion coefficients for both
systems are obtained using accurate dipole polarizabili-
ties at seven H—H distances ranging from 1.4 to 6.0 a.u.
calculated in [18]. A maximum for the C¢ coefficients
occurs at values of R similar to those at which the polari-
zabilities of H, reach their maximum value. It should be
noted that for all distances the C, [He(2'S)-H,]
coefficient is roughly 50% higher than the C¢[He(23S)-
H,] value. These R-dependent coefficients may be used
for representing model potential functions.
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We present a powerful method for calculating the thermodynamic properties of infinite-
dimensional Hubbard-type models using an exact diagonalization of an Anderson model with a
finite number of sites. The resolution obtained for Green’s functions is far superior to that of
quantum Monte Carlo calculations. We apply the method to the half-filled Hubbard model for a
discussion of the metal-insulator transition, and to the two-band Hubbard model where we find
direct evidence for the existence of a superconducting instability at low temperatures.
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Following the pioneering work of Metzner and Voll-
hardt [1], the limit of large dimensions for models of
strongly correlated fermions has received much attention.
In this limit, the highly intricate quantum many-body
problem simplifies considerably and leads to a nontrivial
mean-field theory [2]. Remarkably, this limit captures
many features of the physics in finite dimensions and
gives a very successful description of quantum fluctua-
tions.

In spite of the considerable simplification obtained in
taking the large D limit, the mean-field equations still
have to be solved numerically. Up to now, all calcula-
tions [3-5] have relied on the Hirsch-Fye quantum Monte
Carlo (QMC) algorithm [6]. A major limitation of this
scheme is the difficulty of accessing low temperatures,
where statistical and finite time-step discretization errors
of the QMC algorithm become very important.

In this paper, we present a powerful exact diagonal-
ization method for solving these mean-field equations.
We find that the resolution obtained for thermodynamic
Green’s functions is far superior to that of QMC cal-
culations and that essentially the exact solution of the
model is obtained, except at very small frequencies. Hav-
ing at our disposal such a unique method, we investi-
gate two important physical issues for which no defi-
nite answers have been given so far. First, we consider

the metal-insulator transition in the half-filled Hubbard:

model, where our numerical results are indicative of a
second-order transition at zero temperature. Second, we
establish the instability of the normal state of the two-
band Hubbard model [7] with respect to singlet super-
conductivity at large U and small doping (the regime of
relevance for high-T. superconductors) and also an in-
stability towards triplet superconductivity in the large
doping regime n ~ 2.

For concreteness, we explain the method in the single-
band Hubbard model on a Bethe lattice of infinite con-

nectivity 2 — oo. The Hamiltonian is written as

H=- E \/lﬁczacja +He + UZ"iT"il- (1)
(ij)o i
The calculation of the single-site properties of the Hub-
bard model in this limit reduces to the self-consistent de-
termination of the on-site Green’s function G(iw) of the
Hubbard model and of a bath Green'’s function Gp(iw),
which describes the interaction on the single site with the
external environment. G(iw) and Gp(iw) are related by
a self-consistency condition which (in the paramagnetic
normal state, on the Bethe lattice) reads

Gyl(w) = iw + p — G(iw)/2. 2)

As is well known [8], the on-site Green’s function of
the Hubbard model may be interpreted as the Green’s
function of an Anderson model

N,
Hana=€a ) did, + Z €}, a1 + Unayng,
o

o,l=2

+ Z (Vial,dy + H.c.), (3)

o,l=2

the function Go(iw,) being given by the U = 0 Green’s
function of the impurity

Goliwn) = GA™ (i)

Ng V2 -1
; l
= | Wy — €4 — U — —_— . 4
(o-amn-Bats) - o

Given the infinite number of degrees of freedom of the
models defined in Eq. (1) and Eq. (3), it is evident that
strict self-consistency can only be obtained with a contin-
uous Anderson model, i.e., with n, = co. Our algorithm
is based on the observation that a systematic approxima-
tion (i.e., fit) of Go(iw) with a finite-n, Anderson model

0031-9007/94/72(11)/1545(4)$06.00 1545
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gives extremely good results. We stress from the begin-
ning that we perform a fit of the imaginary-frequency
Green’s functions only.

In practice, we approximate any Gy ' (iw) by a function
Gy A" (iw) with a finite number n, of sites. This can be
cast into a minimization problem in the variables ¢; and
Vi. In this work, we choose the following cost function:

1 N max

2 3 1G5 iwn) — Ga A Giwn) ) (5)
n=0

A |
where nmax is chosen sufficiently large [wnmax >
max;(e1)] [9]. We search for the parameters ¢ and V
minimizing the x? in Eq. (5) with a standard conjugate
gradient method.

For a small number of sites, n; < 6, the Green’s
function G(iwy) can be obtained exactly from the com-
plete set of eigenvectors and eigenvalues of the Anderson
Hamiltonian equation (3). The procedure

Gy (iw) " 651 And (i) B D) Giw) PLD G2 (i)

6
is then iterated to convergence. (©)

Beyond ns; = 6, the size of the Hilbert space be-
comes too large for an explicit diagonalization of the An-
derson Hamiltonian. However, the calculation of zero-
temperature Green’s functions is still possible by means
of the Lanczos algorithm [10], which allows us to easily
calculate G(iw) and Go(iw) up to ns ~ 10 on a work sta-
tion. The fit with the Anderson model is performed as
before. We simply replace the Matsubara frequencies by
a fine grid of imaginary frequencies, which correspond to
a “fictitious” inverse temperature 8 (wn = (2n+1)7/B).
[ introduces a low-frequency cutoff in an obvious way.

The following observations are made:

(1) We notice in general very small differences between
Gy !(iw) and G5! A" (iw) as expressed by small minimal
values of x? in Eq. (5). x? decreases by approximately
a constant factor each time we add one more site. This
means that exponential convergence in n, is observed.

(2) The extensive comparisons with QMC [5] which
we have undertaken indicate that, even at finite tem-
perature, exact diagonalization is by far the superior
method for this problem. Using exact diagonalization
at ng = 3,...,6, very precise values of the Green’s func-
tion G(7) can be obtained in a few minutes on a work
station, which it has taken us days to check by QMC [11].

(3) Using the Lanczos algorithm at T = 0 we can go
higher in n,, and the quality of fit can be ameliorated
by another 2 orders of magnitude. To illustrate, we dis-
play in Fig. 1(a) the low-frequency part of Gy !(iw) and
Gyl Am(iw) for U = 2 at B = 200 [see also Fig. 3(a)
for the two-band Hubbard case]. Notice the systematic
amelioration of the fit. Furthermore, the bath Green’s
function Gy [the Green’s function obtained from Eq.
(2), once G(iw) has been computed] is extremely inde-
pendent of n,, especially at high frequency. Already at
w = 0.11, e.g., G5! varies by less than 0.0001 between
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FIG. 1. (a) Go(iw)™! and GO_1And in the Hubbard model
at U = 2 at small frequency for n, = 6,8,10. Note the
systematic improvement of the solution. The maximal misfit
between the two functions is 0.082 for n, = 6. (b) Density of
states p(w) for U = 2 (e = 0.01). We compare with the IPT
density of states [12]. Inset: Comparison of the integrated
densities of states between exact diagonalization and IPT.

ns = 6,8, and 10. The same convergence is observed
for the physical Green’s function G(iw) in which we are
ultimately interested.

(4) Even though the method has been geared exclu-
sively at the calculation of thermodynamic Green’s quan-
tities, it is very interesting to consider the dynamic prop-
erties, e.g., the one-particle spectral densities p(w) =
—ImG(w + i€)/w. We have computed p(w) (n,=10) for
different values of U. In the Fermi-liquid regime at mod-
erate U, the excitation spectrum of our finite-size An-
derson model consists of a large number of peaks, which
are grouped into three well-separated structures: a cen-
tral quasiparticle peak and two broad high-energy satel-
lite features, corresponding to the formation of the upper
and lower Hubbard bands. At sufficiently large U a Mott
insulator gap is observed, and far fewer peaks contribute
to the spectrum. Figure 1(b) gives the spectral density
as obtained at U = 2. The dashed line represents the
results given by the iterated perturbation theory (IPT)
approximation. This method is based essentially on the
use of a weak coupling calculation to second order in U
of ¥ which gives an interpolation between the small and
large U limits (exclusively at half filling and in the para-
magnetic phase) [8,12,13]. We also present the integrated
density of states corresponding to Lanczods and IPT. The
agreement between both curves is seen to be excellent,
provided we average over a small frequency interval. This
indicates that the spectral density, as calculated by our
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method, contains coarse-grained information about the
exact solution, and can be very useful in cases in which
IPT cannot be applied.

Let us now give a more quantitative discussion of the
metal-insulator transition. Figure 2 presents some results
for the quasiparticle spectral weight Z calculated from
the slope of the self-energy ¥ = Gg! — G~1. In the
inset of Fig. 2 we present the data for ImX(iw) at small
frequencies from which the spectral weight is extracted
ImX(iw) ~ (1 ~1/Z)w + ---]. To get a truly stabilized
slope of ¥ we have found it necessary to reach very large
values of 3. The main plot compares the results at n, =
10 with IPT. On a few points we give in addition the
results at n; = 6 and n, = 8. Given the extremely
good agreement between the values of Z calculated with
ns = 8 and 10, we are very confident of the numerical
values presented.

As discussed in Ref. [12], the IPT approximation leads
to a first-order Mott-Hubbard transition (cf. Fig. 2),
and the quasiparticle weight Z jumps discontinuously at
U ~ 3.6. We have only found limited evidence for such a
scenario within the present approach. At ny = 6, we are
unable to stabilize two solutions at the same values of
the physical parameters (the coexistence of two solutions
is indicative of a first-order phase transition). At n, =8,
and using a fictitious temperature of § = 120, we find
a coexistence region within a very small interval of U:
4.45 < U < 4.60 [14]. Even though the question of the
order of the transition will have to await a more detailed
investigation, it seems to us to be difficult to reconcile
our numerical results with an abrupt zero-temperature
transition anywhere close to U = 3.6. Let us reiterate
the fact that the results presented in Fig. 2 are at zero
temperature and that 8 only serves as a frequency cutoff.

We now consider the very important issue of supercon-
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FIG. 2. Quasiparticle weight Z as a function of U for the
half-filled Hubbard model. The curve gives the IPT approx-
imation, which predicts a first-order transition. The crosses
give the results for n, = 10, with the corresponding results for
n, = 6,8 at two points. The inset shows the small-w behav-
ior of ImX(iw) for n, = 6,8,10 from which the quasiparticle
weight is calculated. Note the excellent convergence with n,.

ductivity in Hubbard-type models in infinite D. We have
looked for it in the single-band model defined above, and
in the two-band Hubbard model defined by the Hamilto-
nian (7]

>

tijdzapja +Hece +¢ Z p}apj,

i€D,jeP,o j€P
+ea Y dldis +Us > nénd, (7)
i€D,o t€D

where the hopping is scaled as ¢;; ~ 1/ v2z. In Eq. (7)
(ds, Do) represent two atomic orbitals on different sub-
lattices (D, P) of a bipartite lattice with 2 — oo which,
as before, is taken to be the infinitely connected Bethe
lattice.

In the standard Nambu notation, ¥} = (d’{, d)) (equiv-
alently for W) the d-orbital Green’s function can be writ-
ten as a 2 X 2 matrix

= 1 —
D() = ~T(a(e)¥y)) = (5o, 54
®)
and the self-consistency equations for the Green’s func-
tions are given by (7]

Ga(w)  Fa(w) )

Dal(iwn) = twy, + (1 — €4)03 — tf,d 03P (iwy)os3,
P~ !(iwn) = iwn + (4 — €p)03 — t2;03D(iwn )03

9)

(note that D and D are 2 x 2 matrices and that Dy
denotes the matrix inverse).

In the presence of superconducting order, the Green’s
functions D(iwy,) and Dg(iwy,) may be viewed as impu-
rity Green’s functions of an effective Anderson model in
a superconducting medium, which we fit by a generaliza-
tion of Eq. (4), modified by an explicit pairing between
all the sites [11].

We are interested in the normal state exclusively as
a starting point for a linear stability analysis and in-
vestigate the regime close to the normal solution. An
example of the excellent quality of the normal state so-
lution [15] is presented in Fig. 3(a). Here, Re[Gqo(iw)]
and Re[G4Pd(iw)] are displayed. The “fictitious” tem-
perature is § = 250, Uy = 8, € — €4 =4, p = 3.5, and
the density corresponds to the lightly doped regime of
the two-band model (n ~ 1.3). We now consider the
stability analysis of the normal state solution. A pos-
sible way of studying this stability is to calculate the
pairing susceptibility. An alternative way used here is
to establish the stability properties of the solution by
introducing small superconducting terms in the Ander-
son Hamiltonian, and following the evolution under sub-
sequent iterations [7]. Under such conditions, the nor-
mal state solutions very quickly acquire nonzero values of
F(w), which indicate a superconducting instability. More
rigorously, and in order to study quantitatively the ef-
fects of increasing ngs, we may calculate the largest eigen-
value, and the corresponding eigenvector of the matrix
OF (iw)™*! /OF (iw)™ close to the normal state, where the
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FIG. 3. (a) Real part of G4%%(iw) and Gqo(iw) for
ns =4,...,8 (two-band model: Ug = 8, = 3.5,¢p, — €4 = 4).
(b) Largest eigenvector of the matrix OF(iw)™*!/OF (iw)™
close to the normal state solution for n, = 6,7, and 8 (singlet
sector). The corresponding eigenvalues are Amax ~ 2 in all
three cases.

superscripts on the F’s indicate two subsequent iterations
of the self-consistency loop. We have done such calcula-
tions, which correspond to the well-known procedure of
extracting the largest eigenvalue and eigenvector of a ma-
trix with the “power method.” We are able to identify
a linear regime at small F(iw), with the largest eigen-
value always of the order Apnax ~ 2. The corresponding
(rescaled) eigenvectors for ns = 6, 7,8 are plotted in Fig.
3(b). Clearly, the agreement between these completely
independent curves is excellent. We have checked this
result in a variety of ways [by changing (3, the precise
form of the function used in Eq. (5), and the doping).
This leads us to the conviction that the normal state so-
lution of the d = oo model at small doping is indeed
unstable with respect to singlet superconductivity. We
have performed a completely analogous stability analysis
for the lightly doped (n ~ 1.2 and n ~ 1.4) regime of the
corresponding one-band Hubbard model for a number of
values of the interaction (U = 2,4,6,8). In sharp con-
trast to the two-band Hubbard model, we have found no
indication of a superconducting instability in that case.
We have also studied the point investigated previously
[7], i.e., values of the physical parameters correspond-
ing to a total density of n ~ 2, where the Hubbard in-
teraction is just large enough to create a large overlap
between the upper Hubbard band of the d-level and the
p-level band. There our evidence for singlet superconduc-
tivity is very limited (at least for frequencies larger than
~ 1/200). However, we have on that point found very
clear evidence for superconductivity in the triplet sector.
Following the procedure outlined above (at T' = 0), we
find consistently that any small superconducting term,
in addition to the normal state solution, blows up at a
rate which corresponds to a largest eigenvalue of ~ 1.8
of the matrix 8F (iw)"*!/F (iw)™ [16] (typical values of
parameters are Uy = 4.5, u = €, — €g = 4, 3 = 200). Su-
perconducting order of this kind has been first proposed
by Berezinskii [17] in the context of *He, and, very re-
cently by Coleman, Miranda, and Tsvelik [18] for heavy-
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Abstract. - Using a collective-mode Monte Carlo method (the Wolff-Swendsen-Wang algorithm),
we compute the spin stiffness of the two-dimensional classical Heisenberg model. We show that it
is the relevant physical quantity to investigate the behaviour of the model in the very
low-temperature range inaccessible to previous studies based on correlation length and
susceptibility calculations.

As well known, the long-distance, low-energy physics of two-dimensional spin systems is
expected to be obtained from a low-temperature perturbative expansion of a suitable
non-linear sigma (NLo) model. In order to have a non-perturbative control of this
low-temperature expansion, one can take advantage of Monte Carlo simulations. Up to now,
calculations have been mainly concerned with correlation lengths and susceptibilities [1].
Unfortunately, because of their exponential behaviour as a function of 8 =1/kT and the
computationally accessible lattice sizes, studying the very low-temperature regime is very
demanding, or even impossible. The aim of this paper is: 1) to show that the relevant physical
quantity allowing to reach this regime for accessible sizes in the spin stiffness ¢,, a measure
of the free-energy increment under twisting of the boundary conditions [2, 3]; 2) to argue that
it is essential to use a non-local Monte Carlo algorithm to get truly converged values of the
spin stiffness in the very low-temperature regime; 3) to exhibit in the case of the
two-dimensional classical Heisenberg model the quasi-perfect agreement between the Monte
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Carlo simulation of the spin model and the predictions of the corresponding non-linear sigma
(NLs) model; applications to more involved systems will be presented in a forthcoming
work.

To our knowledge, two previous works have attempted to compute the spin stiffness of the
Heisenberg model. However, they are either based on a wrong formula [4], or on the use of a
local Monte Carlo scheme [4, 5] not suited at all to the problem as discussed in the following.
In our opinion, we present here the first unambiguous numerical calculation validating the
precise finite-size behaviour of the spin stiffness of the two-dimensional classical Heisenberg
model.

The Hamiltonian of the Heisenberg model is

H=-J38:85;, (1)
)

where (ij) denotes the summation over nearest neighbours of a finite square lattice of size L.
In (1), S; are three-component unit length classical vectors and J is positive. Each site ¢ of the
lattice is indexed by two coordinates x; and ;.

We impose a twist in the x-direction, by coupling the system with two walls of spins:
Sx=0)=8,, S(x=L)=28,, S; being deduced from S; by a rotation of angle 6 around a
direction e. The spin stiffness ¢, is defined as

FF(6)
362 le=o0

es(L) = , (2)

where F is the free energy.
In terms of the spins it writes

J ) J? 2
o) = (S8, SreS e - o) - F((ZSAS ew-n)f), @
where T is the temperature and Boltzmann averages are performed with two walls of parallel
spins fixed at boundaries in the x-direction.
The finite-size behaviour of ¢, (L), when L is much larger than the lattice spacing a but
much smaller than the correlation length & has been calculated at one- and two-loop order
with use of the O(8)/0(2) NLs model [2,6]:

pe 1t ynd (4)
T 27 L 2 L

where the common coefficient 1/2x in front of the leading and subleading logarithmic terms is
a universal number which is not modified by higher orders in the low-temperature
expansion.

The crucial point in measuring ¢, is that its predicted size dependence given by (4) is all the
more valid since L <&, Therefore, in the very low-temperature regime we can hope to test
formula (4) by using a large range of relatively small lattice sizes. In contrast, measuring the
temperature dependence of ¢ requires & < L and, therefore, relatively high temperatures for
accessible sizes[1], a regime where the validity of the perturbation theory becomes less
controlled. A most important point to notice is that at the very low temperatures considered
here the physics of the model is entirely controlled by -collective excitations—spin
waves—and therefore we must take great care of these large-scale moves in any simulation
of the model («beating» the critical slowing-down).

The purpose of this paper is to present a Monte Carlo study of the spin stiffness for the
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finite two-dimensional classical Heisenberg model free of critical slowing-down and then to
investigate prediction (4) numerically. To summarize what has been obtained, our Monte
Cario calculations confirm the existence of a leading logarithmie contribution with the
universal amplitude 1/2x. In addition, an extra-contribution to the spin stiffness consistent
with the subleading term of (4) has also been clearly identified. The Monte Carlo results
presented have been obtained using the Wolff-Swendsen-Wang method [7] of updating large
clusters of spins simultaneously. At the low temperatures considered here, using a collective
Monte Carlo algorithm appeared to be essential to get a well-converged estimate of the slope
of the spin stiffness as a function of the lattice size. In particular, our preliminary attempts
making use of a Monte Carlo algorithm based on local spin updates failed due to the severe
critical slowing-down.

At this point, it seems important to discuss in more detail the previous attempts of
calculating the spin stiffness of the Heisenberg model. Apart from the paper of Mon [4] in
which a wrong formula for ¢, has been used (he has mistakenly used the spin stiffness formula
of the XY case), another calculation by Ritchey [5] done with the correct formula and using a
local Metropolis algorithm has been performed. We have redone entirely his calculations with
the very same conditions (same lattice sizes, same temperatures, same number of Monte
Carlo steps). As already emphasized, we realized soon that such calculations are hampered
by a severe critical slowing-down. Instead of getting a slope of approximately — 0.16 (i.e.
1/27n) Ritchey obtained a value of approximately — 0.12. At the lowest temperature he
treated, the difference between both figures results in fact from the non-convergence of his
estimate of the slope (very slow convergence, independent configurations are too scarce). It
is interesting to note that this difference has been boldly interpreted elsewhere as taking its
origin from cubic corrections to the scaling [8], corrections which in fact are negligible at the
lowest temperature presented by Ritchey. In this paper, highly converged estimates of the
slope of the spin-stiffness are presented. Cubic corrections to the pg-function (ie. Inln
corrections in formula (4)) showing up at sufficiently high temperatures are also put into
evidence (see fig. 2).

Results. — The Wolff-Swendsen-Wang (WSW) algorithm has been implemented to
simulate the Heisenberg model on an L X L square lattice. In the y-direction periodic
boundary conditions have been chosen. In the x-direction, fixed boundary conditions are to
be used. However, for simplicity we have also chosen periodic boundary conditions in the
x-direction. This introduces an error in the spin stiffness exponentially small in In L. By using
a very recently proposed interpretation of Wolff-type algorithms as algorithms based on an
embedding of Ising spins into continuous spins[9] it can be seen that fixed boundary
conditions can be implemented by introducing a suitable external magnetic field in the
underlying Ising model. We have implemented this idea and found that the errors in the
calculated spin stiffness are indeed exponentially small (less than 0.5% relative error for
lattice sizes with L > 8). No difference on the resulting slopes have been observed within
statistical fluctuations.

One of the major results of this paper is that relatively moderate sizes L are in fact
sufficient to validate formula (4). Lattices of sizes L = 4, 8, 12, ..., 32 have been simulated.
We have performed our simulations at four different temperatures: 7/J = 0.1, 0.15, 0.3, and
0.395. In each case we are at a sufficiently low temperature to be in the regime of validity of
formula (4) (L << &).

Figure 1 presents the complete set of results obtained for the spin stiffness at different
sizes and temperatures. At the scale of fig. 1, all curves appear to be very rapidly linear as a
function of In L. In order to determine accurately the corresponding slope, a closer look is
necessary. Figure 2 presents a blow-up of data of fig. 1 for the lowest (upper figure) and
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Fig. 1. - Spin stiffness for different sizes and temperatures. Statistical fluctuations smaller than the size
of crosses.

highest (lower figure) temperatures treated, 7/J = 0.1 and T/J = 0.395, respectively. A
first point to notice is that a very high accuracy on our data has been achieved. Such a level of
aceuracy is absolutely necessary to put into evidence the linear regime of the spin stiffness as
well as to get a truly converged estimate of the slope. We emphasize that only when resorting
to a collective Monte Carlo secheme we have been able to fulfil both requirements. A first
important remark concerning fig.2 is how fast we enter the linear regime: at all
temperatures considered it is reached at L ~ 16. By using data for L = 16, 20, 24, 28, and 32
an estimate of the slope can be extracted, we get: — 0.162(4), — 0.166(5), — 0.171(5), and
—0.184(7) at T/J = 0.1, 0.15, 0.3, and 0.395, respectively. At the very low temperature
T/J = 0.1 we recover within statistical fluctuations the theoretical result 1/27 = 0.1592...
predicted by formula (4)(!). At higher temperatures non-negligible higher-order

L e T e e e e e e MR ERAse — T T T T T T T
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9.2
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Fig. 2. - Blow-up of fig. 1 for T/J = 0.1 (@)) and T/J = 0.395 (b)). The solid line is the best fit using
eq. (4), the dashed line the first-order prediction (no renormalization of the slope).

(}) In fact, at this temperature the slope is very slightly renormalized. Using egs. (4), (5) we get
— 0.162 instead of the bare value of — 0.1592.... However, both values are not distinguishable within
statistical fluctuations.
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contributions in the spin stiffness show up. To put this on a more quantitative basis, we have
performed a fit of the data using the full expression (4). The resulting curve is represented by
a solid line in fig. 2. The only free parameter entering the fit is the correlation length &, the
arbitrary reference value for the spin stiffness being chosen so as to reproduce exactly the
last data (L = 32). The dashed line is the linear curve obtained when resorting to the leading
logarithmic behaviour (no Inln corrections, no renormalization of the 1/2x slope) using the
very same correlation length as determined in the fit. At T/J = 0.1, both curves almost
coincide in the linear regime, illustrating the correctness of the leading log prediction and the
smallness of the higher-order corrections at this temperature. At the higher temperatures
considered, we clearly see the necessity of going beyond leading order. In addition, it is
striking to see how good representation (4) is in reproducing our Monte Carlo data. Of
course, due to the accuracy determined by statistical fluctuations and to the narrow range of
lattice sizes used,it is not realistic to hope to resolve the precise analytical Inln behaviour of
the second-order theoretical expression. However, our data are perfectly consistent with the
«renormalized slope» predicted by (4), s* =03(¢s/T)/dIn L = —1/2x(1 + 1/In(&/L)).

In fig. 3 we have plotted the correlation length & issued from the fit using formula (4). We
also present the curve obtained from the formula proposed by Shenker and Tobochnik [10]
(obtained by matching high- and low-temperature calculations):

exp[27J/T]

=0.01
: 1+ 27J/T

(5)

It is very satisfactory to see that our rough estimates of £ are in good agreement with this
completely independent calculation of the correlation length.

In this paper, we have shown that for the case of the two-dimensional classical Heisenberg
model it is possible to get a quasi-perfect agreement between the Monte Carlo simulation of
the spin model and the predictions of the corresponding low-temperature non-linear sigma
(NLs) model. We have overemphasized that the essential point to obtain such a nice
agreement is the use of an appropriate non-local Monte Carlo algorithm. The study of the
spin siffness of more involved 2D systems such as frustrated Heisenberg spin models could be

80—
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Fig. 3. — Correlation length & The solid line is obtained from eq. (5), the values indicated by crosses
from the fit of our data using eq. (4).
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a very efficient test of the validity of the low-temperature perturbative expansion of the
corresponding more general non-linear sigma models[11], an expansion which can be
questioned due to the presence of non-trivial topological excitations [12](?). However, the
implementation of a non-local Monte Carlo scheme for such models is a highly non-trivial
task; work in that direction is in progress.

(®) Note that after completion of this work an interesting study of the spin stiffness for the case of a
classical antiferromagnet on a triangular lattice using a local Monte Carlo scheme has been
published [13].
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A perturbational study of some hydrogen-bonded dimers

Jacqueline Langlet,? Jacqueline Caillet,”) and Michel Caffarel®
CNRS-Laboratoire de Dynamique des Interactions Malaires, UniversiteParis VI,
Tour 22 4 Place Jussieu 75252 Paris Cedex 05, France

(Received 31 January 1995; accepted 31 July 1995

We present a detailed study of several hydrogen-bonded dimers consistin@pfNH;, and HF
molecules using the Symmetry Adapted Perturbation The@#PT) at different levels of
approximations. The relative importance of each individual perturbational components and the
quality of the total interaction energies obtained are discussed. The dependence of the results on the
relative orientation of the molecules of the dimers and on the intermonomer distance is also
investigated. ©1995 American Institute of Physics.

I. INTRODUCTION In order to take account of the continuum contribution
present in the infinite sums involved in the perturbational

i . ith the level of ired by the ph components (except, of course, for the first-ordera
lon energies wi € level ol accuracy required by the p ySi/ariation-perturbation scheme is usually employiedan be

|fps ﬁnchr:]hemstry (i:‘NcorEplgx molecular fS yst:ahmts "T’:_Vetry ?Af'shown that this can be reduced to a calculation in a suitable
.'Ctu ' " ere ared f.o daS|cthrezZI§f(?ns or b ?' Irfh, ¢ Cdimer basis sef"® In their pioneering work on the use of
interaction energydefined as the difference between the to- APT Jeziorski and van HemetfvH)* have proposed to

tal energy of the c_omplex_and the sum of the t(_)tal Energies o ompute the interaction energy using the following minimal
the individual noninteracting specjes really a tiny fraction representation:

of the total energies involved. Typically, this fraction can

vary from about 107 (weakly interacting van der Waals AEn~ER+ED +E32)+ Egﬁ;p, )
complexe¥ to about 104 (strong hydrogen-bonded sys-

tems. Second, there is nexactmethod to computelirectly where all quantities are computed using the wave functions
this very small difference. In absence of such a procedurdssued from a SCF calculation of the monomdigY is the

two different theoretical strategies are usually employed. Astandard  Rayleigh—Scldimger first-order component
first natural strategy consists in computing the total energy ofPhysically, the classical electrostatic interaction of the un-
each species separatétiie complex and the individual mol- Perturbed charge distributions in the monomeEs;). ,is the
ecules and then to subtract out these energies according tfrst-order exchange part resulting from the change of the
the very definition of the interaction energthe so-called antisymmetry property of the wave functigphysically, the
supermoleculamethod. To do that is difficult due to the dominant part of the repulsive interaction at short distances
very high level of control required on the different sources ofand __Wherl?Ei(ﬁ,)j and E7), are the second-order Rayleigh—
approximation of the particular method used to compute thé&chralinger induction and dispersion energy, respectively
total energies. Without entering into the technical details(physically, the energy of interaction of one monomer within
(choice of the basis set functions, finite-basis-set error, bast§e electric field of the other, and the major attractive contri-
set superposition erraiBSSH, etc..) it is fair to say that bution to the interaction energy for neutral systems, respec-
current state-of-the-aeb initio calculations are not able to tively). Itis important to emphasize that Ed) describes the
reach the necessary level of accuracy, except of course fénain physical facts of the intermolecular interactiefectro-
very small interacting species. A second quite natural apstatic interaction, repulsive force, induction and dispersive
proach is to consider that the interaction energy is the resuforces. However, a number of corrections are neglected
of a very small physical perturbation of the isolated mono-when using Eq(1). The numerical experience shows that
mers and thus to employ some kind of perturbationaltheir importance is very system-dependent. It is therefore
method. This line of research has been intensively followed/ery important to compute them if a reliablelthough ap-
during the last decades and has led to the so-called Symmproximate answer for any interacting system and not just for
try Adapted Perturbation Theori¢SAPT) (see e.g., Refs. 1, a specific class of systems is wanted. Three types of correc-
2, or 3, a variety of methods based on the usual Rayleigh-tions may be distinguished:

Schralinger perturbation theory supplemented by some tech(-I
nique to force the change of antisymmetry property of the
wave function between the monomers and the interactingii)
complex(as known there is not a unique way to do that and,
then, various schemes have been proposed, see reference?iiiﬂ
Ref. 1). It is this constraint which is at the origin of the
strong repulsion at short distanc@xchange contributions

It is well-known that evaluating intermolecular interac-

corrections to the exchange part due to effects beyond
the first-order,

corrections due to higher-order perturbational
Rayleigh—Schidinger componentsE{ with n>2),
corrections due to the intramolecular correlation ef-
fects.

A great deal of activity has been devoted to the calcula-
IE-mail: jl@dim jussieufr tion of these corrections. First of all, it has been very soon
YE-mail: jc@dim.jussieu.fr real_iz_ed that 'the first-order exc;hqnge contributiop was not
9E-mail: mc@dim.jussieu.fr sufficient to give a proper description of the repulsive part at
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intermediate distances and different methods have been proeunt, see application to the He—He interaction in Refs.
posed to evaluate the second-order exchang@1,29. However, it should be noted that the method is in
contributions>~*2Note that at much shorter distances no sat-ractice limited to the case of two-electron systems because
isfactory approach seems to exidincorporating these im- of the celebrated fermionic “sign problen{see, e.g., Refs.
portant contributions we arrive at the following decomposi-30,3J.

tion The purpose of this paper is to present a detailed study
of several hydrogen-bonded dimeimnging from weak to
SAPT _E(1) (1) (2) (2) (2) . .
AEjn" ~Erst Eexent Eing+ Eexch-ina+ Edisp rather strong bonded-systemssing the perturbational for-
(2) malism with different levels of descriptioftwo different
+Eexcl‘rdisp1 (2)

pure perturbational approaches and the hybrid method
which we shall refer to in the following as the SAPT decom-More precisely, using the original formalism presented by
position. An alternative way of going beyond E@) is to  Hesset al!? a few years ago we investigate the dependence
combine both perturbational and supermolecular worlds aef the different perturbational contributions on the geometry

follows: of the dimer(both the intermonomer distance and the relative
. orientation) for five different hydrogen-bonded dimefson-
hybrid__ (2) (2) L . . .
AER "~ AEscrt Egigpt Eexen-disps () sisting of HO, NH;, and HF. We discuss in detail the va-

whereAEgcr is the SCF binding energy computed with the lidity of the different representations for the interaction en-
supermolecular methogcorrected for the BSSE Such a ergy presented above an_d invgstigate the peculiar role of the
procedure is attractive since the SCF interaction energy i§econd-order exchange-induction energy.

supposed to contain most of the second-order exchange- |N€ Organization of the present paper is as follows. In
induction energy, some induction part of third- and higher_sectlon Il we give a rapid summary of the formalism used in

order perturbational terms and even some intramolecular coffliS WOrk. In particular we give the rather unfamiliar expres-

relation contribution introduced when doing a SCFsmnsfortheexchange-inductionand-dispersionenergiesde-

. . . . 12 .
supermolecular calculatidd,contributions which are all ne- f1ved within SAPT theories by Hesat al."* Section il con-
glected when using Edd). In the following we shall refer to tains the computational details. In section IV, we present our

it as thehybrid method. However, when resorting to E) numerical results for the different contributions of the inter-
it is important to realize that mixing both approaches rendé_m)lecu'f”‘r |nterac_t|on energy a”?' a comparison between the
difficult the control on the errors made. How much of the INteraction energies obtained with the different approaches.

higher-order perturbational contributions, what part of theFnally, some conclusions are presented in section V.
exchange-induction energy, etc... is gotten with a SCF super-

molecular calculation is not easy to estimate. Note that it catl. METHOD

be argued that a pure perturbational treatment where indi-

vidual errors are in a better control may be preferable. In the In this section we give a rapid overview of the formalism
. . . y bep " used in this work; for a very detailed and self-contained pre-
same idea of incorporating nonperturbational effects it ha

. 33entation the reader is referred to the original work of Hess
been proposed to include the so-called apparent correlatio

or self-consistency effects into the second-order induction. al-# In the perturbation theory of interactions the total
2) 15_18y "Hamiltonian is decomposed &$=H,+ V"B whereH, de-

energy, Ejfg. In_short, it consists In resorting 10 & e the sum of the non-interacting Hamiltonians of the two
F:qupled Hartreg—FocKCHF) Wh'.Ch |_mpI|C|tIy sums up to monomersA and B (we shall consider here only dimers
|nf|n|ty cert{;un dlggrams appearing in the many-bpdy eXPaNt s mulas can be trivially generalized to an arbitrary number
sion of the induction energy. This is expected to give a betteg)f monomers and VA8 is the intermolecular interaction po-
approximation of the total induction energy. Note that this

Iso be d for th h induction 5 tential.
can aiso be done for the exchange-induction oncern- Following standard Symmetry Adapted Perturbation
ing the explicit calculation of higher-order perturbational

components very little is found in the literatu(see, refer- Theories(SAPT) (see, e.g., Refs. 13&nd using standard

in Refs. 1.20 21Finally. let te that " notations, the complete first- and second-order interaction
ences In Rets. 4, 2 inally, Iet us note that very recently energies are written in the form:
a great deal of attention has been focused on the calculation

of intramolecular correlation contributions to the interaction (1)_<‘P§‘IIE|VABA|‘IIQ\IIE>
energy*132922-8The monomer Hamiltonians are decom- T (UAYEA[VAYE) (4)
posed as a sum of the Fock operator and some residual in-

tramonomer correlation operataiMdller-Plesset partion-

(WU GIVAPRA(VAS—EW) | 5w E)

ning). Using a many-body expansion framework a double E®= R HINR A ) ' (5)
perturbation theory(in the correlation operators of each )
monomey may be written down for any of the interaction WNereRo denotes the reduced resolventttf given by
components. Some calculations of the leading corrections to ) |xpiA\pB><q;iAq;B|

the first- and second-order perturbational components have R0=E ; J (6)

T (EMHED)—(Ef+Ep)

been presentedsee previous referengesNote also that
guantum Monte CarldQMC) techniques can be used to (the prime in2’ means as usual that the term corresponding
computeexactly perturbational quantitie@n particular, the toi=0 andj=0 is excluded from the summatipandA is
intramonomer correlation effects can be fully taken into acthe intersystem antisymmetrizer:
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A=1-A'=1-Py+Po— ..+t (=DNnPy ,  (7) PL=PHDE + D WO+ DI, (12
where P(;)=3=/'SPP;; denotes the sum of all permutations it is clear that the second-order exchange energy may be
exchangingspace and spjrcoordinates of electronof mol-  decomposed into three terms
ecule A with coordinates of electrop of moleculeB, and
similar definitions hold forP(,y,P(sy,... (Nins denotes the EQ.,= Eg()cmmd(AeB)JrEézx)cmmd(BaA)nLng()chisp_
smallest ofN, andNg, the numbers of electrons of molecule

A. and B.’ respect}vgl_y The role played by t.he antisymme- The sum of the first two terms in E¢L3) are referred to
trizer A is essential: it forces the correct antisymmetry of the . . )

dimer wave function with respect to the exchange of elec?® the exc.hange.—mductlon energy aﬁ&mdisp as thg .
trons between both monomers. In formuld$—(6) ‘IfiM (M e?<ch.ange-d|spers'|on energy. Thesg two tgrms takg thelr' ort-
—A,B) are supposed to be thexacteigenfunctions of the gin in the coupling between the induction or dispersion
HamiltonianH™ (M =A,B). In what follows we shall re- forcles ar:jd the electron e;:change: bational .
strict ourselves to the use of approximate wave functions anges n order to compute these various perturbational quanti-

energies calculated at the SCF level. The role of the intra]; we zavctehused _thgdformaltlsm presented r']n Ref. 12‘t IB e}
monomer correlation effects will not be considered here. v WOrds. the main idea IS to express exchange contribu
As usual the first-order interaction energg. (4)) is tions as a combination of formal electrostatic interaction en-
written as a sum of two contributions: ergies be.tween sun_ably generalized _charge distributions, a
form particularly suitable for calculations. To do that, the
EV=eQR+EL.,, (8)  main ingredients used are:
) ) (i) The possibility of reducing the action of the intersys-
where E(Rl% (the subscript RS stands for Rayleigh- antisyrr?metrizeéppearing il’? SAPJon factorized SCIBZI

Schralingep can be interpreted as the energy of the electroy, e functions to a sum of simple products of SCF determi-

static interaction of the unperturbed charge distributions Ohants corresponding to each subsystem, namely:
the isolated monomerihis quantity is often referred to as ’

the electrostatic part or also as the first-order polarization b a;
energy andE(Y., is the first-order exchange energy resulting P(l)[‘I’A‘I’B]:iEA J_ZB WA W b. )’ (14
e € i i

from the presence of the antisymmetrizer. Note that in the
present work all multiple exchange of electrofggiantum-
mechanical tunnelingoetween molecule& andB have been
considered when calculatirgfy).,..

In the same way the second-order perturbation energ
E® (Eq. (5)) is decomposed into two terms: the usual
second-order Rayleigh-Schiinger(RS) perturbation energy
EZ) (obtained by settingh=1 in Eq. (5)) and the second-
order exchange enerds(2.,, given by

where\PA(g!') denotes the Slater determinant of molecélle

in which the occupied spin-orbital; has been replaced by
e spin-orbitab; of moleculeB, the summation is over the
pin-orbitals of determinant®¥” (here labeled byi) and
VB (labeled byj). Using Eq.(14) all integrals involving
functions of the typeP ;[ WAW®] are reduced to sums of
integrals involving simple produc@A(gi) VB of “op-
i i
posite transfer” determinants.
EQ@ —p@_gQ@ » i
exch— RS (i) The use of the so-called Longuet—Higgins represen-
<q,/gq,g|(VAB_ E(l))(A,_<A,>)|¢<1>> tation of the .intgrac_tion ’aperatMAB in terms of the molecu-
=-— A . (9 lar charge distributiong™ (M =A,B), namely:
, . , A(FA\ B/ B
where(A’) and (A) are the expectation values &f and VAB=f JMdedFB 15
A calculated with the ground-state wave functi#g¥ 5 and |FA—FE| :
®() stands for the first-order correction to the wave function
in the perturbation theory with

(H— _ AB\y ANy B N N >
® ROV WOWO' (10) pM(r)zprl\mlluclear(r)+p2/:ectronic(r)

Now, we shall suppose that multiple exchanges contrib-
ute6 \l/xeakly in the region ground the nghb(r;)um geome- = ;M Zl,ﬁ(r—rl,“)—iglI é(r—ry), M=AB.
try,”*" so that only the leading contribution ;3 corre- #
sponding to a single exchange of electrons between mol- (16
eculesA andB is considered. Thus, the approximate expres-

sion fOfE(ezx)ch used here is obtained by settiig = Py, in (iii) The possibility of using a variational-perturbation

Eq. (9). Neglecting terms which correspond to contributionsMethod to compute efficiently the infinite sums involved in
of order higher thai§? (whereS stands for overlap integrals the second-order expressions. In practice, this can be easily

between orbitals of monomersandB), we get implemented by making a variational calculation in a dimer
' basis set?
2 _ _ Ay Bl \/AB__ /\/AB _ (1)
Eexer= — (Vo Wol(V (VEDP = (Pap)|® >1'1 Let us now describe briefly the main steps followed to
1D derive the rather unfamiliar formulas used in this work to
By rewriting @ (Eq. (10)) in the form: compute the exchange-induction and dispersion energies.
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A. Exchange—induction energy B. Exchange-dispersion energy
By using Eqs(11) and(12), E&Z).,._i.4(A—B) is written A similar route to that followed for the exchange-
as induction energy can be used for the exchange-dispersion

component. WritingP42 | (see, Eq(12) as:
Eech”Hnd(A_’B): _<\I’8\P3|(VAB_<VAB>) °P

by
X(Pgy=(PoN)|WoPhg),  (17) DGicp= E > 2 > ‘I’A( )‘I’o(bl> (22)

keA leB reA seB

with a similar formula forE$ xcr‘rlnd(BHA) Afirst pointis  where indicesk and| are associated with summations over

that it is possible to rewrite} , in the form: the corresponding set accupiedspin orbitals whiles and|
refer to summations over the corresponding setidfual
Of = E ‘1’0( ) (18  spin orbitals and where;j are some coefficients analogous
to the linear coefficients of the “induction functions” intro-

where the summation runs over all occupied spin orbitalﬁdaurctidEab?Ige) we can eXprEEgCh‘d'spm a form very simi-
b, of monomerB and where the so-called “induction func- q

tions” f’'s are some well-defined linear combinations of the 'S/ IAB s

virtual spin orbitals ofB (one associated with each occupied EechdISp ze: ;B EA ng G (VP

orbital). Using Eq.(18) it is not difficult to show that the

exchange induction energy may be now written —(VAB[P)Tis = (P VARLD), (23

with the notation
Een ing(A—B)= —kEB ([VABP (1) k= (VB[ P (1) Ik

[0]k|_< vows o’qf’* )\IIB(E )> (24)
—(P)IVA]), (19 A |
, . Exactly in the same way as before it is possible to write the
with the notation elementary contributions CEexch—dlsp as a combination of
fB some electrostatic interactions between generalized charge
[O]kz<qf’3qf§ o’qf’wo( b )> (200 distributions which are ultimately written in terms of mono-
k

and bi-electronic integrals. As an example, the major contri-

whereO stands for an arbitrary operator. Now, by using thebution toEG ;. 4, writes:

fact that the action of the permutation operaRy, on a

product of two determinant¥ , and ¥z may be expressed 00(

as a linear combination of simple products of determlnant?VABP f f akal

corresponding to subsysten#s and B and by using the

Longuet-Higgins representation of the interaction operator

VAB (Egs.(15),(16)) it is possible to show that the three basic

contributions in(19) may be written as some specific com- f f oo
ieA

bsaJ

00 bb

drAdrB

|#:k j¢|
a,bg
aka|

(al
O

b
B drAdr®

binations of electrostatic interactions between some general-
ized intermolecular charge densities. For example, we obtain Sk
for the major contributiot?

00 b b

bsar)

drAdrB

) fka)

00

b.b JJ
KL grAdr® ’Ji?

[VABP 1) 1k= 2 > JJ-

jEB

o (a)
00 bl
f f |r drAdrB, (25)

f j — L drAdr®, (22)
'EA and similar formulas for the other contributions.
where
I1l. COMPUTATIONAL DETAILS
b; b; .
j j
fg\o( a E<\p0A PA(rA) q’é( a-) > A. Dimers
1 |

We have studied five different hydrogen-bonded dimers
with similar definitions for the other generalized charge dis-made of the molecules®, NH;, and HF. The intramolecu-
tributions involved in Eq(21). Finally, explicit expressions lar geometry of the monomers has been taken to be the ex-
for the generalized charge distributions in terms of mono-perimental geometry for isolated monoméssater molecule:
and bi-electronic integrals involving spin orbitas,b;, and  Ry4=1.8088 bohr, 604=104.87°; ammonia molecule:

fB may be easily obtained. Ryu=1.9219 bohr, 6yyy=107.81°; HF molecule:
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H1

H1( DH2
§=60" 850 o,

ammonia molecule acts as a proton donor. Here, tj@.H
HNH, dimer has been studied as a prototype of a H-bonded
dimer with NH; as a proton donor. A stronger but still weak
example of H-bonded dimer i&NH3),. Since the ammonia
molecule exhibits no tendency to proton donation, the
(NH3), complex is expected to be a case of H-bonded dimer
not easy to treat. In this work a linear H-bonded structure has
been chosen for the dimer. Earlig initio calculations have
predicted such a structu?&® However, this picture is not
supported by microwave experimeRts? which predict a
cyclic structure. More recent theoreticalab initio)
calculation! indicate that cyclic and linear complexes are
almost degenerate in energy and that which one is found to
be the most stable is extremely sensitive to details of the

basis set as well as to the amount of correlation effects in-
cluded. In fact, three kinds of tunneling motions exist for the
ammonia dimer: interchange of tkhenorandacceptorroles
¥l 9\=68 __________ G0, of the monomers, internal rotation of the monomers about
f R”;2.837s,:m CFZ el their C; symmetry group andmbrellainversion tunneling?
I A computational exploration of the six-dimensional
vibration-rotation-tunneling dynamics ofNH3), by van

H5 Bladel et al*® has concluded that thé\Hj), structure can
H2 be obtained from thab initio equilibrium structure by vibra-
tional averaging. Here, the radial evolution of the intermo-
lecular interaction(and its componentf (NH3), has been
mainly studied in order to compare the ammonia dimer with
the dimer HOH...NH. The dimergH,0), and(HF), can be
considered as good examples of intermediate H-bonded

FIG. 1. The five hydrogen-bonded dimers studied. For a definition of thedimers. Finally, we treat the 4M...HOH dimer as an ex-
anglesd, and 65, see text. ample of a rather strong H-bonded system.

% """"""""""""" I
01 R)()”'3'15A H3 ¢
H4

R.r=1.71362 bohx In Figure 1, we present the different B- Basis set

dimers in their equilibrium geometry as obtained by the pure  Qur calculations for the different dimers have been per-
perturbational treatmen{SAPT, see Eq.(2)), note that formed with a very large basis s&t3s 8p 3d)/(7s 2p) con-
slightly different geometries can be obtained with other theotracted into(8s 5p 3d)/(4s 2p) (the first set of basis functions
retical schemes, see discussion in the next section. In th-é‘orresponds to the heavy atom N, O, or F, the second to the
work, we shall denoté the proton acceptor molecule aBd  hydrogen atoms The basis set used has been taken from
the proton donor molecule. The dimer geometries will bevpisin** and has been built as follows. First, based on atomic
described by the quantitiey, 65, and Ryg where: calculations the sets of primitives optimized by van Duijn-
(i) 6, defines the angle between the principal axes of th&Veldt (125 7p)/ (6s),** have been contracted into some re-

proton acceptor molecul@isector in HO, C, axis in duced set7s 4p)/(3s). Then, a set of diffuse functiorssand
NHs, and bond axis in HFand the axisA...B con- P has been added. Their exponents have been obtained ac-

necting the two heavy atomss and B. cording to the averaging procedure presented in Ref. 46. Fi-
(i) g is the angle between the B-H bond axis of the Nally, to better describe the heavy atofhs O, and B, three
proton donor and the axi...B. polarization functionsd have been added according to the
(i) Rag is the (intermolecular distance between the two Tules proposed by Werner and MeyéfThe two orbitalsp of
heavy atomsA andB of the two monomers. The val- hydrogen are those given by Christiansen and McCulldfigh.
ues of these different quantities at the SAPT equilib-'” order to evaluate the quality of our basis set we have
rium geometry are given in Figure 1. performed a number of checks.

The five different dimers have been chosen from very
weak to rather strong hydrogen-bonded dimers. The less
bounded system is the dimer®...HNH,. In fact, there is The SCF energy and dipole moment have been com-
no experimental evidence of its existence. It is well-knownpared to the some recently estimated Hartree—Fock limits for
that NH; acts as a proton acceptor when it is involved in athe three moleculeéTable ). Our values for the SCF ener-
H-bonded syster?3® For example, this is the case for gies appear to be quite close to the nearly-infinite-basis-set
H3N...HF3* NCH...NH;,% and HCCH...NH.%® There is so results. The values of the dipole moments are also quite
far no known example of systems in the gas phase where thgood. It is important to emphasize that reproducing correctly

. Basis-set quality: Some monomer properties
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TABLE I. SCF energies and dipole moments obtained with the basis sewhy this quantity, which may be viewed as a correction to
used in this work. Comparison with the corresponding near Hartree—Fockhe ordinary exchange energy, is called “complementary ex-
limits. All energies in a.u. Dipole moments in Debye. change energy.” Now, the important property we shall use is
thatwithin the one-exchange approximatitre complemen-

Molecule Escr Enear HF timit HscF Mnear HF limit ; ' . .
- tary exchange energy vanishes if and only if the approximate
H:0 ~76.0606 ~76.0673 1.98 1.98 functions used for the unperturbed monomers are the exact
NH; —56.2179 -56.2246  1.56 1.62 Y Fock soluti Si f i
= ~100.064 ~100.0706 1.93 1.92 artreg— ock solutions. Since for not too small intermono-
mer distances the exact and one-exchange complementary
°Reference 49. exchange energies are almost identi€@l,pi-excn iS @ good

by
Reference 53. indicator of how far an approximate SCF wave function built

from some given basis set is from the Hartree—Fock limit. Of

the permanent dipole moments is crucial since the interactioROUrse, for very small values @tomp-excnit would be nec-

energy of hydrogen-bonded systems is dominated by th&SSary to consider the true one-exchange complementary en-
electrostatic interaction. ergy instead ofecompi-exch- IN Table 1l we present for the

different dimers treated the values obtained &g¥yp-exch
at a few representative distanceggR To compare with, we

also report the values of the Heitler—London exchange en-
a. Complementary exchange energyA very useful  ergy defined as

guantity to evaluate the quality of a given finite basis set for

computing intermolecular interactions is the so-called

“complementary exchange energy.” A very detailed presen- " @

tation of this quantity can be found in referen¢@8 How- Eexch-HL= Eexch €compl-exch- (28
ever, since the use of this quantity is not very common, let us

first give a short presentation of it. The complementary ex-

change energcompl-exch, IS defined via the following for- - The yalues obtained fofcompl-exch are found to be rather

2. Basis-set quality: Some dimer properties

mula small when compared with typical valuésee, e.g., Refs. 1
(WOWEIHA| WO WE) - or 51). This illustrates the good quality of the basis sets used
Eo= <\I’A\I’B|A|\I’A\PB> =EoT €compl-exch in this work.
0=0 00 b. Counterpoise correction at the SCF leviel a super-
(VoW VABA| W oW E) molecular calculation of a complex the better the basis set
(WAEIA WD) (26)  used for describing each monomer is, the smaller the basis-
set-superposition errofBSSBH is. We have computed this
where error by using the standard counterpoise method of Boys and
<‘1’§‘1’3|(Eg— Ho)A/ |\PQ\I,(E)S> Bernardi®? some of our results are displayed ir! Table Il As
Ecompl-exch™ (WA B[ A[WATE) (270  a general rule, we get a very small counterpoise corrl?)gtlon.

c. Second-order dispersion energgzalewicz et a
In Eq. (26) E, denotes the total Heitler—London energy andpointed out that the use éfunctions improved considerably
EJ the total energy corresponding to the approximate wavéhe dispersion energy. Their estimate of the exact value was
function |WoWE) for the unperturbed Hamiltoniad,.  —2.0 kcal/mol for the water dimer near the equilibrium dis-
When ¥} (M=A,B) are chosen to be the exaground- tance(Ro_o=3. A). In a recent work, Rybakt al?° have
statg wave functions of the monomers the complementaryobtained a value of-1.90 kcal/mol by using a very large
exchange energy vanishes and the Heitler—London interabasis set. Here, although ridunctions are present in our
tion energy(defined asE,— EJ) coincides with the complete calculations, our 122 atomic-orbital dimer basis set leads, for
first-order interaction energy. Note that, due to the presencthe water dimer, to a value of 1.89 kcal/mol which is al-

of the operatorA’ at the numeratore.,mpi-exch decreases most identical to the value obtained by Rytetkal. and quite
exponentially as a function of the distance. This is the reasonlose to the exact one estimated by Szaleweital.

TABLE Il. Complementary exchange energy,mp-exch and first-order Heitler—London exchange energy
E(ef()ch_HL for some representative values of the distangg Between the heavy atoms. Energies in kcal/mol,
distances in A.

Rag H,O..HNH, H,N..HNH, H,0..HOH HF..HF  HN..HOH
2.75 €comp-exch —-0.05 0.43 -0.22 -0.30 0.03
ESh hL 19.70 30.49 12.80 4.91 19.84
3.00 €comp-exch -0.16 -0.10 -0.15 -0.26 -0.10
ESh hL 8.12 13.69 5.18 1.78 8.72
3.70 €comp-exch 0.00 0.01 0.02 -0.02 0.00
EX L 0.64 1.40 0.40 0.09 0.85
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TABLE lIl. Counterpoise-corrected SCF interaction eneryk,

SCF
CP

representative distances. Energies in kcal/mol. Distances in A .

8049

, and counterpoise correctioggp for some

Ras H,0...HNH, HsN...HNH, H,0...HOH HF..HF HN...HOH
2.75 AESSF 3.84 5.84 —-2.46 —3.64 -2.78
€cp 0.09 0.10 0.10 0.20 0.10
3.00 AESEF —-0.01 0.60 —-3.65 —3.48 —4.54
€cp 0.05 0.06 0.06 0.16 0.06
3.70 AESEF -1.38 -1.73 —-2.50 —-1.90 -3.29
€cp 0.02 0.03 0.02 0.11 0.02

IV. PERTURBATIONAL RESULTS

A. Total interaction energies at equilibrium
geometries

In Table IV we present the total interaction energies ob-
tained for the different dimers studied. We also present the
optimized geometries, R, 65, andég. We have used three been optimized by varying the anglés (I=A andB) and
the distance Rz around the estimated equilibrium geometry

different approaches:

AERP = AERTHE

ergy (counterpoise-correct¢dand the complete dis-
persion contribution calculated with SAPT:

int int

(2)
disp

+E2)

exch—disp- (31)

For the three different approaches the geometries have

L AAo ° exp ; o
(i) The pure perturbational approach, SAPT, including allg' W't.?r']r.] _30040an,§+38 0 ercl)&t\mda, dufsé'?g thO (s)tgep;,
perturbational components up to the second-order st/g?o;w n ' and ©. aroun wi '
From a qualitative point of view, both SAPT,
SAPT_(1) , (1) (2) (2 (2)
AEni =ErstEexerit Einat Eexe-ina ™ Edisp SAPT,une, and the hybrid methods lead essentially to the
TED, 29 same results. The force of the hydrogen béntportance of
exch-disp- ( ) . . . .
. . the total interaction energyfor the dimers we have studied
(i)  Atruncated approach we shall refer to in the follow- lassifi foll }
ing as SAPT.. in which the exchange part of the may be classified as follows: J@...HNH, <H3N...HNH'2
induction is rrgclectecdthis method will blay an im- <H,0...HOH ~ HF...HF <H;3N...HOH, where the notation
ortant role in t?]e discussion to follow play X<Y means that the dimef is less bounded than the dimer
P Y. We verify the well-known result that NHacts preferen-
tially as a proton acceptor rather than a proton donor since
SAPRunc_ =(1 1 2 2 2 .
AE W= EQ B B HER A+ EZ gisp (300 here HN...HOH is much more stable than,8...HNH,.
(iii) The hybrid approach mixing the SCF interaction en-Note also that NK acts as a better acceptor thapCHsince

TABLE IV. Intermolecular interaction energ®E;,,, obtained from different methodsee texk at the corre-

sponding equilibrium geometry. The values&yf, g, and Rg are given together with the known experimen-
tal values. Energies in kcal/mol, distances in bohr.

H,O..HNH,  HyN..HNH,  H,O..HOH HF...HF HN...HOH
AESRPT —2.09 —-2.50 —4.22 —-3.75 -5.19
AESATTune —2.50 -3.15 —5.45 —-5.82 —-7.55
AE!"nytb”d —-2.49 -3.13 -5.31 —-4.89 -6.76
AESXP -2 b —5.4+0.7 —4.9+0.1¢ ~6°
RSAPT 3.40 3.50 3.15 2.83 3.15
REAPTrune 3.20 3.20 2.68 2.48 2.70
Rﬁgb”d 3.25 3.30 2.91 2.68 2.93
RSXP A - 2.98 2.68 2.99

N 50° 0° 60° 68° 20°
65xP -2 b 60 629 11°<gy<23°"
0g 0° 0° 0° 0° 5°
Htéxp a b Oof 119 2:I_Soh

@Unphysical molecule, see text.

PLinear H-bonded structure, no experimental values, see text.

‘Reference 55.
YReference 20.

To our knowledge no experimental value available. The value quotedab aritio estimate given by Latajka

and ScheinefRef. 56.
Reference 57.
9Reference 58.
"Reference 59.
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H3N...HOH is more stable than@...HOH. Concerning the 0. HOH
geometrical parameters it appears that the value of the angle ]
0, defining the angle between the ax¥es.B (A andB being
the heavy atoms of the compleand the principal axis of the 5.0
proton acceptor depends strongly on the chemical nature of
the acceptor. A value of about 60° has been obtained when
the proton acceptor is4D or HF. A smaller value is obtained
when the proton acceptor is NH The value of the angle

0z characterizing the position of the bond A{A being N,

O, or P of the proton acceptor is always very close to 0°.
The smallest distance R g between the two heavy atoms at
the equilibrium geometry has been obtained for the HF
dimer. We get the following series:[Rr(HF), < Ry o
(H,0), < Ry n(NH3),. The equilibrium distance R g ] . V.

Kcal/mole

calculated for the heterodimer involving NHind H,0 in- = = o
creases from the most stable diniei;N...HOH) to the less T T T T T T T
stable OI"IE(HzOHNHz) -90 -60 -30 0 30 66 90 120 150

o . . o 9
From a more quantitative point of view, the first impor- ante O

tant point to note is that values of the interaction energy,

AEner,» depend appreciably on the method used and/or thE!C- 2. Interaction energy curvesE;,, as a function ofj, (see text for

dimer considered. First, it is clear thAIE;?{?‘PT is always the water dimer as calculated by SAPT, SART., and the hybrid methods.

smaller in magnitude thad E%P" ' or AE>A™rune The sys-

tematic difference is about 20%. The comparison betweemery similar but also the general shape of the interaction

AE>APtune and AENYP" depends on the dimer. We can dis- energy curves with respect to the relative angles for all

tinguish three different cases: dimers presented here. To illustrate this point we present in
(i) the weak H-bonded dimers casgmcluding HO... Figure 2 the energy curve obtained for the water dimer as a

HNH, and (NH5),) for which AEﬁI?P-Erunc and AEMYP"1d g)- function of the angled,. Clearly, there exists some impor-

most coincide. tant radial dependence of the interaction energy on the pro-
(i) the intermediate case of medium H-bonded dimer<edure used but a much smaller one for the relative position

((H,0), and (HF),) for which we obtain two different re- of_ the molecules. In what follows we study in more detail

sults. For the(H,0), dimer the total interaction energy cal- this radial dependence.

culated with SAPTY,,c and the hybrid methods are almost . ]

identical (the difference is less than 3%This is a result B- Radial dependence of the perturbational

which has already been obtained by Refs. 4, 12, and 2@°ntributions

However, this is no longer true for ttielF), dimer for which Keeping the angular parametetg and 65 of each dimer

AE>APRune and AEMYPMY are off by about 20%, therefore, fixed at their optimized values, we have investigated the ra-

the equality of these two quantities cannot be considered asdial dependence of the intermolecular interaction energy per-

general rule. We shall return to this important point later afteiturbational components.

having presented the individual components of the interac- Our main purpose is to study which contributions to the

tion energy(sec. C below interaction energy are actually dominant in stabilizing the
(i) the rather strong H-bonded dimergM..HOH, for  five studied complexes. We are also interested to trace back

which an important difference between the truncated and hyto its origin the poor stability of the dim&NH3), and also

brids results is observed. the very short F...F distance in tlieF), dimer.
Regarding the equilibrium distance.Rwe find that the In the next few tables we present the radial dependence
SAPT results are systematically larger than those obtaine@f the following contributions:
with the two other methods. Once again, the situgtion is no; E%ls)’ Eg()ch and the complete first-ordeE(MSAPT
so clear when we compare the values obtained with (Table V);

SAPTrunc and the hybrid methods. Almost identical results i) the second-order induction energ{g), its exchange
have been obtained for the case of weakly bonded dimers part Egzzx)ch—ind' and the complete induction energy

while shorter distances have been calculated with the E@SAPT (Table VI):
SAPT,, e approach for the other dimers. If we compare with ... ng (Table Vi : 2

trunc ; Lo _\(iii) the second-order dispersion ener@f) , its ex-
the known experimental values it is clear that the hybrid ) pr .

. . . . change parEg . qisp, and the complete dispersion

method is the method which gives the most plausible results. enerqvE@SAPT (Tablz Vi)
Now, regarding the calculated angular parametés §nd 9YEdisp '
0g) defining the relative position of the two molecules We make the following comments on the results pre-
within the H-bonded dimer we have systematically obtainedsented in Tables V-VII:
almost the same values with the three different procedures. (i) All contributions of the Rayleigh—Schdinger (RS
We have also found that not only the equilibrium angles argreatment(no exchange terms namely ES2, E(2), and
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TABLE V. First-order Rayleigh—Schidinger energyES2, first-order exchange energg{Y.,, and complete
first-order,ESpr = EQL + E(., for different values of Rg. Energies in kcal/mol and distances in A.

Rag H;0..HNH,  HN..HNH,  H,0..HOH  HF..HF  HN..HOH
EGL -11.28 -17.00 —-11.51 —6.63 -16.36

2.75 ESLh 19.75 30.07 13.10 5.21 19.87
EWSAPT 8.48 13.08 1.59 -1.42 3.44
ER ~7.62 —12.00 —8.40 -5.16 -12.30

2.90 EQ., 11.40 18.90 7.40 2.98 12.23
EWSAPT 3.78 6.90 -1.00 -2.18 -0.07
EGL -6.20 —9.60 -7.15 —4.42 -10.27

3.00 EQ., 8.32 13.80 5.33 2.04 8.83
E(DSAPT 2.12 4.20 -1.82 —-2.38 —-1.44
ELS -4.32 -6.71 -5.39 -3.47 -7.72

3.17 EX. 454 8.02 2.84 1.06 5.03
EWSAPT 0.22 1.31 -255 -241 -2.70
ER —-1.24 -1.76 —-1.94 -1.39 -2.61

4.00 EGLh 0.21 0.52 0.12 0.03 0.31
E(DSAPT -1.03 —-1.24 -1.82 -1.36 -2.30

Eﬁﬁgp, have a stabilizing effect. Of course, the major contri-tion at intermediate distances, while the second-order induc-
bution is the electrostatic interaction energy which representson and dispersion exchange components have been ob-
between 55 and 70 % of the total RS contribution. When weaained to represent 14% and 6% of the total exchange,
compare the relative force of the RS interaction energy fofespectively. Regarding the total exchange contribution
the different H-bonded dimers we get the following order:\e obtain the following order(NHs), > (H,O...HNH,)
(NH3)z = H3N...HOH< HZO:HNI'&"Z_: (H20)2< (HF)2. — (4 N...HOH)> (H,0),> (HF),. We have investigated the
For an average distance oOhR=3 A, it appears that for the o ayior of each individual exchange component as a func-
dimers(H,0), and (HF), the electrostatic energy represents ;. ot yhe distance Rs. We have found that for distances

0 0, i .
gﬁn/oerz?lﬁ (5)? /;nc:j (:] Fe) vallzlzze) ?:t?gi?] t;a?;i)zng);(t)g/e of greater tha 3 A the exchange contribution may be very well
2-2 2, Sind F€P 0 ™" represented via a single exponential functigre *(R~Ro).

the value obtained fofNH3),, respectively; and for(H h . .
vau ! (NH3) pectively (H, The set of parameters obtained for the different dimers and

0), and (HF), E{), represents, 50% and 20% of/E, of _ .
(NH,),, respectively. for the different components of the exchange part using the

(i) The total first- and total second-order exchange conf€sults for Rg=3.00, 3.17, 3.70, and 4.00 A are given in
tributions (including both induction and dispersion contribu- Table VIII (note thaR, has been chosen to be fixed at & A
tions reduce the stabilizing effect of the Rayleigh— The values of the parameters depend essentially on the na-
Schralinger terms just discussed. As expected, the majoture of the exchange contributioffirst-order, exchange-
exchange contribution results from the first-order exchangénduction or exchange-dispersijoand on the chemical na-
term which represents 80% of the total exchange contributure of the molecules involved in the complex.

TABLE VI. Second-order induction energi(?), second-order exchange induction enefg$)_.,.,, and
complete second-order inductidB(2)>A"T= EZ)+E2)_,,., for different values of Rg . Energies in kcal/mol

and distances in A.

Rag H0..HNH,  HN..HNH,  H,0..HOH  HF..HF  HN..HOH
E®) -6.10 -9.59 —-4.55 -2.39 -7.58

2.75 E@)exen 4.27 6.30 2.81 1.36 4.70
E2)SAPT -1.83 -3.29 —-1.74 -1.03 -2.88
E?) -3.26 —5.69 —2.49 -1.38 -4.63

2.90 EB)_een 2.17 3.61 1.40 0.70 2.74
E2)SAPT -1.09 -2.08 -1.00 -0.68 -1.89
ER@) -2.30 —4.04 -1.80 -0.96 —-3.36

3.00 E@ exeh 1.48 2.49 0.95 0.45 1.91
E(2)SAPT -0.82 —-155 -0.85 -0.51 -1.45
E®) -1.22 -2.30 -1.00 -0.54 -1.99

3.17 E@)oxen 0.71 1.32 0.45 0.20 1.04
E(Z)SAPT -0.51 -0.98 -0.55 -0.34 -0.95
E?) -0.10 -0.21 -0.10 -0.06 -0.21

4.00 E@)_een 0.02 0.07 0.02 0.01 0.06
E2)SAPT -0.08 -0.14 -0.08 -0.05 -0.15
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TABLE VII. Second-order dispersion enerdgfz),, second-order exchange dispersion enef), ccn. and
complete second-order dispersion enefgfgls”"'=E@) +EE) .., for different values of Rg. Energies in
kcal/mol and distances in A.

Ras HO..HNH,  HN.HNH,  H,0..HOH  HF..HF  H..HOH
ERp —4.63 -6.78 -3.38 -1.46 -4.82

2.75 EQ ) exch 1.28 2.28 0.82 0.24 1.35
EZSAPT -3.35 -4.50 -2.56 -1.22 -3.47
Eg%p -3.19 —4.88 —-2.32 -1.00 -3.45

2.90 E@ exen 0.77 1.45 0.48 0.14 0.88
E@ISAPT —-2.42 -3.43 -1.84 -0.86 -257
Efj%p -2.59 -3.93 -1.89 -0.79 -2.77

3.00 E@) exen 0.57 1.07 0.34 0.09 0.64
EZISAPT —2.02 —2.86 -1.55 -0.70 -2.13
Eg%p -1.79 —-2.74 -1.31 -0.53 -1.93

3.17 EZ) exen 0.33 0.64 0.19 0.05 0.38
EGISAPT -1.46 -2.10 -1.13 -0.48 -0.92
Egﬁzp —-0.34 -0.54 -0.24 -0.10 -0.38

4.00 E@) exen 0.02 0.05 0.01 0.00 0.03
ESOATT -0.32 -0.49 -0.23 -0.10 -0.35

(i) Clearly, at very short distances the repulsive ex-second-order exchange contributions is more important for
change part of the first-order dominates the attractive R$NH3), than for the(HF), dimer (see Tables 1V, VI, and
contribution. However, at sufficiently large distances the exVIl). In conclusion, the relative stability between the differ-
change part vanishes and only the electrostatic term survivent H-bonded dimers results from a subtle balance between
(it behaves as 1/1%). Accordingly, the total first-order en- Rayleigh-Schrdinger and total exchange contributions.
ergy displays a minimum. The location of the minimum de-
pends very much on the system studied. Looking at results of ] _ )

TableV we see that the weak H-bonded dirfieHs), has a C. Radlal_dependence of the_ total interaction energy:

shallow minimum at a relatively large distance1.30 kcal/ A comPparison between the different approaches

mol with Ry = 3.8 A). In contrast, the stronger-bounded In Table IX we present the total interaction energy as
dimers(H,0), and(HF), have a larger total first-order inter- calculated within SAPT, SAPJ, .. and the hybrid methods
action energyabout—2.50 kcal/mo). The minimum region (Egs. (29), (30), and (31)) as a function of Rg. We also

of (HF), is found to be quite broad within a range of valuespresent in Figures 3 and 4 the complete interaction energy
between 2.9 A and 3.3 A. curves for two representative examples: the ;N&khd HF

(iv) The positive (repulsive exchange contributions, dimers. A number of remarks are in order. First, it is clear
E& g and EQL gisp terms never dominate their that at very large distances the three approaches give the
Rayleigh—Schidinger counterpartss(?} andE{) . In fact, ~ same results for the total interaction energy and thus, the
the second-order RS terms tend to decrease the intermolecsame dissociative behavior. The results obtained by the dif-
lar interaction energy and to push the equilibrium distancderent methods at small and intermediate distances may be
Rag towards shorter distances, this effect is slightly reducedjuite different depending on the force of the hydrogen bond.
by the second-order exchange terms whose main effect is téor the two weak H-bonded case#l,O...HNH, and
bring back R to more reasonable values. The effect of the(NH3),) the agreement between the truncated and hybrid

TABLE VIII. Parameters of the representati@Gre” “(R~Ro) (R,=3 A) for: (a) the first-order exchange energy,
(b) the second-order exchange induction enefgythe second-order exchange dispersion energy. Paranizters
in kcal/mol anda in A1,

H,O...HNH, H,N...HNH, H,0...HOH HF...HF HN...HOH
Eten

a 3.685 3.280 3.777 4.205 3.351
C 8.404 13.910 5.397 2.121 8.860
E((ezx)ch—ind

a 4.317 3.585 3.906 5.489 3.450
C 1.473 2.444 0.893 0.474 1.893
Egzx)cf‘rdisp

a 3.392 3.053 3.518 3.115 3.085
C 0.572 1.077 0.344 0.088 0.636
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TABLE IX. Total interaction energy calculated with SAPT, SART. and the hybrid methods, see text.
Energies in kcal/mol and distances in A.

Rag H,O..HNH,  HyN..HNH,  H,0..HOH  HF..HF  HN..HOH
AESHPT 11.29 15.31 1.60 —-2.41 2.79
2.54 AE AP rune 1.31 2.04 —5.11 -5.73 —-7.14
AEI{‘HVP"" 6.63 9.15 —-2.51 —4.45 —-2.84
AESRPT 3.31 5.26 -2.71 -3.67 -2.90
2.75 AEAP frune —0.96 —-1.00 —-5.51 -5.03 —-7.60
AEDybrid 0.50 1.35 —-5.02 -4.86 -6.26
AESAPT 0.27 1.39 —3.94 -3.72 —4.53
2.90 AEDAF frune —-1.90 -2.22 —5.34 —4.42 -7.27
AEﬁnytb“d —-1.48 -1.29 -5.31 -451 —6.74
AESRFT -0.72 -0.21 —4.20 —-3.59 -5.02
3.00 AESA  Trune —2.19 —-2.70 —-5.10 —4.03 —-6.93
AE[ybrid -2.03 -2.25 -5.19 -4.18 —6.68
AERRPT -1.76 -1.75 —4.22 -3.23 -5.19
3.17 AEAP frune —2.46 —2.97 —4.68 —-3.42 —-5.57
AEDYPrid —2.47 —-2.98 —4.73 -3.57 -6.15
AESRPT -1.83 —-2.27 -2.84 -2.01 -3.72
3.70 AEAF Trune -1.90 -2.52 -2.89 -2.02 -3.88
AEDyPrid -1.92 —-2.53 —-2.90 —-2.07 —-3.88
AESAPT —1.43 -1.87 —2.13 -1.51 —-2.82
4.00 AEA  Trune —1.45 -1.93 —2.14 -1.51 —-2.86
AEDyPrid —1.46 -1.96 -2.16 -1.53 -2.88

results is very good except at small distantee Figure 8 tant to point out that the equality of the results obtained with
For the rather strong dimetsiF), and H,O...HOH the trun-  the truncated and hybrid methods should result from the fol-
cated and hybrid curves appear to differ quite substantiallyowing equality:

by about 20%. The water dimer appears as an intermediate AESCF_ED 4 E(@) (32)
species for which both methods are in reasonable agreement, int ind »

a result which has been already obtained by Refs. 4, 12, andhereE(® is the complete first-ordefelectrostatic and ex-
20. It should be noticed that for strong enough dimers thehange termsand El(rfc), is the Rayleigh—Schdinger part of
equilibrium distance obtained with the truncated method ighe induction energy. It has been argued that this equality
systematically smaller than with the hybrid method. Regardshould result from a fortunate cancellation between the ex-
ing the SAPT results it is clear thaiE>;"" is always change part of the induction energy and some part of the
smaller in magnitude thah E[X"" or AE>"rne. The sys-  higher-order perturbational contributions which are implic-
tematic difference for all dimers is about 20%. Note also thatitly included in a SCF supermolecular calculation of the in-
the equilibrium distance obtained by the pure perturbationaleraction energ§.Despite the fact that it is roughly true for
method is also systematically greater than with the two othethe water dimer, our results clearly demonstrate that it is
methods. In order to discuss further these results it is imporwrong for the (HF), and HN...HOH dimers. To illustrate
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FIG. 3. Interaction energy curvedE;,, as a function of Rg for the FIG. 4. Interaction energy curvedE;,, as a function of Rg for the
(NH3), dimer as calculated by SAPTcurve with open squargs (HF), dimer as calculated by SAPTcurve with open squargs
SAPT,unc (solid squares and the hybrid methodErosses SAPT;,unc(solid squares and the hybrid method&rosses
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FIG. 5. Comparison between the SCF interaction energy clswiid line ~ FIG. 6. Comparison between the SCF interaction en¢sgjid line with
with crosses and the curve representing the perturbational sERY crossep and the curve representing the perturbational SHW+E()
+E(2) (dashed line with open squajyesr the (NH3), dimer. (dashed line with open squajesr the (HF), dimer.

this point we present in Figures 5% a comparison be- induction part of the SCF interaction energy. In order to dis-
tween the SCF interaction energy curve and the curve repreuss the status of the SAPT induction ene(mcluding or
senting the perturbational sui®)+ E{?) for the(NH3), and  not the exchange contributipnvith respect to the SCF in-
(HF), dimers, respectively. For the NHlimer the overall duction energy, we have presented in Table X the SCF in-
agreement between the two curves is strikingly good. In conduction energy, the difference between the SCF induction
trast, for the(HF), dimer there is a clear disagreement, theenergy and the total SAPT induction ener@ycluding ex-
main feature being an important difference in the location ofchange effecjsand the same difference without the ex-
the minimum. Although the difference of minimum energieschange terms, all quantities being given as a function of the
is small (about 0.2 kcal/molthis difference at the new cor- distance Rg. It immediately appears that at short and inter-
responding minima is magnified when the total dispersiormediate distances, the three calculated values of the induc-
energy is added to lead to the complete interaction energyion energy are different. The nice agreement obtained for
Following the Morokuma decompositidisee e.g., Ref. 94 the water dimer at B_o=3 A betweenE;S"™ and EZ) is
the SCF interaction energy may be written as: a?tl)JaIIy fortuitous. In factESS should not be compared to
SCF_ SCF E(2) because the so-calledpparent correlationor self-
ABint"=Eetect Eexcn-ni T Eind (33 C(I)nr?sistency effects are included in the supermolecular
whereE. is the electrostatic energydentical to ES%) as Hartree—Fock interaction energy but not in our computation
calculated here with SAPEycn . IS the Heitler—London  of El(ﬁc), 15 As emphasized by Sadféjthe second-order RS
exchange energy which reduces almosef3*""when a induction energy calculated within SAPT methodology by
very large basis set is usdédee discussion on the comple- using the first-order perturbed wave function is equivalent to

mentary exchange in Sec. III)BndEﬁ,CdFis by definition the that computed within a UnCoupled Hartree—FdtkCHF)

TABLE X. Comparison between the SCF induction energy and the perturbational induction energy. Energies in
kcal/mol and distances in A.

Ras HO..HNH,  HgN..HNH,  H;0..HOH  HF..HF  HN..HOH
ESCF —-4.57 —7.66 —3.84 -1.92 —-6.26

2.75 E@) o~ EDGT 2.74 4.37 2.10 0.89 3.39
E@—ERSF -153 -1.93 -0.71 -0.47 -1.32
ESSF -2.61 —-4.75 -2.25 -1.15 —-4.00

2.90 E@) o ESSF 1.52 2.67 1.25 0.47 2.11
E@-ESSF -0.65 -0.94 -0.24 -0.23 -0.63
ESGF -1.93 —-3.49 —-1.68 -0.84 -3.00

3.00 E@)_o— ESSF 1.11 1.94 0.83 0.33 1.55
E@—ESCF -0.37 0.55 -0.12 -0.12 -0.36
ESCF -1.10 —-2.00 —-0.99 -0.50 -1.85

3.17 E? o~ EDG" 0.59 1.02 0.44 0.16 0.90
EG—-ESSF -0.12 -0.30 -0.01 —0.04 -0.14
ExSF -0.23 -0.48 -0.23 -0.13 —0.46

3.70 EZ o~ EpGT 0.08 0.20 0.07 0.03 0.18

E@Q-ERSF 0.01 0.01 0.02 0.02 0.01
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FIG. 7. Comparison between the SCF interaction energy c(swid line FIG. 8. Comparison between the SCF interaction energy c(sokd line
with crosses and the curve representing the perturbational sEf? with crosses and the curve representing the perturbational sEfY
+EZ+ER., inq (dashed line with open squayesr the (NH3), dimer. +EZ+EQ), .4 (dashed line with open squajesr the (HF), dimer.

n

perturbation scheme. In particular, the perturbation-induced/hich gives the less plausible results. Results from the trun-

modification of the Hartree—FodkiF) potential is not taken ~Ccated approach demosrlspt;ate that the main pagAgL the dis-
into account. In a UCHF scheme, the results obtained foRrgreement betweeAE; """ on one hand, andE; ™ "

E() are underestimated. Sadlej emphasizes that if both urand AEf°"® on the other hand, comes from the second-
perturbed and perturbed many-electron systems are describeter exchange-induction energy which destroys the overall

in the HF approximation, then the appropriate perturbaﬂorﬂua“ty of the results. To illustrate this point Figures 7 and 8

theory is the Coupled Hartree—Fo@RHF) scheme. The in- display a comparison between theE>CF curve and the
duction computed at the CHF level is usually denoted agurve representing the perturbational sum

EZ) resps It SUMS Up to infinity certain linear diagrams with- EQ+ER+ES ing for the dimers HN..HNH, and

out rings and then fully accounts for the self-consistency(HF), (same curves as in Figures 5 and 6, except that the
effects. The CHF scheme corrects the HF potential of th&xchange-induction energy has been addedFigure 7 it is
unperturbed systems but no correlation corrections are intrsseen that the very good agreement found in Figure 5 is de-
duced. The total exchange-induction contributions are als§tr0yed This result shows that the calculated values for
present in the SCF induction energy. However, at the SCIEexch_,nd are overestimated since for a weak dimer such as
level, once again because of the self-consistency effects wdsN...HNH, the perturbational contributions beyond the
get Eexcand resp INstead ofE)., . 4. Finally, the SCF in- second-order should be small and a perturbational descrip-
duction contribution is written as: tion should be adequate. For stronger dimers (iK€), the
AESCF_E(@ L EC L SE 34 cle:_;w disagreement betW(_een the two curves does not neces-
ind ind,resp excrﬂnd resp mixt» sarily mean that we are in troubl@igher-order terms cer-
where5E i gathers all higher perturbational terms. A num- tainly play a role but there is no reason not to believe that,
ber of calculations oE{?) resp and Eexch—lnd resp Nave been in that case also, the exchange-induction term has been over-
presentedsee references in Ref. 28 estimated. Let us have a closer look to our estimate of the
Although results obtained with the hybrid approach areexchange-induction energy. Within the one-exchange ap-
good it is important to realize that escaping from a pureproximation used in this worle), .4 is calculated as a
perturbational treatment has some drawbacks. How much ¢fum of three termésee Sec. II, Eq.19)). The analysis of our
the higher-order perturbational contributions, what part offesults has shown that the first term is positive and represents
the exchange-induction energy, etc... is recovered from e major part oEZ).,, ing While the sum of the second and
SCF supermolecular calculation is not easy to estimate. Ithird terms is negative and essentially redugER.;, .4 by a
may be argued that the good results obtained with the hybriquantity which depends on sB8. For instance, for the
approach could result from a subtle balance between ned3N...HOH dimer this quantity has been calculated to be
glected contributions very different in nature. It is not clear24%, 15% and 11% for g =2.54 A, 2.75 A, and 2.93 A,
whether that balance will still hold when higher-order con-respectively. Quite similar results have been obtained with
tributions will be evaluated. Of course, a similar problem isthe other dimers. The sum of the two last terms entering into
present in a pure perturbational scheme but it is important tEgzchnd (see EQq(19)) may be rewritten as
emphasize that the neglected quantities not taken into ac-

count are much more clearly identified. Accordingly, in our EE> E k8+2 SAEZ’\SAB +Emd2 2 |S5)2.
opinion it is still important to study the pure perturbational K 1eB
treatments. From Tables IV and I¥n particular the com- (39

parisons with experimental value appears that the com- From Eq.(35) we see that an underestimation of the last term
plete pure perturbational treatme(8APT) is the approach related to the induction part leads to an overestimation of the
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exchange-induction energy. If, as emphasized by S&tlej, energies, dipole moments, complementary exchange ener-
the induction part is underestimated within the SAPT treatgies, etc.). From a qualitative point of view, the physical
ment, then, it is plausible that there exists some reducingesults obtained with the three approaches are essentially
effect for the exchange-induction energy related to the inducsimilar. The relative force of the different hydrogen bonds
tion part. In other words, higher-order terrtrelated to the are in agreement with experimental results and, in particular,
apparent correlation effe¢te/ould contribute significantly to the acceptor or donor properties are correctly reproduced.
the total exchange-induction energy. Besides this effect, werom a quantitative point of view, a number of differences
can also argue that the one-exchange approximation is onlgmerge when using the different approaches. These quantita-
valid for intermediate and large intermolecular distances antive differences are particularly important for the radial prop-
some bias could be introduced by neglecting multiple ex-erties, much less for the angular ones. A general result al-
changes. The neat effect of the neglect of multiple exchangeeady emphasized by some authors is that, at the level of
terms is not easy to estimate. approximation employed her€SCF level, perturbational
Finally, we would like to end with some remarks about components up to the second-order only, ))etthe hybrid
the intramonomer correlation effects on the results presenteabproach seems to be the most reliable apprdsed Table
here. Quite recently a number of studies have addressed tli¢). The pure perturbational approach including the main
problem of evaluating the intramonomer correlations contri-contributions up to the second-ord@alculated at the SCF
butions to the interaction enerdgy*>2°22-2lthough a com-  level) gives the less plausible results. Clearly, some of the
plete knowledge of all contributions is not at our disposal,neglected contributions must be introduced to get better re-
the calculations made so far show clearly the importance ofults. In particular, the second-order exchange-induction en-
such effects. Of course, this is expected for the electrostatiergy is certainly overestimated. We have argued that this
energy of hydrogen-bonded systems which depends esseguantity is very probably reduced by some intramonomer
tially on the magnitude of the permanent dipoles of the mol-correlation contribution. However, it is important to empha-
ecules known to be overestimated at the SCF level. Howevesjze that the error on the known experimental quantities is in
it is more surprising to get even stronger corrections for thegeneral of the same order of magnitude as the dispersion of
exchange contribution to the first-ordérSome important the results obtained using the different approaches. Accord-
effects(about 0.5 kcal/mglhave also been obtained for the ingly, there is still no clearcut conclusion on which method is
dispersion and induction paft-0.42 kcal/mol forE{?2) and  the best at the present time. To analyze further the impor-
—0.60 kcal/mol forE{?2) in the case of the water dimé‘hhe tance of each perturbational components is therefore essen-
second superscript indicating the perturbational order in théal if we want to reach in a controlled way the asymptotic
Mdller-Plesset expansionThese results are of particular im- regime of the perturbational expansion of the intermolecular
portance for the discussion just presented on the exchangwteraction energy.
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Using a recently proposed quantum Monte Carlo methoceiaetfirst-, second-, and third-order
Rayleigh—Schrdinger interaction energies of the He—He interaction have been calculated for
internuclear distances in the range 1.5- to 7.0 bohr. Putting together these new data with #fee best
initio results available, the relative importance of the different contributions appearing in the
perturbational expansion of the He—He interaction energy is discussed. In particular, the results
show that the third-order Rayleigh—ScHiger term and the intra-atomic correlation contribution

to the second-order component play a significant role. For intermediate and large distances
(including the equilibrium distanggit is found that the perturbational expansion limited to the
complete first- and second-order, plus the third-order Rayleigh—8iciyer energy agrees with the

best known values of the total interaction energy of the helium dimed 986 American Institute

of Physics[S0021-96086)02610-X

I. INTRODUCTION second virial coefficient, viscosity and thermal conductivity

The determination of the intermolecular potential be-was attempted. The agreement with experiment can be con-
tween chemically nonbonding atoms and molecules is &idered excellent,although, as has been stated by Aziz and
problem of fundamental importance in the field of molecularSlamari, “... small failures nevertheless remain.” In this
physics. However, even in the case of the interaction becontext it is important to keep in mind the remark made by
tween two helium atoms—the simplest inert gas pair—theAnderson et al,’ regarding a result given by Liu and
problem is known to be difficult and has been the subject oMcLean; “... that one should be a little nervous about the
numerous papers spanning a period from the late twenties ®stimated uncertainty of 0.03 K in the interaction potential
the present timésee, e.g., Ref. 1 for a historical revigw when the calculated total energy is 1200 K above the exact

Two mainstreams in the methods of calculation can bdotal energy.” Finally, van Mourik and van Lentheery re-
distinguished: the supermolecular and the perturbationatently presented the results of full configuration interaction
methods. In the supermolecular method the energy of intecalculations for the helium dimer employing large basis sets,
action is obtained by subtracting from the total energy of thewhich contain up tch-type basis functions, including bond
interacting moleculegthe supermolecu)jehe sum of the en- functions. Their results probably are the best at present for
ergies of each monomer. Since the energies involved cannthhe He interaction energy. At the equilibrium distance,
be evaluated exactly one is confronted with the difficulty of R=5.6 bohr, the interaction energy was calculated to be
obtaining a very small number as the difference of two huge—34.67 uhartree with an error of0.03 phartree.
numbers, both being known only approximately. As has been Quantum Monte CarlgQMC) methods also can be used
stated by van Lenthet al.? for an accurate evaluation of the to compute molecular energies. Lowther and ColdWeis-
interaction energy usingb initio techniques three require- ing a variational QMC approach have calculated the energy
ments should be fulfilled: saturation of the basis set, saturasf interaction for internuclear distances ranging from 4.5- to
tion of the configuration set, and effective elimination of the15 bohr using a 189-term Hylleraas-type atomic wave func-
basis set superposition error. In practice, it turns out to béion from which a fully correlated dimer wave function was
hard to meet these requirements, even for a relatively smadlonstructed. They found a very good energy of interaction at
system such as the helium dimer. Nevertheless, according tbe minimum of the potential of-35.5+1.5 phartree which
Liu and McLear? “... one seems to have come close to agrees well with the more recent values-634.64 uhartree
writing the end of the chapter on helium dimer potentials.” (Liu and McLearl), —34.42 uhartree (Vos et al®), and
Aziz and Slamahhave fitted model potentials to the super- —34.67 uhatree(van Mourik and van Lenttf% Exact QMC
molecularab initio energies of interaction calculated by Vos supermolecular calculations have been done by Ceperley and
etal® and by Liu and McLeaR.With these potentials the Partridge’® for the small internuclear distances, ranging from
prediction of a variety of accurate experimental data such a$.0—3.0 bohr, and by Andersat al?! for distances greater

the than 3 bohr. The results obtained by Andersarly agree
with those of Liu and McLeafMos et al.® and van Lenthé.

da-mail: ¢.huiszoon@thn.tn.utwente.nl It should be emphasized that the difficult problems con-

Pe-mail: mc@Ict.jussieu.fr nected with the use of a basis sefin initio calculations are

J. Chem. Phys. 104 (12), 22 March 1996 0021-9606/96/104(12)/4621/11/$10.00 © 1996 American Institute of Physics 4621

Downloaded-10-Mar-2010-t0-130.120.228.223.-Redistribution-subject-to~AlP-license-or-copyright;~see-http://jcp.aip.org/jcp/copyright.jsp



4622 C. Huiszoon and M. Caffarel: The He—He interaction

absent in exact QMC calculations. The only input is the sotories of some generalized diffusion process associated with
called trial wave function. It is important to realize that, al- the unperturbed systeh!® In practice, to construct these
though the statistical error is directly related to the quality oftrajectories only a good approximate trial wave function for
the trial wave function, the statistical estimate of the energythe unperturbed Hamiltonian is required. It is important to
is not biased by a particular choice of the input trial waveemphasize that the results obtained are essentially exact
function. within their statistical errors. In particular, the complete in-

A very natural alternative approach to supermoleculatramonomer correlation contribution is included. The QMC
methods is to consider the interaction energy as the result gferturbational approach has been applied to the helium dimer
a very small physical perturbation of the isolated monomersén the original work of Caffarel and Hed3.However, the
and thus to employ some kind of perturbational method. Atumerical results presented in their work were obtained only
this point, it is worthwhile to recall that, at the equilibrium for very short distanceél.5- to 2.0 bohx, and only for the
distance of the helium dimer in which we are interested herefirst- and second-order interaction energies. Here, we make a
the interaction energy represents only approximated® ®  much more systematic study including the short, intermedi-
of the total dimer energy. Such a tiny fraction clearly justifiesate, and large distances. In particular, we focus our attention
the use of perturbational methods. This line of research hagn the region of the potential well which is the region of
been intensively followed during the last decades and has leghysical interest. The third-order RS term is also computed
to the so-called symmetry adapted perturbation theoriebere and is found to play a significant role. As has been
(SAPT) for intermolecular interaction&see, e.g., Refs. 9, 10 already stated above when discussaiginitio SAPT tech-
or 11). Within this framework the intermolecular Coulomb niques, exchange contributions responsible for the repulsive
potential is treated as a perturbation, and the interaction erpart of the potential energy curve, are in general difficult to
ergy is directly given as a sum of perturbational componentsg¢valuate. This is particularly true for QMC. In fact, the re-
This type of approach does not involve the typical difficultiessults of the calculations presented here show that it is not
of the supermolecular method mentioned above. Each pertufealistic to expect quantitative results for the longer dis-
bational component can be split into an exchange and tnces. In order to illustrate this we will report some calcu-
Rayleigh—Schidinger (RS or polarization contribution. A lations of the first-order exchange interaction energy using a
number of methods have been designed to calculate the§égh-quality approximate formula. The results are compared
contributions. A general feature is that exchange contribuwith accurateab initio values and are found to agree within
tions are more difficult to obtain than the RS contributionslarge statistical errors. In principle, it is possible to write
since they require a wave function of good quality also in theexact expressions for the exchange comporigbts, due to
outer region of the system, a region which is not necessariljhese large statistical fluctuations, they will be of no practical
very well described by wave functions obtained from a varia-use and, therefore, will not be considered further.
tional principle on the energy. Note that a quite complete By using the exact QMC data presented here for the
review of the perturbation approach to van der Waals comsecond- and third-order RS interaction energies, and the best
plexes has recently been published by Jeziorski, Moszynsk@b initio values for the complete first-order and second-order
and Szalewic2? Unfortunately, the use of perturbational ap- €xchange contributions we discuss the relative importance of
proaches is limited because the computation of the perturbdbe different perturbational contributions making up the total
tional components is not easy to do. Even in the case of thifiteraction energy of the helium dimer: The RS contributions
helium dimer, only the first- and second-order contributionsof different orders, the intraatomic electron—electron corre-
have been considered in practide? Of these two, the first- lation, the exchange effects. To our knowledge, this is the
order term has been evaluated accurately since the way#st example of an intermolecular interaction whose pertur-
function for the dimer is a simple product of the ground statedational description is fully understood. Besides its own in-
monomer wave functions and these functions can be chosdgrest, it is clearly of general interest for the theory of inter-
to approximate the exact result very closElyContrary to molecular forces and their evaluation by perturbation theory.
the first-order energy of interaction, the higher-order terms ~ The organization of the paper is as follows. Section II
are given in sum-over-states representations and the exciteftesents the basic equations of the QMC-perturbational ap-
states must be know(explicitly or implicitly) to evaluate the Proach used here. Section Ill contains the computational de-
sums. Accordingly, accurate evaluations of these terms ar@ils. Finally, Sec. IV presents and discusses the numerical
much more difficult to perform. In Sec. IV we will discuss results for the perturbational components of the He—He in-
this point in detail. teraction.

In this paper we present exact calculations of the first-,
second-, and third-order RS interaction energies of the. BASIC EQUATIONS
He—He interaction for internuclear distances ranging fromA Ravieiah—Schro™ di . : .
1.5- to 7.0 bohr. In order to do that, we resort to a recently - aylelg chro-dinger interaction energies
proposed OQMC method to compute perturbational Let us first consider the calculation of the first-, second-,
quantitiest®>!® In this approach the perturbational quantitiesand third-order RS interaction energies. The formulas pre-
are expressed as multitime integrals of some well-definedented here are some particular cases of a gendradrder
autocorrelation functions of the perturbing potential. Theformula derived by Caffarel and He&%*® Since the formal-
correlation functions are defined along the stochastic trajedsm presented in Refs. 15 and 16 is very general and not
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commonly used, we have chosen to rederive the perturba- H<0>¢§0>:Ei(0>¢§0>_

4623

4

tional expressions using a more pedestrian approach. It is - ) ) ) )
emphasized that the equations are valid for any perturbalhe diffusion process associated witf” is entirely defined
tional problem and are, therefore, not limited to intermolecuY its transition probability density

lar forces.

In any perturbational treatment the full Hamiltoniath,
is written as the sum of a reference Hamiltoni#?, and a
perturbing potentiaV

H=H?+V. (1)

In the present applicatiot] is the Hamiltonian of the inter-
acting helium dimerH'? is the Hamiltonian of the noninter-
acting dimer: H®=HA+H®B where HV represents the
Hamiltonian of the isolated helium aton(=A,B). V is the
interatomic interaction operator

1 1 1 1 2 2 2 2 4
V=—+—+—+
Faz Tig

Foa Tig Tog T3a Taa

Rag’

)

where the indices 1 and 2 refer to the electrons of atom
and indices 3 and 4 to those of atdd rj; is the distance
between electrons and j, and Ry, the distance between
electroni and nucleusM (M =A,B).

d(y)
p(x—y,t)= m > #208%(y)

xext] — t(EQ—E)], (5)

where x and y represent two points in the configuration
space(x=(rq,r,,r3,r,) in the present applicationandt is

the time parameter. In other words, the transition probability
density is, up to some factor involving the ground state wave
function, connected to the imaginary time-dependent Green’s
function of H©

(x— t)=M< |ex —t(H O —Eg”)]|x)
p Y, d)gm(x) y 0 :
Note that expressions Eq%) and(6) are identical only if all
the eigenfunctions are real. This condition is satisfied since
only real Hamiltonians will be considergéor such Hamil-
tonians a complete set of real eigenfunctions can always be
constructedl As a consequence, no conjugation sign will ap-

(6)

We are interested in computing the change in the groungear in the formulas that follow. E¢5) defines a diffusion
state energy of the dimer due to the presence of the perturlprocess consisting of a standard free diffusion part in con-
ing operatoV. Within the framework of perturbational treat- figuration space plus a deterministic part corresponding to a
ments this change in energy is expressed as an infinite petirifted move with a drift vector given by
turbation series 2

T

It can be verified by substitution that the previous transition

where E, denotes the exact ground state energyHobut ~ Probability density, Eq(5), is the solution of the following
calculated with the complete neglect of the interatomic ex{forward Fokker—Planckdiffusion equation

change of electron€ is the ground state energy of the o 1
reference HamiltoniarE("=E{+ EE with EY' (M=A,B) is -3 Vip—V,[b(y)p]
the energy of the isolated atomAEgs is the so-called o
Rayleigh—Schrdinger(RS) interaction energy, anBY rep-  with the initial condition,p(x—y,0)=8(x—y) (for a gen-
resents thenth order RS component. In the literature this eral presentation of diffusion processes, see, e.g., Refs. 19
quantity is also often called theth order polarization com- and 20Q. In practice, stochastic trajectories of the diffusion
ponent. At this point, it is important to emphasize that theprocess are generated using a discretized version of the
ground state energy of the interacting dimer obtained by Ed.angevin equation

(3) is not the true physical ground state energy of the actual

interacting dimer. Indeed, the change of symmetry of the Ax(t+At):b(x(t))At+77\/H, ©
wave function with respect to the exchange of electrons beyhere 5 is a random vector whose independent components
tween the noninteracting and interacting dimers must also bgre drawn from a Gaussian distribution with zero mean and
taken into account. Physically, this leads to the repulsive inynjt variance(free diffusion process in a multidimensional
teraction at short distances. In practice, this important physispacg.

cal effect is described by introducing in the perturbational ~ Next the different perturbational components can be
series the so-called exchange terms. We shall discuss thgitten in terms of averages of the diffusion process just

exchange contribution later. presented. The first order is given by the usual fornfg@
Now, Caffarel and Hes8 have shown that thaeth order s supposed to be normalized

RS contribution can be written in terms of a multitime inte-

)

“+ 00
AEgpe=E,—EY'= nZl SU &)

®

gral of then-point autocorrelation function of the perturbing ~ E=(#t" V] $(”), (10
potential algng the stochastic trajectorigs qf sg)me diffusiorg,vhich can be written as

process built from the reference Hamiltoniat®. Let us

denote by¢(®) the eigenfunctions of the reference Hamil- W

tonian with energie&(®) E= | dx p)V(x), 1D
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wherep(x) is given by for the third-order RS component by starting from the usual
(0)/ or12 expression of the third-order component in terms of the re-
P(X)=[g” (x)]°. 12 quced resolvent

In this formula,p(x) is the quantum-mechanical probability
density associated with the ground state wave function of the
reference Hamiltonian. In fach(x) is also the stationary which can be written in the form

density of the diffusion process. This property is easily e i

checked by looking at the long-time behavior of the transi- E<3>:f j dt, dtzJ J J dx dy dz gx)V(x)
tion probability density, Eq(5), or by verifying thatp is the o Jo

stationary solution of Eq8). Denoting by(:--) the stochastic

EC = ({7 [VR(V—EM)RoV| (), @y

average along any trajectory or group of trajectories gener- X[P(x—y.t) =p(Y)I(V(Y) (V)
ated.using the L_angevin equatigihese tvv_o_methods qf av- X[p(y—1zt,)—p(2)]V(2). (22
eraging are equivalent due to the ergodicity of the diffusion ) )
process, see Ref. 15he first order is simply given by After some algebra, this formula can be rewritten as
(1= Hoo [4
EX=(V). (3 EG= f f dt, dt,{(V(0)V(ty)V(t,))
The derivation of the second order is more involved and o 70
explicitly makes use of the dynamics of the diffusion pro- —(VXV(0)V(t)) —{(V){(V(t1) V(L))
cess. In what follows, we will use the reduced resolvent of 3
H© defined by —(VX{V(0)V(t2)) +2(V)°}, (23
1 which can be used for practical Monte Carlo calculations.
ROE':#EO SUm=G |6\ ( (Y. (14 Note that, now, it is a third-order cumulant of the perturbing
! 0 i potential which appears in the formula. Quite naturally, the
The usual expression for the second order is general formula for the generath order in perturbation in-

volves thenth order cumulant of the potentiGdee Ref. 1b
At this point, we have shown that, for a general Hamil-

co_s (MNP

=4 EQ—E® (19 tonian, it is possible to express any perturbational component

_ _ ) as an integral of a stochastic autocorrelation function of the
which can be written in the compact form external potential. To compute this correlation function, only
E(z):(¢é°>|VROV|¢g°)>. (16) the ground state wave function has to be known. From this

wave function the drift vector can be computed and, then, the
Now, from the basic relation, Eq6), we can express the stochastic trajectories can be generated using the Langevin
reduced resolvent, Eq14), in terms of the transition prob- equation, Eq(9). In general, except for very simple cases,
ability density in the following way: the ground state wave function is not known and stochastic
e O)(y) trajectories correspondjng to the true reference problem can-
J di{p(x—y,t)—p(y)]=— ?T (y|Ry|x). (17) Mot be constructed. This problem is easily solved by making
0 by (X) use of a slightly different diffusion process constructed from
a very good approximation of the unknown ground state
wave function. Of course, in that case, it is also necessary to
@_ +eo change in some suitable way the integrands in the stochastic
ES=- fo dt f dx dy pEX)V(X)p(x—=y,HV(y) averages so that the perturbational expressions remain exact.
Let us denote by (T for trial wave function this new
approximate wave function. It is important to emphasize
that, once a trial wave function is given, the diffusion process
is entirely determined via the Fokker—Planck equation Eg.
8) and the drift vector Eq.7) that is built from it. Doing this
corresponds to choosing a new transition probability density

Using Eqgs.(16) and(17) we get

2
fdx p(X)V(X) ] (18

which can be viewed as the integral of the two time-centere
autocorrelation function of the perturbing potential

+oo whose expression is given by
E@=— f dt Cuu(t), (19
0 Pr(y)
X—y,t)= exg —t(HO—E)]|x), (24
where the autocorrelation functid®yy(t) is given by Prix=y.1) Pr(x) (e —tH=ErDI). - (24
Cov(H)=((V(0)— (V) (V(1) —(V))) where H{?) is the Hamiltonian which hags as its ground
, state wave function, or
=(V(0)V(1))—(V)~. (20)

HO = E© . 2
This is the final formula for the second-order interaction en- T YT=ET 23
ergy. Note thatCy,, appears as a second-order cumulant ofThe important point is that this new approximate Hamil-
the perturbing potential. A similar formula can be obtainedtonian is explicitly known
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HP =HO —(EL(0—EP), (26) P(X—Y,7)~ ,oPr(X—y, T)exd — 7(EL(x) - EY")].
whereE, is the so-called local energy corresponding to the
trial wave function (28)
ELO)=H /. (27

When the approximate wave function reduces to the exadEssentially there are two different ways to take into account
one, the local energy reduces to the exact energy and tithe additional exponential weight factor. A first method con-
difference betweer{” andH© vanishes. Accordingly, the siders this factor as a simple weight and carries it along the
smoothness of the local energy is a measure for the quality aftochastic trajectories. This method, which is usually referred
the trial wave function. to as the pure diffusion Monte Car(f@DMC) method, is the

In the short time limit a relation between the exact andmethod we shall employ here. The different aspects of this
trial transition probability density can be found. Using Egs.method have been presented elsewhet&and will not be
(6), (24), (26), and keeping the leading contribution in time, repeated here. The general expression used for the multi-time
we get correlation functions is

o AVIxX(up]- - - VIx(u Jexd — [, dS(EL(x(s) —EF)])
WD ViD= im (ext—[2,, dS(EL(x(s)) — ED)]) '

(29

where theu;’s are some fixed time values in the interval metrizer for all electrons. The first-order energy can be split
(—1t/2,t/2). Note that the total exponential weight appearinginto two contributions: the first-order RS energy of interac-
in this I;)[gnula is usually referred to as the Feynman—Kadion and the first-order exchange interaction
weight=" -1 1
A second possible approach is to simulate the exponen- E®= EESH E‘(EX)Ch' (3D
tial term using a birth—death process or branching process. lfhe first-order Rayleigh—Schiinger has already been con-
contrast with the pure diffusion method, the number of walk-sidered in the previous section. It is given by
ers varies during the simulation with some rate related to the (SOV| 5O
magnitude of the exponential factor. This method is referred g@)_*"0 170 7 (32)
to as the diffusion Monte CarléDMC) method(see, e.g., RS (o] 00))
Ref. 21 for a detailed presentatiorNote that this method  sfter integration over the spin coordinates, it is not difficult

could be _usgd here for_cor_nputlng C(_)rrelatlon funCt'OnSto obtain the following expression for the first-order ex-
However, its implementation is not straightforward becausechange component:

of the varying number of walkers. In order to compute the 7 7
different multitime correlation functions we have to keep 1 V) —(V7)
trace of all the death and birth events during a given period exch™ 1)

of tﬁme. This is a.nontrivial accounting problem that is With 7= X(P15+ P st Pagt Pyd) — P1aPas Py denoting the
avoided here by using a PDMC approach. transposition of electronsandj. The brackjets indicate the
stochastic average along stochastic trajectories of the diffu-
sion process constructed fro«ﬂ,o). In practice, our approxi-
B. Exchange terms mate expression for this quantity is obtained by using the
tochastic trajectories of the approximate diffusion process
uilt from the high-quality trial wave function). The
resent definition for the first-order energy exchange is in
cordance with Rybakt al® and Caffarel and HeSbut
ffers from that given by Conway and Murréfl,as these
authors split the total first-order energy in a different way
into two components. The differences are, however, com-
pletely negligible for regions of small overlap.

(33

As mentioned in Sec. I, this paper does not focus on th
evaluation of the different exchange energy components wit
QMC. Indeed, large statistical fluctuations associated witr?
very small exchange overlaps prevent accurate results bei
obtained. Let us just present the approximate formula of th
first-order exchange contribution employed here.

The exact first-order energy of interaction is defined as

GFAS) _ . . .
The trial wave functionys used to describe the nonin-

where qSE)O) is the exact ground state wave function of theteracting dimer is constructed from a high-quality wave
HamiltonianH”+ HB. The operatorZ denotes the antisym- function for the helium atom

(30 lll. SOME COMPUTATIONAL DETAILS
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4626 C. Huiszoon and M. Caffarel: The He—He interaction

TABLE I. Optimized 6-term Hylleraas wave function for the helium atom The total local energy associated with the trial wave
o . - :
(atomic unit3. function appears in the different formulas used to compute

¢ 1858 924 275 683 8 the exact correlation functions of the interatomic potential.
¢, 3.887 171 410 750710 Using EQgs.(27) and (34) we get

C, 1.457 928 455 588:910*

Cs —6.957 678 799 13941072

C4q 2.581 677 920 603810 2 E =HAW P+ HByB/ B 3

cs —2.123 795 845 962:810 3 L Il ¥ il ¥ (37)
Energy —2.903452 763436 1

Correlation enerdy 99.35% The total local energy is the sum of two monomer local
Best literature value for the enefgy —2.903 724 377 034

energies. In fact, the two terms of the sum are statistically
independent. Each monomer local energy depends only on
ot all figures displayed are significant. Some are displayed only to avoidtS own actual configuration but not on the internuclear dis-

Hartree—Fock enerdy —2.861 679 995 6

round-off errors. tance or on the relative orientation with respect to the other
PDefined as the difference between the exact nonrelativistic energy and ti}en ;

Hartree Fock energy onomer. This property was used to accelerate the calcula-
°Reference 24. t@ons. The local energy qf an atom, in a parti(_:ular configura-

dReference 25. tion, does not change if one of the operations of the full

octahedral point grou;, , the symmetry group of the cube,
is applied to the configuration. The point group contains 48
_ A B symmetry operations. Application of these operations to each
Yr(M1r2.r3,0a) = Yk(r1.r2) Y(ra Fa)- 34 monomer leads to 4848 different configurations all having
The helium atom wave functiogy’ (M =A,B) is a six-term  the same total local energy. Of these configurations there are
Hylleraas-type wave function optimized and parameterizedx48 configurations leading to different values for the inter-
by Koga® and written as atomic potential. These have been used in the calculations.
M = expl — £S)(1+ CqU+ Cot2+ Cau2+ €,452U+ C5S°U), No bias in the re_sults is cause_d due to the applit_:ation of the
(35) symmetry operations. In practice, the reduction in computa-
tion time achieved by considering these new configurations
wheres, t, andu are the Hylleraas coordinates defined by )55 approximately a factor of 10.
S=ri+r,t=r;—rj,u=ry, (36) Let.us now ponsider th.e. practical computation of _the
. ) correlation functions. Rewriting the one-point correlation
and where the exponegtand the coefficients; are varia-  g,nction of the interatomic potential, ER9), as an average
tional parameters;; is the distance of electronto nucleus along an arbitrary stochastic trajectotis is possible be-

M(M=A,B), r; is the distance between the two electrons.Cause of ergodicity, see Refs. 15, 17, 18 for all detatlse
The values of the parameters are listed in Table I. Thigi st order is written as

atomic trial wave function gives an accurate total energy
corresponding to 99.35% of the correlation energy. In addi-

tion, its very compact form is quite attractive since the cal- P ST dr VIx(n)lexp— [T 2 ds E[x(s)])
culation of its first(drift vector) and second derivativdba-  Egg=Ilim lim T4 2 g

placian appearing in the local enejgis not too time t—oe T Jo drexp(—J7 iz ds B[X(s)])
consuming, an important point since this calculation must be (38)

performed at each Monte Carlo step.

Besides the statistical error inherent to any statisticaHere, T is related to the total time considered along the tra-
method, the only source of error is the use of a finite timgjectory (actually, the total time i +t) andx(7) is an arbi-
step when integrating the Langevin equation, £&).(short-  trary stochastic trajectory generated with the Langevin equa-
time approximatioh In order to reduce this short-time error tion. The typical time step used in this workAs=0.03 a.u.
we have imposed the detailed balance property during thand T=300Q\t. The projection timet appearing in the
simulation. Detailed balancing is introduced via anFeynman—Kac weight is taken to le=449At. This rela-
acceptance/rejection step at each Langevin move in a wayvely large value oft is in fact not required for the calcula-
similar to what is done in the usual Metropolis algorithm. tion of the first-order RS energya much smaller value
Such a procedure is presented in detail in Ref. 15. It is imwould be sufficient However, this value is needed for the
portant to note that the time step used in this work has beeavaluation of the time correlation functions. The two- and
chosen small enough so that short-time errors are smallehree-point correlation functions from which the second- and
than the statistical fluctuations. third-order RS interaction energies are calculated, are

Cyv(u)=lim lim [o d7 VIX(7)JVIX(7+u)Jexp( — [ 773 ds E[x(5)])
e J3drexg— '3 ds BIX(S)])

(39

and
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o JOVIX(DIVIX(TH W) IVIX( T+ utv) Jexp(— [T 12 ds B [x(s)])
Cyv(U,v)=lim lim

40
fim-lim T dr ex— 172 ds B x(s)]) ’ (40

respectively. Note that, because of the stationarity propertgufficiently large set of basis functions. Table Il reports the
of the diffusion processC,,, depends only on one time in- very accurate results obtained by Rytetkal 1* for both the
tervalu and Cy,y on two time intervalspy andv. Figure 1 RS part, denoted aBS2., i.io,» and the exchange part,
gives a typical example of the time-correlation function, E(), . ...i0- These results have been obtained using a 75-
Cyv., as a function of the time interval[Cyy, is the centered term GTG (Gaussian-type geminabasis which reproduces
time correlation function defined according to E80)]. In  99.9976% of the helium correlation energy and properly rep-
order not to bias the final result it is important to take largeresents the behavior of the electron density in the outer re-
enough values ofl and thus of the projecting time To get  gion of the helium atom. The error, in the interaction energy,
the second-order term the correlation function, B9), has  is approximately 0.Jhartree'* Note that, even for the first-
to be integratedin fact, the centered version of).itThe order terms, the convergence of the calculations with the size
integration has been done using Bode’s Rilefigure 2  of the basis set, is not easy to achieve. As an illustrative
shows the negative of the integral of the time correlationexample consider the very recent results of Tachikawa
function as a function of the total integration time, also foret all* Using quite a large basis set these authors obtained
R=5.6 bohr. By taking sufficiently large values of the corre- RS contributions being very similar to those given by Rybak
lation time, we can reach a regime where the integral haet all® However, the first-order exchange contributions differ
converged within statistical error bars. noticeably from those reported by Rybak al’® For ex-
Finally, in order to estimate the statistical error in each ofample, atR=5.6 bohr, the values of the polarizatigRS)
the energy components, each calculation was split into @omponents almost equét-5.35- and—5.37 phartree, but
number of independent blocks. The final result was obtainethe exchange contributions differ by approximatelyhar-
as the mean value of the results obtained for the independetree (38.95- and 37.9Zhartreg. To illustrate the effect of
blocks, the error being obtained as the standard deviation ake intra-atomic correlation on the first-order energies, the
the mean. FoR ranging from 3- to 7 bohr, we have used 38 SCF valuesE3Y and ELY, as given by Tachikawat al’*
blocks, each of them containing 50 trajectories. Taking intcalso have been listed in Table(As usual, the second super-
account the configurations generated with the symmetry ascript 0 indicates that the quantities are evaluated at the SCF
discussed above our statistics is based on approximatelgvel). When we regard the exponentially small first-order
1.6x10° Monte Carlo events for each perturbational compo-RS part(there are no permanent multipoles and this contri-
nent and distance. For the shorter distances we have used bdtion results only from the penetration of the atomic wave

blocks. functions the contribution of the correlation energy is be-
tween 5% to 8%, except at the largest distatiRe7 bohi

IV. RESULTS AND DISCUSSION where it seems to be largéhowever, care must be taken

A. First-order energy with the quality of the SCF value at such a large distance

The first-order exchange contribution is much more impor-
In contrast with higher-order terms, the first-order per-tant and the effect of the intra-atomic correlation energy is a
turbational energy depends only on the ground state wavkitle stronger: between 6% to 12%. As for the RS compo-
functions of the constituent monomers. A high accuracy cament, the effect increases with the distance, showing that the
then be achieved by expanding these wave functions over @il of the atomic wave function seems to be sensitive to a
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FIG. 2. The negative of the integral @y(u) (a.u) as a function of the
FIG. 1. The time correlation functioiG(u) (a.u), R=5.6 bohr. total integration timeR=5.6 bohr.
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TABLE II. Quantum Monte Carlo andb initio perturbational components at various interatomic dist&c®tatistical errors on the last digit in QMC results
are indicated in parentheses. Energiegartree, distances in bohr.

R 3.0 4.0 5.0 5.6 6.0 7.0
Eg® —283.09 —22.79 —4.94 ~1.78 -0.138
EX.0 initio” —298.24 —24.56 -5.35 —-1.90 —-0.09
ERS.quc —335556) -28313) —25(6) -6(1) -3(2) -0.33)
E(0a 1752.71 155.85 35.52 13.11 1.040
EQ. b initio” 1854.16 168.14 38.95 14.55 1.18
EQnoms 16932604) 1381313 449339 300(269 62(43) 1(1)
S ~520.1F ~114.38 —55.27 —33.08 ~11.97
EZ b initio —639.2F —143.62 -68.89' —42.14 —15.20"
Ef%-omc —4421(68) —70317) ~161(10) —74(1) —45(2) —15.94)
EZ93 96.05 8.13 1.894 0.723 0.067
E@ b initio® 135.96 11.38 2.65 1.01 0.09
ERL omc —118696) —46(22) —6(11) 2.22) 0.37) 0.133)

aReference 14.
PReference 13.
CApproximate QMC first-order exchange energy, E2B) with trial wave function Eq(34).
dReference 27.

proper description of the intra-atomic correlation. We alsocalculations. First, in order to perform the infinite summa-
present our QMC evaluation of the first-order componentstions, present in the perturbational expressions, the entire set
ER&.omc and ESn.ome: The first-order RS energy has been of the exact eigenfunctions of the monomers is needed.
computed using the exact expression E28), whereas the These functions are in general not known and approximate
first-order exchange energy has been calculated using thgave functions have to be used. In general, these functions
approximate expression E¢33). The first-order QMC re- are issued from a self-consistent-figl§iCP calculation in
sults are given to show that they are in rough agreement witlyhich the intra-atomic electron correlation is neglected. Very
the much more accurasb initio results. For the RS compo- yecently, a great deal of attention has been focused on the
nent the statistical fluctuations are 5% f#4 bohr, 17% at  cgjculation of intramonomer correlation contributions to the
the equilibrium QistanceR=5.6 bohr, and ess:_antially 100% jnteraction energy components?’~3° The usual approach

at the largest distanc&®=7 bohr, where the first-order RS ¢qngists in decomposing the monomer Hamiltonians as a
component is very small. As has been mentioned already, thg,m of the Fock operator and some residual intramonomer
situation for the first-order exchange energy is even WOIS&. . rrelation operatoréMdller—Plesset partioningand, then,
Statistical fluctuations range from 23% to 100%. For they, oot to a double perturbation thediy the correlation
shorter distances the situation is more favorable. Table Il perators of each monomeusing a many-body expansion

L'Zts tlrl/e tresztil/tsérlt 'Sb‘:’;ir;dtha:’ rlwr:: th'if] 'ﬁg;?’ ﬁgv?/l;r\?vzesshgl amework. However, such calculations are not so easy to do
Y, -0 10 %0 are 0 - nence, 0 and are limited, in practice, to the calculation of some lead-

use the accuratab initio values, for the longer distances, as . . : .
ing corrections(e.g., up to second order in the internal cor-

reference values for the first-order energy. As we discuss © .. Co :

. relation and/or to some partial infinite-order summation cor-

below, QMC results for the higher orders are much more . o .
interesting responding to specific classes of diagrafese, e.g., Ref.

' 36). Second, there is the problem of efficiently evaluating the

infinite sums present in the perturbational expressions. In

B. Second- and third-order interaction energies particular, the summations corresponding to the continuous

Perturbational components beyond the first-order hav@art of the spectrum are in practice almost inexecutable in-
been obtained, so far, by usirap initio frameworks where tegrations(see, Ref. 3¥ To solve this problem, variation-
the monomer wave functionground and excited stateare  perturbation schemes have been proposed in which the per-
expanded over a more or less extended set of basis functiortsirbed wave function is interpreted as the solution of a
As is well known, a number of difficulties are present in suchvariational problemHylleraas variational procedureThen,

TABLE lIl. Quantum Monte Carlo perturbational components at short internuclear distBn&tatistical errors on the last digit are indicated in parentheses.
Energies in hartree, distances in bohr.

R 15 1.6 1.7 1.8 1.9 2.0
ES omc -0.08136) —0.06946) —0.05836) —0.04845) —0.03985) —0.03235)
EQeh-omc 0.5767) 0.4626) 0.3706) 0.2976) 0.2395) 0.1915)
E2. —-0.1251) —0.0991) —0.07819) —0.062@8) —0.04958) —0.03947)
RS-QMC : : : : : -
E&L omc -0.0772) —0.0592) —0.0451) —0.0351) —0.0281) —0.021(1)
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TABLE IV. Intraatomic correlation contributions to the second-order inter- correlation effect to the dispersion part has been considered.

action energy. The first superscript gives the order in the interatomic perturat the first-order level 53% of the correlation contribution is
bation, the second superscript indicates the perturbational order in the

- i iti 0
Mdller—Plesset expansion with respect to the intraatomic electron correla[ecovered' The second-order gives some additional 21% so

tion operator. Energies iphartree,R=5.6 bohr. that the total contribution recovered is 74%. The remaining
correlation contribution represents 14% of the total interac-
EE%Z —0.73 tion energy. This illustrates the fact that any accurate evalu-
Eg?’?—E@%E(Zm :3‘5‘23 ation of the intramonomer correlation effects must incorpo-
E(EE)) +Eld”z_‘i)a dsp _65.10 rate contributions beyond second-order. Note that the error in
IS| N . . .
E§§)+E&?§E+E&2§EF —68.89 the QMC result is small enoudlonly 5% of this correlation
Ef omc —741) effecd to validate this conclusion.
nggh" ons 1.894 As noticed in previous workée.g., Refs. 27 and 33he
E??&“:?éﬁhﬂgzzm 22; second-order exchange effects in intermolecular interactions
Sxch”_—eeh” —exeh : are in general not negligible. Here, this contribution is 8% of
Reference 27. the total interaction energy. The correlation contribution to
*Reference 14. the second-order exchange part is small but signifi€2¥

of the total interaction energy
We have computed the exact second-order RS energy for

standard sets of basis functions can be used to describe tMarious internuclear distances. The relative statistical error
variational space. Finally, as in amp initio framework, one ~ grows slowly with the distancésee Tables Il and Il Even
still has the important problem of achieving a sufficiently for the largest distance the error is only 3%, which is a sat-
complete basis set. This is particularly important here, sincésfactory result. For the large distances the QMC results for
perturbational quantities are very sensitive to the basis sdtis are compatible with a behavior ag/R® as it should be
used. for a van der Waals dimer. Note that a QMC evaluation of

In Table Il we show thab initio second-order RS inter- the van der Waals coefficientcs, has been presented
action energies obtained very recently by Tachikawal*  elsewhere®
and by Jeziorsket al?’ To our knowledge, these values are ~ The results for the third-order interaction energy are pre-
the bestb initio values calculated so far. It is worth remark- sented in Tables Il and Ill. To the best of our knowledge
ing that, forR=5.6 bohr, both SCF and correlated values ofthere are no quantitative estimates of these values published
E<R2>S differ by approximately 2zhartree between the two sets SO far. At the small distances this contribution is found to be
of results(the values given by Tachikavwet al!*are—52.93  nhegative, while at larger distances it corresponds to a repul-
uhartree, at the SCF level, and66.91 nhartree at the cor- Sive contribution. It changes sign betweB¥5- and 5.6
related level, to compare with the better results of JeziorskPohr. At the equilibrium distance, we find a repulsive contri-
et al?’ presented hejeThese large differences illustrate the bution of 2.2 uhartree with a statistical error of 10%. This
difficulties in obtaining converged values wid initio tech- ~ contribution is clearly significant since it represents 6% of
niques. the total interaction energy. In particular, it gives a contribu-

In order to discuss the role of the intra-atomic electrontion almost equal to the second-order exchange energy.
correlation Table IV shows some of its perturbational contri-
butions to the second-order componentsRer5.6 bohr. The
differences between RS arab initio values on one hand,
and QMC values on the other, are due to the intra-atomic We are now in position to summarize the previous re-
electron correlation effects. In Table IV the first superscriptsults and to discuss the relative importance of each perturba-
gives the order in the interatomic perturbation, while the sectional component making up the complete interaction energy
ond superscript indicates the perturbational order in thef the helium dimer. Within the framework of perturbational
Mdller—Plesset expansion with respect to the intraatomidreatmentgsymmetry adapted perturbation theori{&APT),
electron correlation operator. Note also that the second-ordéhe total interaction energy can be written as
energy is decomposed as usual into an induction and disper- o1 1 2 2 3
sion part(see, e.g., Ref.)91t may be clear that this distinc- ABin=Ers+ Egent ERd + Egnt Exg. (41)
tion is specific to SCF andb initio calculations but is mean- In this expansionall contributions occurring at first- and
ingless within our QMC framework. FOR=5.6 bohr, the second-order in perturbation are taken into account. The ne-
exactQMC value is—74 phartree with a statistical error of glected contributions are the third-order exchange effects and
only 1 phartree or approximately 1%. The SCF second-ordeall contributions beyond the third-order. Putting together all
RS energy,E%’), is quite different from our exact value, these contributions according to E@4.1) we get the values
E%_QMC. This shows that the intra-atomic effect is strong. Itfor the perturbational sum as listed in Table V. At the mini-
is interesting to compare this result with the/Mo—Plesset mum of the potential the value 6f35.0+1.2 uhartree for
perturbational estimates of the same contribution presentettie total interaction energy of the helium dimer is found.
by Jeziorskiet al?’ Note that the induction contribution to This result is in good agreement with the very recent full Cl
the total second order is very smfllenetration contribution interaction energy of van Mourik and van Lenthehich was
behaving as~exp(—aR)] and only the contribution of the calculated to be-34.68+0.03 nhartree. It is also in accor-

C. Total interaction energy
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TABLE V. Sum of perturbational contributions to the total interaction energy at various internuclear disRarfstsistical errors on the last digit in QMC
results are indicated in parentheses. Energigshartree, distances in bohr.

R 4.0 5.0 5.6 6.0 7.0

EV=EQ+ED 2 1555.92 143.58 33.60 12.65 1.08
E omc —70317) —161(10) —741) —452) —15.94)
EQ.P 135.96 11.38 2.65 1.01 0.09
EiL.omc —46(22) —6(11) 2.22) 0.37) 0.133)
Perturbational sum 9429 —-12(21) —35(1) -31(2) —14.54)
Full CI° 933.88 -0.709 —34.67 -30.60
VVVVR® 934.5 —0.507 —34.58 —30.56 —14.62
LM2Mm2¢ 927.7 -1.23 —34.73 —-30.63 —14.54
Supermolecular QMC —1.3(25) -34.93)

@Reference 13ab initio calculations.
PReference 14ab initio calculations.
‘Reference 6.

YReferences 4 and 3.

fReferences 4 and 40.

Reference 1.

dance with the so-called VVVVE and LM2M24° poten- duce the total interaction energy of the helium dimer
tials, and with the supermolecular QMC calculation of at intermediate and large distances.
Andersonet al! Note that we have found a similar agree-

ment for the other distances considered. At this point, it is Beypnd this partu_:ular application it is clear that thes_e
: - . . _~conclusions are also important for the general theory of in-
important to remark that the statistical error in the total in-

teraction energy is rather large. At the equilibrium distanceitﬁggsecmar forces and their evaluation by perturbation

is about three times larger than the supermolecular QM
error of Andersoret al.! which is itself an order of magni- ACKNOWLEDGMENTS
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The low-energy physics of the one-dimensional pair hoppiRb) and attractive Hubbard models are
expected to be similar. Based on numerical calculations on small chains, several authors have recently chal-
lenged this idea and predicted the existence of a phase transition at half filling and finite positive coupling for
the pair-hopping model. We reexamine the controversy by making systematic comparisons between numerical
results obtained for the PH and attractive Hubbard models. To do so, we have calculated the Luttinger
parametergspin and charge velocities, stiffnesses, )etd. the two models using both the density matrix
renormalization-group method for large systems and Lagcatculations with twisted boundary conditions for
smaller systems. Although most of our results confirm that both models are very similar we have found some
important differences in the spin properties for the small sizes considered by previous numerical 6tttizes
siteg. However, we show that these differences disappear at larger didegl2 sites when sufficiently
accurate eigenstates are considered. Accordingly, our results strongly suggest that the ground-state phase
transition previously found for small systems is a finite size artifact. Interpreting our results within the frame-
work of the Luttinger liquid theory, we discuss the origin of the apparent contradiction between the predictions
of the perturbative renormalization-group approach and numerical calculations at small sizes.
[S0163-18286)05047-3

[. INTRODUCTION Very recently this model has led to some contradictory
results. Using exact diagonalization calculations on small 1D
chains (up to L=10 sites, with periodic boundary condi-
tions), Penson and Kolb claimédhat a phase transition
should occur at some finite critical value of the hopping pa-
rameterV with V./t~ 1.4. More precisely, they showed that
H=—t > [cl,cj,+H.cl-V> [cficlcjc+H.cl, a gap in the single-particle spectrum of the half-filled system
(L))o () (1.1) opens up at that value. They have also observed that the
' second derivative of the ground-state energy with respect to
V (a quantity similar to a specific hgdtas a local maximum
where c;rg (ci ,) creates(destroy$ a fermion of spino  at the transition, which seems not to diverge. This would
(oc=1,]) at lattice sitei. The first term is the usual kinetic indicate a phase transition with an essential singularity. Very
energy term(tight-binding approximation the V term al-  soon after, Affleck and Marstohmaking a renormalization-
lows spin-singlet pairs of electrons to hop from site to site. Ingroup analysis with bosonization methods of the PH model,
what follows, we shall restrict our study to the case 0.1 showed that, in the continuum limilow-energy, long-
There are a number of reasons that make this model indistance physigsthis model is essentially equivalent, up to
teresting to study. First, the pair-hopping model can besome irrelevant terms, to the negatideHubbard model, the
viewed as a phenomenological model to describe the dynanenly important difference lying in the bare coupling con-
ics of small size Cooper pairs. Since high-superconduct- stants. Accordingly, they predicted that the transition in the
ors are known to display such pairs, to study this model camair-hopping model must occur =0 just as in the Hub-
be important to capture some of the physics of these materbard model, the finite value observed in the numerical calcu-
als. Of course, when working with such a model nothing islations for very small chains being attributed to a finite-size
said about the nature of the underlying mechanism resporartifact. A few years later, Hui and Donidthresented some
sible for the tight binding of the pairs. Second, it can benumerical calculations analyzed with more sensitive tools
shown that the pair-hopping term arises from Coulomb interthan the standard finite-size scaling analysis based on very
action at large negativée in the Hubbard modeét® Accord-  small samples. Using an eigenprojection decomposition of
ingly, the competition between the usual one-electron hopthe different order parameter operators involved and also
ping and pair hopping is related to the physics of thesome calculations of the helicity modulus, they found that
Hubbard model at strong coupling. Finally, understandinghe data seemed indeed to be compatible with the existence
the physics resulting from all possible unusual interactions irof a phase transition at a finite value\éf thus in contradic-
one-dimensionallD) strongly correlated models is clearly a tion with the weak-coupling renormalization-group results.
problem of central importance in solid-state physics. They also presented some arguments as to why the predic-

In this paper we are concerned with the pair-hoppihk)
model described by the Hamiltonian

0163-1829/96/5¢4)/174148)/$10.00 54 17 414 © 1996 The American Physical Society
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tions of the renormalization-group analysis of Affleck anda transient regime specific to the PH model and responsible
Marston could be not valid. Very recently, Bhattacharyyafor the unconventional behavior of this model.

and Roy have investigated the PH model using a real-space

renormalization-group method. At small positiVethey also Il. PAIR-HOPPING AND ATTRACTIVE HUBBARD

found the existence of a gapless phédentified as a quasi- MODELS

metallic phase dominated by short-range superconducting

correlation$, which disappears at some finite value of the The Hamiltonian(1.1) for the pair-hopping model de-
coupling. Finally, Sikkema and Affleékhave presented scribes a competition between the usual kinetic tetrei(r)
some numerlcal results fpr the on_e-partlcle gap as a functiogorresponding to single-electron hopping an¥ &erm cor-

of V using the density matrix renormalization-group responding to the hopping of spin-singlet pairs, the range of
(DMRG) method with open boundary conditions. Using poth types of hopping being limited to nearest neighbors.
samples up td. =60, they concluded that there is no spin-\yhenv/t is large >0), the pair-hopping term dominates
gap transition at a nonzero positive value\ofand that the 5,4 the model becomes equivalent to spinless fermifors

standard low-energy picture given by the perturbative,, o\en number of electronghe ground state is massively

.reno_rmalization—gro.up approach is valid. Although we reacrbaired and there is a gap of ordérin the one-particle spec-
in this work essentially the same conclusions, we shall fol—,[rurn (binding energy of the paijsIn the opposite limit

low here a quite different route. In particular, our DMRG ! . . .
calculations are done with periodic boundary conditionsV/t<1’ the one-particle hopping dominates and the pairs

(PBC) instead of open BC. This will allow us to study in tend to be destroyed. This type of competition is very similar

detail the very peculiar behavior of the pair hopping at smalf® that encountered in the attractive Hubbard model de-
couplings(large correlation lengthsThis point is discussed Scribed by the Hamiltonian

in Sec. IV.
At the heart of the controversy is the question of knowing H=—t cfe +Hel+U> n.n 21
whether the long-distance, low-energy physics of the pair- <i%a[ oot Hel Z M- (2

hopping model is different from that of the usual attractive .
Hubbard model. As we shall see in the next section all stantiére also we have a competition between a one-electron
dard approaches lead to the same conclusion: the low-enerd@pPping and the formation of spin-singlet pairs. However, in
sector of both Hamiltonians should be similar under thecontrast with the PH model, pairs have no intrinsic mobility
trivial correspondencé) = —2V. At half filling it is known  (uncorrelated mobility via the term). The physics of the
(an exact resujtthat no phase transition at a nonzero valueattractive Hubbard model is well understood since this model
of U exists for the attractive Hubbard model. How can theadmits an exact solution via the Bethe ansatz technique. In
PH model exhibit a different behavior? This should resultparticular, it is known that the effect of the on-site interaction
from a highly nontrivial process involving nontrivial excita- is rather drastic: a gap in the one-particle spectrum opens up
tions. Note also that the exotic gapless phase is supposed fior any nonzero value of the interactidh (negative or posi-
exist at an arbitrary small value of the hopping parameter, &ive) at half filling. It is usually thought that a similar situa-
domain where the high-energy degrees of freedom are nafon should occur in the PH model. This opinion is supported
expected to play an important role. In order to settle dowrpy the fact that standard approximate approaches applied to
the controversy we propose to make a systematic comparistptn Hamiltonians lead quite systematically to the same
of the physics of the pair-hopping and attractive Hubbardvsics at low energy under the trivial correspondence
models at low energy. To do so, we have calculated the spify _, _ 5y However, as already emphasized, this idea has
a_rt1d chatrge velocmesl_oftt_he two modelihusc,jmg .tt)r?th th_e g.enf)een recently challenged. The purpose of the next few sec-
E' y matrix renormalization-group method ‘With perodic ;¢ is 1o shed some light on this controversy. Here, we

oundary conditions for large systems and Lascealcula- : . . .

would like to briefly illustrate, by applying some standard

tions with twisted boundary conditions for smaller systems. thod hv th q betw both dels |
Our results show that there are some important differences ifi€+104s, Why the correspondence between both Models 1S
usually taken for granted.

the finite-size behavior of the two models. Using the frame- ; . _ _

work of the Luttinger liquid we propose an interpretation of . A first approach to consider is the mean-field approxima-

the origin of the controversy between the perturbative RGOn. Defining the superconducting order parameter by

prediction and the numerical results for small chains prell=(gndic;;ci;|gnd), where|gnd) denotes the BCS-type

sented up to now. ground state, we consider the quantum fluctuations around
The paper is structured in the following way. In Sec. II, this value and construct the approximate mean-field Hamil-

we briefly present the results of a number of approachetonian by keeping only the terms that are of first order with

illustrating the very close similarity between the attractiverespect to the fluctuations. The following Hamiltonian is ob-

Hubbard model and the pair-hopping model. In Sec. lll, wetained:

present our numerical results using the Luttinger liquid

theory and the twisted boundary conditions method on both

models for chains up th =12 sites. Then, using the DMRG HMF:% e(K)Ck oCko— 4VHD; [efichi +ew ]

method we generalize the results presented for small chains

at some larger chains up to=42 sites. In Sec. V, we dis- +4VII?DLP, (2.2

cuss the results and comment on what we believe to be the

origin of the controversy. We conclude tha) both models Wheree(k)=—4t=D_;cosk-e,), e, being the unit vector

are indeed equivalent at low energy in the thermodynamidn direction «, and D the dimension of space. The main

limit and that there is no phase transition at finiteind half ~ observation is that this Hamiltonian is identical to that ob-

filling in the PH model and2) for small systems there exists tained in the case of the Hubbard mdeith the substitu-
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tion U= —2V. Introducing the elementary excitations in the p;<1/a, both approaches lead to the same equations and the
usual way, we can compute the dependence of theAgap  two models related by = — 2V should be equivalent.
energy of the system, we get To summarize, mean-field approximation, lamgeimit,
weak-coupling renormalization-group, and Bethe ansatz ap-
A~te M for V—0, wherec is a positive constant  proaches indicate that the PH model andlthe — 2V attrac-
tive Hubbard model should be equivalent in the low-energy

and regime.

A~V for V—oo, (2.3
Ill. LUTTINGER LIQUID BEHAVIOR: AN EXACT

Clearly, in this approach both models are equivalent and the DIAGONALIZATION STUDY ON SMALL SYSTEMS
gap opens up ar/t=0 with a standard behavior.

We have also considered the large-dimension limit of thel_
pair-hopping model. This recent approach can be seen as
sort of dynamical mean-field theory. Although this limit may . ; | )
seem rather academic, practical calculations have illustratel@" of one-d|menS|onaI gapless fermion iyste_ms can bg S,FUd'
the fact that a great part of the physics of Iow-dimensionafe‘:j py making use of the. concept of “Luttinger liquid.
systems is capturéd:l! Once again, in that approximation Within the framework of this theory the low-energy proper-

we have found that the equations reduce to those of the coll€S @re given by an effective Luttinger model describing
responding attractive Hubbard model with= — 2V. In fact collective spin and charge density oscillations. The general

this is not really surprising since, because of the structure Ofprm of the effective Hamiltonian can be obtained by writing

the Fermi hypersurface in the limit of large dimensions, thethe 1D fermion model in momentum space, restricting exci-

effects of the high-energy excitations that could be respont_atlons and interactions to lie close to the Fermi surface, and

sible for nontrivial processes are strongly suppressed. looking for the impo_rta_mt processes. As i_s well known only
As we shall see in Sec. V the renormalization-grdR(s) four processes surviven the renormallzatlon-grqup ser)se_
flows in the weak-coupling limit are also identical for the one descrlblng baqkward scatterlr'lg. of oppositely moving
two models[Eq. (5.1)] with, here also, the same Correspon_electrons_wnh coupllngl, one descrlblng foryvard scattering
dence between couplings. Only the initial values of the cou®f OPPOSitely moving electrons with coupling, one de-

pling constants, are model dependent. scribing umklapp scattering with couplings, and, finally,

Finally, one can try to find out whether the PH model has®"€ describing forward scattering of electrons moving in the

an exact solution via the Bethe ansatz. The essential step §&Me direction with coupling,. (Notations are those of
to compute the two-particl® matrix from the Schrdinger Refs:|13 and 14.Ter1]k|ng the cc.)n'tmm;]m limit ‘?‘;_thle fermion
equation and then to verify whether tBamatrix satisfies the Hamiltonian and, then, bosonizing the Fermi fields, one gets

Y:';mg-Baxter condmon'. Denoting bet(,.l,(,z(pl',pz) .the am- Hp=H,+H,+Hy+Hs, 3.1)
plitude of the two-particle wave function written in terms of

a combination of plane waves, defining as usual the twowhereH, (v=p,o) are two free Bose Hamiltonians describ-
particle S matrix as ing the spin ¢=0) and charge £=p) collective excita-

tions:

In this part we are interested in evaluating the Luttinger
uid parameters for both the pair-hopping and attractive
ubbard models. As is well known the long distance behav-

Agyr(P2,P1)= 2 Szlyz%(pl!pZ)AUi,aé(pllpZ)v
’ ’ 2'Y2

71:92
(2.9
andH, andHj are the terms corresponding to the backward

forcing the wave function to obey the Schiinger equation,  and umklapp scattering contributions, respectively,
and imposing the continuity condition of the wave function,

we get the following expression for tl& matrix: 20,

H —fdx N 9 2+U”WK”H2 3.2
v 27TKV( Xd)v) 2 v ( )

| | Hi= Gra)?) 9XCOX\B4,) (3.3
501'01( )= sinap;—sinap,
0p,0 P1.P2 sinap,;—sinap,—iVcoga(p;+p,)] and
X B4y 1By ! 29
19 92:9% ngﬁzf dXCOi\/gd)p) (34)
iVcoga(p;+p,)]

Here, ¢, (¢,) is the Bose field describing the charggpin)
excitations, andl, (II,) is its canonical conjugated field.

X Oy 5! 0g. o' (2.5  The coefficientsi, (u,) are the chargéspin excitation ve-

1'%2 2'71 .y
locities, and the parametel§, andK,, are some constants

It is easy to verify that theS matrix just given does not that can be shown to be related to {m@nuniversal expo-
satisfy the Yang-Baxter conditiof. Now, the important nents of the power-law behavior of the correlation functions.
point is that theS matrix (2.5) is identical to that of the In Egs.(3.3) and(3.4) « is a short-distance cutoff.
Hubbard model with the substitutiotd — —2Vcoga(p; In the free-fermion caseK,=K,=1 andu,=u,=ve
+p,)]. The lattice spacinga gives a natural high-energy =2tsin(#/2)n], where n=N/L is the electron density.
cutoff, 1/, in the problem. In the low-energy regime, i.e., When interactions are switched on, theand theK param-

~ sinap,—sinap,—iVcoda(p;+p,)]
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FIG. 1. Charge velocityu, as a function of the coupling. FIG. 3. Charge parametéf, as a function of the coupling.

Crosses, pair-hopping model, squares, Hubbard model. Lanczarosses, pair-hopping model; squares, Hubbard model. Lanczo
calculations with twisted boundary conditions. Chains of sizes up tqalculations with twisted boundary conditions. Chains of sizes up to

12 sites. 12 sites.

eters are renormalized. In particular, the two velocities be- =

come different, charge and spin excitations do not propagate D,= Trﬁ_@z , (3.7
at the same speed. This phenomenon is known as the spin- Vie,=0

charge separation in one-dimensional systems. All the deta”\f/here@p is a charge twist in the systefne., the system has

concerning the Luttinger liquid theory can be found, e.g., in_ . o = +
Refs. 14 and 13 and references therein. twisted bogndary con.d|t|ons. such a$+Lv”_EXpG‘pP)CJ»U]’
and ¢, is a spin twist in the system]i.e.,

In order to compute numerically the Luttinger coeffi- “.™ ™ + q
cients, we have used their expressions in terms of spin anti+L.o™ expioe,)ci . an
charge compressibilities and stiffnesses of the system. More 1 126, 1 1 75

recisely, for the charge degrees of freedom we have -2 __—_
P Y 9e 79 k 2L dn*’ x 2L gs3’ 8
_muUp D —2uK (3.5 with n=(N;+N,)/L ands;=(N;—N,)/L. By computing
2K, P PP ' these quantities for different values of the interaction, we can
deduce the behavior of the Luttinger parametgyandK,,
where « is the compressibility of the system amj, is the ~ as a function of the coupling strength. _ _
charge stiffness, and for the spin degrees: We have applied this approach to systems of sizes ranging
from L=4 to L=12. The ground-state energies have been
calculated using a standard Lanszorocedure. The results
_T 2 D,=2u,K,, (3.6)  are presented in Figs. 1-5. Each figure shows the variation
2 K, of the corresponding Luttinger coefficient as a function of
the interaction, both for the attractive Hubbard model
wherey is the spin susceptibility of the system abq the  (squaresand for the pair-hopping modétrosses Figure 1
spin stiffness. These quantities can be computed from thgives the variation of the charge velocity,, as a function

1
K

x|k
<

spectrum of the system by using the relation of U or V. At small coupling both curves are linear with a
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FIG. 2. Spin velocityu,, as a function of the coupling. Crosses, FIG. 4. Spin exponerK , as a function of the coupling. Crosses,
pair-hopping model; squares, Hubbard model. Lasaziculations  pair-hopping model; squares, Hubbard model. Lasaziculations
with twisted boundary conditions. Chains of sizes up to 12 sites. with twisted boundary conditions. Chains of sizes up to 12 sites.
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2 e are related to the existence of a gap in the spin spectrum. In
i . . ] the case of a gapless mode, the corresponding curve is
o i : ] smooth and never changes sign. Accordingly, we have here
a 0 — strong evidence in favor of the existence of a spin gap in the
% i ] pair-hopping model.
£ oL ] At this point, our results are contradictory. On one hand,
= L 5 most of the results indicate that both models are quite similar
o i g i (behavior ofu,, K,, and spin stiffnessg¢sOn the other
'(/55 -4 - C Hubbard ] hand, the spin velocities at small sizes for both models dis-
i x Pair Hopping | play a different behavior. A closer look at spin degrees of
6 L ‘f‘ e freedom at larger sizes is therefore necessary.

< 4 6 8 10 1z 14
System size L IV. LUTTINGER LIQUID BEHAVIOR: A DMRG STUDY

L . . FOR LARGER SYSTEMS
FIG. 5. Spin stiffnes® , as a function of the coupling. Crosses,

pair-hopping model, squares, Hubbard model. Lasaziculations Conformal field theory(CFT) is a powerful theory to de-
with twisted boundary conditions. Chains of sizes up to 12 sitesscribe the physics of 1D quantufor 2D statistical critical
The dotted line is just a guide to the eye. systems. Once conformal invariance is supposed, CFT pro-

vides a general framework relating finite-size scaling of
very good accuracy. More precisely, we fing~2+V/2  physical quantities to thermodynamic properfi&s? In this
andu,~2+U/4, for the pair-hopping and Hubbard models, work we shall essentially compare our data for excitation
respectively. For stronger couplings, small corrections to lin-gaps with the predictions of CFT. This will allow us to check
earity show up. Both behaviors are typical of a regime withwhether or not our data are compatible with the existence of
no charge gap. As we shall see later, these results are mcritical regime for the pair-hopping model. Denotinghe
perfect quantitative agreement with the prediction of the Lut-gapless excitation under consideration anpdhe velocity of
tinger liquid theory[Egs. (5.2) and (5.3)]. Data for the spin the corresponding critical mode, the finite-size scaling ex-
velocities are rather different. As can be seen in Fig. 2 twqoression of the excitation gap, predicted by CFT is
distinct behaviors for the spin velocity are obtained. In the
case of the attractive Hubbard model decreases uniformly 2mu,
from the free fermion value to zero at large coupling. In A,= L (4.2)
contrast, a maximum around= 0.5% is found for the pair-
hopping model. Both models recover a similar behavior bewhereL is the system size. For a finite system at a given
tween approximatel}/=1 andV=1.5. Note that the transi- filling, the spin gap is defined as
tion value observed in Refs. 4 and 6 lies within this interval.
We shall discuss further this important difference of behavior A,=Ep(N;+1N —1)=Eo(N;,N)),
for u, in Sec. V. Figures 3 and 4 demonstrate that the con-

stantsK - andK . behave essentiallv the same wav in bothwhere N, is the number ofo-spin electrons. Physically, it

P o Ve ualy . way | gives the change in ground-state energy produced when flip-
models. As already mentioned, in the Luttinger liquid theory ing one spin, the charge number being kept fixed
these constants are related to the exponents of the power-Ian In order to ,calculate the spin gaps we have used the den-
behavior of correlation functions. Accordingly, this common _; : o .
behavior would suggest that both models have the samgty matrix_renormalization-group meth6d.DMRG is a

phases. In Fig. 5, the behavior of the spin stiffness of th owerful technique to compute low-energy properties of

pair-hopping model as a function of the size is displayed. ASuantum lattice systems. This method has been applied with

very interesting feature is that this quantity can be exactlybucceSS 10 s(gaveral problems including the spin-1/2 Heisen-
computed for the Hubbard model. The formul&®is erg chains) the spin-1 chain$, the one-dimensional

Kondo insulator? the two-chain Hubbard modé&i,etc. The

D, (L)=(—1)-2* 1 2D (U)e &) results obtained are very accurgte and the method allows one

to treat systems of sizes a few times larger than those acces-
with sible with exact diagonalization techniques. Essentially,
DMRG is a real-space numerical renormalization-group pro-

PR 4j°°d In(y+y*-1) cedure. It differs from standard approaches in the way that

& (U)= uj, y cosh{2my/U) states of_individual blocks are chosen_. Instead o_f keeping the

lowest eigenstates of the block considered as isolated from

and the outside world, the kept states are the most probable
eigenstates of the density matrix associated with the block

V2Ilmé,) for U—0 considered as a part of the whole system. It is easy to show

D(U)~ [ 0147 376 for U—oo B9  that doing this is equivalent to constructing the most accurate

representation of the complete state of the system: block plus
This function is plotted in Fig. 5, fotdJ/t=—2, with the the rest of the system. For a detailed and very clear presen-
corresponding quantity for the pair-hopping model, attation of the method the reader is referred to Ref. 20. There
V/t=1. The similarity between the two curves is striking. In exist different ways of choosing the configuration of blocks
the case of the Hubbard model, the oscillations around zerused for the density matrix calculations. In particular, this
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FIG. 6. Spin gap vs inverse of the system size for the attractive FIG. 7. Spin gap vs inverse of the system size for the pair-
Hubbard model a)/t= — 1.1 using DMRG with periodic boundary hopping model a¥//t=0.55 using DMRG with periodic boundary
conditions for different values oM (see text Inset shows the conditions for different values dfl (see text
convergence of the spin gap as a functiovbfit L = 14 sites. The
value at IM=0 is the exact value calculated by solving the did not consider the system sizes corresponding to a multiple
Lieb-Wu equations. of 4 since, in this case, the ground state is degenerate, thus
causing a strong boundary frustration effggthich, of
course, disappears in the—« limit). For each size, we plot
the value of the DMRG spin gap for a number of kept states
W =96, M=112, andM =< (exact Lieb-Wu valug Let us
first consider the exact solution. Looking at the»oo limit,
we observed a very small gap as expected. In this regime the
20 for PBC.B, represents a block consisting loites,B* is  systems considered (642 are in an effective quasicriti-
the reflected blockright interchanged with left and® rep-  cal regime with a spectrum structure remaining close to the
resents a single site. All notations are those of Ref. 20. Izonformal tower structure. This allows us to write the fol-
what follows we shall denote b the number of eigen- lowing ansatz:
states of the density matrix that are kept.

Very recently, Sikkema and Affleck have presented A (L)=A"+ 27U,
DMRG calculations for the pair-hopping modeTheir cal- 7 v L
e o e LoVl i h regnes L., here, shul e on

. o . . . sidered as an effective spin velocity. The results obtained are
lations with L>¢ are possible using OBC is usually

. . . in excellent agreement with the behavior predicted by for-
preferable(calculations with OBC are less demanding thaty, 5 (4.2) with a spin velocity very close to the free value.
with PBC, the convergence as a functionMfbeing much

: . ’ In addition, for small systemsL(=6,10) the spin velocity
more rapid. In the regime of smalk, Sikkema and Affleck  gpiained from the slope of the spin gap is in very good

have shown that their data are consistent with the predictioggreement with the value obtained in the preceding section
of the standard perturbative RG flow. In this work we shall (within 1.5% based on a completely independent evaluation.
use PBC in a regime where the correlation lengths are large et us now consider the DMRG results. We have ob-
(small values of V. As we shall see now, this will allow us served that, for large enough values\bf the linear behavior
to study the very peculiar behavior of the pair-hoppingof the spin gap as a function ofl1is recovered. In Fig. 6 we
model at small couplings. show typical results foM =96 andM =112. The value of

To begin with we present some DMRG calculations forthe spin velocity obtained from differe are displayed in
the attractive Hubbard model. The value of the CoulombFig. 8 and are slightly smaller than the free value of 2. These
interaction,U=—1.1, has been chosen to correspond toresults are consistent with a convergence to the exact value at
V=—U/2=0.55, the value for which the spin velocity of the large M. However, it is not possible from DMRG results to
PH model is maximum; see Fig. 2. Since the Hubbard modeget an accurate estimate of the value of the gap itself. Indeed,
admits an exact solution our results can be compared to th@lthough we have a good convergence of the results for a
exact values obtained by solving the Lieb-Wu equatfdns. given size as a function d¥f (see inset of Fig. 6 the ex-
The inset of Fig. 6 shows how the DMRG spin gag trapqlgted valug of the gap using different sizes is a very
converges to the exact value,=0.9297 for a chain of 14 sensitive quantity. In fac.t, it is not reasongble to d!scrlmlnate
sites as a function oM, the number of states kept. Here, between a small but finite gap and a strictly vanishing gap.

M ranges fromM =16 toM = 112. Clearly, the convergence We clearly see in Fig. 6 that the extrapolated gap is not at all
of the DMRG values is quite good. In addition, this curve \(;glrsjveesrg\l;g vesuij fﬁgggor?]uﬂ'l;? g:df;hjgsﬁfft vSr?ir(];\r/we;?:d
provides a useful check of the validity of our code. The mainclearly beyond of reach of prese?lt computers

plot displays the variation of the spin gap as a function of In Fig. 7 we present DMRG calculations for the pair-

1/L. The studied sizes are ranging frdm6 to L=42. We hopping model av=0.55. Resuilts of the spin gap as a func-

choice will depend on the type of boundary conditions used
Here, all calculations have been done by using periodi
boundary condition$PBC). We have chosen the superblock
conﬁgurationB|.B|RQ with B/, ;=B,® as proposed in Ref.

4.2
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locity of the PH model reaches a maximum and then de-

T T 7T T T 1 T 17
o4 . creases to zero. A similar behavior is recovered for both
= F o ] models at approximately>1.5. In order to understand
22k R ’ . whether this surprising result has something to do with the
E B o - existence of a gapless phase we have computed the spin gaps
S o 7 for larger systems using a DMRG approach with periodic
i Ceo_e ] boundary conditions. Extracting from the spin gaps some
180 @ 7 effective spin velocity(meaningful only when correlation
2 =Hubbard, U/t=~1.1 ] lengths are much larger than lattice size® have, here also,
1 & [ePair Hopping V/t=0.55] systematically obtained larger spin velocities for the PH
T BT R model. In contrast, in the case of the Hubbard model the spin
0.005 0_011 1\({),015 0.02 velocities are rather constant and are close to the free ferm-

ion value at small coupling. However, a remarkable result is
_ ) that the abnormally large values wf for the PH model tend
~ FIG. 8. Spin velocityu,, computed from DMRG data as a func- g disappear when sufficiently accurate representations of the
tion of 1M. ground state of the system are considefladge number of
states kept for the density matrixAccordingly, our results
tion of 1L are presented foM =96, 112, and 144. Here are consistent with the fact that the unconventional behavior
again we clearly see a quasicritical regime very well de-of spin excitations of the PH model is a transient effect spe-
scribed by formula4.2). As already emphasized for the at- cific to this model.
tractive Hubbard model, the accessible valuesviofio not Now, it is quite interesting to discuss our results within
allow a direct conclusion on the existence or not of a finitethe renormalization-group framework. As discussed very re-
spin gap. However, the data provide an estimate of the efeently by Sikkema and Affleck, contradictory results have
fective spin velocity via the slope of the curves. The spinbeen reported from the RG analyses of the phase diagram of
velocities obtained are plotted fod =84, 96, 112, and 144 the PH model. Using standard notatio(see Ref. 1§ to
in Fig. 8. It is remarkable that the results are rather differentubic order, the RG equations for the four coupling constants
for both models. As already noticed, for the Hubbard modebf the continuum-limit Hamiltonian are
the values olu, are slowly varying and always smaller than

the free fermion value. In contrast, for the PH modeglis dgs_ 2 1 2
quite important for small values dfl and decreases uni- T 95Tz (9579405,
formly for increasingM. Only when large enough values of
M are used, spin velocities of both models become compa- dg, , )
rable. We shall comment more on this point in the next sec- — g1 ~9:t2(9,7 9405,
tion. 5.0
d .
V. DISCUSSION - %=gpgs+%(g§+ 95—29,04)0s.
Let us summarize the results obtained. For small sizes dos s 3
(L=4-12 we have computed the Luttinger parameters ~ar 4995795,
u,,u,,K,,K,,D,, andD, as a function of the interaction . _ o
for both the attractive Hubbard and pair-hopping modelsWherel=—InA, A being the ultraviolet cutoff. It is impor-

Regarding charge degrees of freedom all results for botkant to emphasize that these equations are identical for both
models are consistent with the existence of a Vanishin@ﬂOdG'S. The only difference lies in the initial values of the
charge gap for arbitrary values of the interaction and with thecoupling constants. To the lowest-order weak-coupling limit
fact that the low-energy charge sectors of both models arthe initial values are
very similar. These results are in agreement with the conclu-
sions of previous works. VE=219,= ~0s= 0= 04

Now, regarding spin degrees of freedom the situation is =2V/mve  (pair-hopping modaél (5.2
not so clear. For small sizes our results show that parameters
K, andD,, for both models are almost identio@ee Figs. 4 vE=2tgs=—9,=093=9s=U/mvg (Hubbard modsl
and 5. In particular, in the case of the PH model we clearly ] . ] ]
see the oscillations o, around zero as a function of the o(V?) corrections are given in Refs. 5 and 6. When solving
sizeL, a behavior that is usually interpreted as resulting fromfn® RG equations, a standard approach consists in consider-
the existence of a gap. However, data for the spin velocity of9 thatg, simply shifts the spin and charge velocities ac-
the PH model do not display the expected behavior of &ording to
system with a gap. In contrast with the case of the attractive
Hubbard model for whichu, decreases uniformly from the
free fermion value to zero at large couplitatypical behav- U, =ve(1—gal2) (5.4
ior for a finite system with a finite gap in the thermodynamic o= URL7 04 '
limit), we have observed a clear enhancement,ofrfhen the and then can be dropped from the RG equations. Doing this
pair-hopping term is switched on. At~0.5% the spin ve- and using the initial conditions Affleck and Marston have

U,=vr(1+g4/2), (5.3
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remarked thag;=0 is not a stable fixed point and that start- wave functions are considered. From E@s4) we can view

ing with gs<0 (V>0) theng, flows to strong coupling, thus this regime as corresponding to a situation where the effec-
indicating the opening of a gap in the spin excitations. Intive constanty, starts to renormalize to negative values. In
contrast, Hui and Doniach have kept thg constant in the this situation the system appears to be attracted by a fixed
RG equations and integrated them using the initial conditiorpoint similar to the one discussed by Hui and Doniach. How-
at orderO(V?). By doing this they obtained that,=0 be- ever, as discussed before this is only a transient regime.
comes a stable fixed point provided thgt<—2. For When the low-lying eigenstates are sufficiently well de-
0<V/t<1 the fixed point was obtained witly~ —2.5. This  scribed (large number of kept states in DMRG@he high-

new phase was interpreted as having no gap for single pagnergy components responsible for this unconventional be-
ticles and spin excitations. For a full discussion of the con-havior are removed and the standard low-energy behavior is
troversy the reader is referred to Ref. 8. However, whether ofecovered. We believe that this very specific behavior of the
not we keep the coupling constagy in the RG equations, it PH model is at the origin of the unconventional results ob-
is clear that it is difficult to draw firm conclusions using tained for sized =4,12 in previous numerical work&Refs.
weak-coupling RG equations in a strong-coupling regime4, 6, and 7.

(fixed point withg,~ —2.5). Nonperturbative results are es- Note added in proofRecently we became aware of a
sential to support any reasonable scenario. Let us discuss opaper by A. Belkasri and F. D. Buzatu, Phys. Rev5§
numerical results from that point of view. Figure 1 shows7171(1996. In this work these authors reach essentially the
very clearly that the charge velocity for both models followssame conclusions as those presented here using a different
exactly the behavior predicted by Ed8.2) and (5.3 with method based on an approximate Bethe-Salpeter equation.
the correct slope. The charge degrees of freedom are gapless
and the effect of the coupling constagy is to renormalize

the charge velocity. Figure 2 far, for small sizes is con-
sistent with the fact that a spin gap exists for the attractive The authors are grateful to Professor I. Affleck for an
Hubbard model. The behavior af, is not linear at small important remark related to this subject. We also want to
U as would be the case for a critical system. In addition,acknowledge helpful discussions with P. Azaria, B. Dafc

u, decreases uniformly as a function Of In contrast, as T. Giamarchi, P. Lecheminant, C. Lhuillier, K.A. Penson,
already pointed out we have found a different behavior forand C. Sire. Part of the computations have been done using
the PH model. At small sizes 6-10 and small coupling, an allocation of computer time from the “Institut du” Ba-

u, is larger than the free fermion value. This is also true foroppement et des Ressources en Informatique Scientifique”
larger systemsl(=14—42 when approximate ground-state (IDRIS, Orsay.
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The Hubbard model is exactly solved for two particlesdsdimensional hypercubes. It is shown that the
spectrum can be separated into two parts: a trifirindependentpart resulting from symmetries of hyper-
cubes and a nontrivial part expressed as a single-impurity problem on a set of finite chains af4size
(d'=d). The exact expression for the one-particle Green’s function is given. Finally, we discuss the extension
of these results to standard hypercubic lattices with periodic boundary cond[i8#163-18208)51520-2

One of the most widely used models to describe stronghynians defined oy, (d’<d), some of which have a single-
correlated fermion systems is the Hubbard model and itémpurity site. In a second step, we show how to further
various extensions. Unfortunately, only limitecactinfor-  reduce these matrices into smaller blocks of slze 1 (in-
mation about its physical properties is available. For the onestead of &), corresponding to finite chains of siz€ +1
dimensional lattice the celebrated solution of Lieb and*wu with one impurity site at one end and new specific hopping
provides the exact eigenspectrum of the model. In the oppderms. Using a standard approach for impurity problems we
site limit of large dimensions investigated very receftly, provide a closed expression sum rule for the eigenspectrum.
some almost exact results have also been obtained. Howevéle also derive the exact expression for the one-particle
for intermediate dimensions, and particularly for the veryGreen’s function. Finally, the extension of these results to
important two-dimensional case believed to be relevant tdypercubic lattices with periodic boundary conditions is
high-T. superconductivity, very little, is at our disposal. briefly discussed.

Most of the results reported so far have been obtained either Let us defineAy, an Abelian subgroup of the fully

from numerical solutions on very small clustgsibject to ~ point group, generated by tteereflections; into perpen-
important finite-size effecisor by using a variety of approxi- dicular (d— 1)-dimensional planes meeting at thg center.
mate analytical methodéwith domains of validity and/or It is easy to show that\y has 2 elements(owing to the
systematic errors difficult to evaluate commutativity between the mirror operationand that the

In this paper we present an exact solution for the Hubbar@rbit of a generic point undek 4 is a hypercubeyy. Let us
model with first-neighbor hopping termand on-site inter- number theAy elementsL by integers between 0 and’2
action energyJ —1, in the following way:L being a product of mirrorsr;,

let L be the number, written in base two, whose correspond-
ing ith digits are equal to 14, isL=1, mym,m3 iSL=7,

H=—t E CiTonaJFUE CiTTCiTCiTlciL etc). Let us also locate the sites according to their number-
e ' ing in base two: Théth coordinate is equal to thi¢h digit.
=T(t)+V(U), (1) Now, the action of the symmetry operatitn onto a sites,

noted as the “special productles, translates into the fol-
for two particles with opposite spinsS{=0) on a lowing digit operation: each time a digit equals 1lin it
d-dimensional hypercubey defined as the set dil=2%  switches the corresponding digit é& For example, in three
sites whosed coordinates are either O or 1. Although our dimensions, 7+%6, with corresponds in coordinates to
solution is yet limited to the two-electron case, to exhibit 7, 7,75(0,0,)=(1,1,0. To construct the irreducible repre-
exact results for a truly interacting system in a dimensiorsentationgirreps and the character table df,, it is useful
greater than 1 is clearly of primary interest. This is particu-to remark that this group is isomorphic dotimes the tenso-
larly true since hypercubes are related to the usual cubigal product with itself of the two-element groug,
lattices with periodic boundary conditions,q is topologi- :{E,W1}=A1,6 The A4 irreps (unidimensional sincé 4 is
cally equivalent to al-dimensional hypercubic lattice of lin- Abelian) are easily obtained as tensor products of the two
ear size equal to 4 with periodic boundary conditions, notedrrepsI’, andI’; of Z,. Now, theN irreps can be labeled by
Zﬂ (i.e., v, is equivalent to the four-site rings, is equivalent integersM, through their base-two decomposition, by order-
to the two-dimensional #44 cluster with periodic ing the different occurrences &, in the tensorial product,
conditions?® etc). To solve the above Hamiltonian we first and fixing the corresponding digit to 0 or 1, whether the
use an Abelian subgroup of the ful}; point group, to block irrepsI"y andI'; occur.
diagonalize the initial matrix of size?d into 29 blocks of Let us first consider the one-electron tight-binding spec-
size 2. Quite interestingly, these smaller submatrices corretrum with hopping ternt. Each eigenstate belongs to a given
spond to a simple family of effective one-electron Hamilto-irrep of A4, and reads

0163-1829/98/5@20)/126514)/$15.00 57 R12 651 © 1998 The American Physical Society
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1 1 N1 Let us now consider the two-electron cas=£0). The
IM)=—= > xNR(|0))=—== >, (—1)™r|re0), full Hamiltonian matrix, of size 29, is readily block diago-
V29 REA V29 =0 nalized into 2 blocks of size 3, associated with each rep-

)

resentatiorM . For a givenM, one constructs a basis witH{ 2

wherem,, , is the number of digits equal to 1 simultaneously kets|M,1)
in M andr (we have used the above defined special product

« to denote the action of the symmetry operati®mnto the

basis kets Since all the sites are equivalent, it is sufficient to

consider the interaction of the site number 0 withdt§irst

neighbors that have exactly one digit equal to 1 and belong

to the seVy={v;=2/,j=0,...d—1}. As aresult, one finds
that the eigenenergies read

d-1
Ey= 2 xu;=~t(d=2Ny), 3
whereNy, is the number of digits equal to 1 M. SinceM
runs from 0 to 3—1, the y4 spectrum consists af+ 1 lev-
els, from—dt to dt, with equal spacing 2(the degeneracy

1
Tt e, RRIOTIL)

M,ly=
[M.1) Y

N—-1

_1 Mire .
—@20 XM(re0) 1, (rel) ), (@)

whereli1,j|) represents a configuration with electrprat
sitei and electron at sitej. Depending on the parity of the
number of digits equal to 1 and common to integdrandl,

it can be shown thatM,1) is either symmetrigeven num-
ben or antisymmetriclodd number with respect to the ex-
change of position of electrons. Accordingly,|) corre-

of a Ey level being given by a standard binomial coeffi- sponds either to a singlet or a triplet state. It is clear that

ciend.

-1

1 N
(MITIM1") =25 X
r=0

only occurs inlM,0|V(U)|M,0), while the kinetic part reads

N-1

M. M
> e
r'=0

X((re0)T(reD)L[T[(r"«0)T,(r"s1") 1)

-1

1N
53

M
~ Xr Xr

d-1
M_ M
+20 Xt Xojor
=

X((r+0) T (re1) [T (v;*r0) T (vjerel) ) .

M

((re0)T(reD) L[TI(re0)T,(rel")])

(5

In the latter expression, we have decoupled the terms wheieypercubesyy, with d’<d. One has to evaluate the right-

the | spin jumps(first par) from those where thg spin
jumps. In the latter partsum overj) the only nonvanishing
term corresponds toel =vjerel’—1’'=v;el, which meang

hand part of Eq(6). By definition of thev; (mirrors that
connect a site to one of its first neighbpns anduv «r differ
by one digit, which depends gn not onr. If this digit takes

and |’ neighbors(recall that the group is Abelian and its the value 1 in the base-two decomposition Mf, then

elements are their own invejseOne finally gets that the
nonvanishing kinetic terms read

N—1
t
(MAITIM vjel)=—=3 20 A+x'x.). (6

The block matrix associated with the irrdp corresponds

therefore to an effective one-electron tight-binding Hamil-

tonian, with sites labeled by, kets|M,l), and hopping
terms given by the above expressi@). A simple case is
provided by the identity irregM =0, for which )(P"=1 for

anyr. The effective Hamiltoniard(®) corresponds to a hy-
percubeyy, with one “impurity” site (with diagonal term
U) and a constant hopping term2t. We now show that the
other irreps correspond to the effective Hamiltoni4ft" on

X?"Xl'j’:.rz —1 for anyr, and the correspondirlg™) matrix

element vanishesH™) therefore corresponds to @y in
which families of parallel edges have been ¢titose or-
thogonal to the mirrors labeled by the digits 1 in the decom-
position of M). Figure 1 displays graphically this general
result ford=2 andd=3.

So, at this step, the spectrum is solved in terms of one-
electron tight-binding models on hypercubes of dimension
lower or equal tad. The only nontrivial contributions corre-
spond to those parts, in the hypercube decomposition, which
contain the impurity sité. We now show how to further
greatly reduce their complexity.

To do that it is convenient to reexpress the effective
HamiltonianH [hereafter we will drop the superscripd)
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d=2
------ o—o oo
EI I —————— I 6—0 o [}
M=0 M=1 =2 M=
(a)
d=3

FIG. 1. Graphical illustration of the effective Hamiltoni&H™
associated with the irreM. Full circles correspond to impurity
sites with a diagonal terrd, full edges to hopping terms equal to
—2t, and dotted lines to the edges that are cut in the given itagp.
d=2, the four irreps are depicteth) d= 3, only four irreps among
the eight are shown.

since only theM =0 case has finally to be considetda the
one-electron basis, EQ). It is easy to verify thaH can be
written in the form

H=Diag(e)+%IN (7)
where Diade) is a diagonal matrix whose entries are ttfe 2
free electron solutions of the hypercube with hoppindsb-
lution atU=0) and |y is the NX N matrix with unit entries
for all i andj. The latter part is nothing but a projection
operator on the eigenstgte,) with energyU, andH can be
rewritten

H= Dlag(e) + U|Uo><Uo|,
with (vo)i=(1//N) i=1,...N.

)

To proceed further we define for each subspace corr

sponding to a given value (there ared+ 1 such subspaces
of degeneracy; , the binomial coefficienta basis consisting
of the normalized vectors{’= (1/\/g;)(1,...,1) and a set of

vectors {v{’ ,k+#1} spanning the subspace orthogonal to

v(l'). In this new basis only thed+ 1) vectorsv, have a
nonzero overlap wittw o), andH, of dimension g, decom-
poses into a diagonal matrix having2(d+ 1) trivial solu-
tionse; , and a residudl -dependent part, noteéd, given by
the matrix of linear sized+ 1) written in the form

H=Diag(e) + U|v){(v|=Ho+V, (9)

where|v) has components;= y/g;/N and thee's represent
now the @+1) distinctfree-electron energies:
€=—2t(d—2i)

i=0,...d. (10)

An alternative representation consists of going back to the

basis where the potential operatdris diagonal.H is then
found to be tridiagonal (one-dimensional tight-binding
mode) with off-diagonal hopping term given by; ;.

=2ty(d—i)(i+1),i=0tod—1 and a diagonal contri-
bution at the |n|t|al sitgthere numbered)0 In other words,

HUBBARD MODEL ON d-DIMENSIONAL HYPERCUBES. ..
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o 2t .@t {8t .Jﬁtﬁét V12t
d=1 d=2 d=3

FIG. 2. Graphical illustration of the single-impurity one-electron
problems associated with the nontrivial part of the specttthm
general formula is given in the text

the problem is mapped onto a single-impurity problem on a
finite chain of linear size d+1). Figure 2 illustrates this
result ford=3.

It is known that the eigenspectrum of single-impurity
problems can be expressed under the form of a sum rule
expression using the Koster-Slater approthis result can
be briefly reobtained as follows. First, the following operator
identity is invoked:

u

(H—2)"'=(Ho—2) "'~ 170697

1 1
O " Gy Y

)"
wherez is an arbitrary complex number ai@&f®) is the un-
perturbed Green’s function given byG9=(v|(H,
—2)"Yv). Then, using this identity, the fully interacting
Green’s functionG,,(z) can be written as

G —ijg)(z) 12
vv(z)_ 1+UG(D?})(Z) ( )
Searching for poles oB,,(z) we get
d
1 1
N 2 — € U (13

Equation(13) is the final closed expression determining the
nontrivial part of the spectrum. It is easily shown that this

gequation admits d+1) distinct solutions, which we shall

denote as Spdét(U).

To summarize, the set of?2 eigenvalues of the hyper-
cubeyq consists of &J-dependent part given by the collec-
ton of the nontrivial spectra at dimensions lower or equal to

d/d
( ) Spect’(U), (14)
i= 0
(note that here the binomial coefficient counts the number of
occurrences ofy; hypercubes with an impurity site in the
decomposition of the initialyy, see Fig. 1 and a ftrivial
U-independent part given b, =2tl, |=—d,...,d with

d i

degeneracy:
g= S | 20-i] 1+i | —1 (d)
=2 -

the prime inY' indicating that the summation oveis done
with an increment of 2. Formulél5) can be obtained by
tracing back the contributions due to the different irreps and
those issued from the internal symmetry of hypercubes

(15
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[trivial solutions extracted when passing from E8).to Eq.  This equation together with Eq&L0) and(17) give the exact
(9)]. Eigenenergies correspond either to singlet or tripletone-particle Green’s function of the problem.
states. Sinc&J only connects basis staté¥l,l) with =0 Generalization of this approach to higher fillings is pres-
(see abovg triplet states are not sensitive td and only  ently under investigation. We have already found that the
singlet states belong to thd-dependent part of the spec- existence of large fractions &f-independent eigenvalues is
trum. The ground-state energy is not degenerate and corrstill valid for some specific fillings. However, the underlying
sponds to the lowest solution in SPEYtU). Note also that structure for theU-dependent part of the spectrum is more
in the limit of large dimensions, and after proper renormal-difficult to elucidate.
ization of the parameters of the Hamiltonian, an infinite- Returning to the two-electron case, we would like to men-
dimensional model can be defined, as done recently for &on that by using rotations instead of reflections, a similar
number of correlated fermions models, see Ref. 2. calculation can be done for standarddimensional hypercu-
Let us now consider dynamical properties. We are interbic lattices of linear sizé and periodic boundary conditions
ested in evaluating the one-particle Green’s function defineajZE). We have found that the problem can still be mapped
by onto a family of LY single-impurity one-electron effective
problems defined on the very same IattE%. Each irrep
(d) = 1o+ corresponds to a value ofdrdimensional integer vectivl
G (z,U)=(olax A=z ay| o), (16) esp ) 9
(M;=0,...L—1), or more physically, to a value for the
otal momentumK=(27/L)M. The only difference be-

where|#,) denotes the one-particle ground state consistin X S .
ween irreps lies in the value of the hopping term that de-

of one electron of given spin araj, creates one electron of > . :
opposite spin in a one-particle state, notedHereafter k pends explicitly orM. More precisely, for each irrep labeled

varies from 0 tod and labels one of thed(+ 1) degenerate by K, Eq. (13) now reads
subspaces of the one-electron problem, the ground state cor-
responding t&k=0. Now, note that vectmlwo) belongs to

-

-1 L-1 1 1

1
the subspace corresponding to the decomposition on hyper- Ld HEZO A E— e vk (19
cubes of dimensiond— k). There exist £ different families ! d n
of hypercubes having such a dimensi@ee Fig. 1 among ) , ) .
which only one has thel-impurity site. Accordingly, we get Where the noninteracting energie€” are given by
the following result:
d
(K)— _
GO(z,U)— Elk Gz U+ [ 1- ;R )ng_k)(z,uzo)_ en’=—4t> cogKi2)cogki+Ki2), (20

1

47 ~with K=(2#/L)M andk=(2#/L)n. In contrast with hy-
Now, we need to evaluate the fundamental quantityyercubes, the sum in EQL9) runs overl® values and cannot
ng')(z,u) with Hamiltonian(9), the dimensiord’ ranging  be further reduced. Note that, since the effective hopping
from 0 tod. For that we note that the kéd)=a]| ) rep-  term varies with the irreggand can even vanighboth local-
resents théfirst) basis element corresponding to the diagonalized and resonant staté€sreps by irreps may be present.
energye, in representatiori9). Projecting out identity(11) Finally, it is worth noticing that in thel=1 case the Bethe
onto vector|0) and expressing the different quantities in ansatz equations for two partictes
terms of the noninteracting spectrum we get

1 ¢ k,L _ U 21
Gy (zU)=—5— AN T ot(sink,—sinky)’ @)
60 _Z
U with E= —2t(cosk;+cosk,) and k;+k,=(27/L)M (M
- a : =0,...L—1), can be recovered from E¢L9) after simple
29" (0 22| 14 vy D _ 9 but tedious algebra.
0 29" =0 ei(d’)—z
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We investigate the metal-insulator transition of the one-dimensionaN$WB{ubbard model for repulsive
interaction. Using the bosonization approach a Mott transition in the charge sector at half fiding (
=m/Nay) is conjectured foN>2. Expressions for the charge and spin velocities as well as for the Luttinger-
liquid parameters and some correlation functions are given. The theoretical predictions are compared with
numerical results obtained with an improved zero-temperature quantum Monte Carlo approach. The method
used is a generalized Green'’s function Monte Carlo scheme in which the stochastic time evolution is partially
integrated out. Very accurate results for the gaps, velocities, and Luttinger-liquid parameters as a function of
the Coulomb interactiot are given for the casdd=3 andN=4. Our results strongly support the existence
of a Mott-Hubbard transition at aonzerovalue of the Coulomb interaction. We findl.~2.2 forN=3 and
U.~2.8 forN=4.[S0163-182609)00728-4

[. INTRODUCTION and one can write down an effective theory that describes the
Mott transition as well as a full description of the transport
Although the metal-insulator transition has certainly beerproperties for any commensurate fillifg® The only param-
one of the most studied phenomenon in condensed-mattéter that controls the transition is tiie general unknown
physics, it is only in recent years that important progress hakuttinger charge exponeiit. and the transition is predicted
been achieved. This is mainly due to careful experimental0 be universal of the Kosterlitz-ThouleésT) type.
and numerical studies but also to the improvement of the Most of the theoretical work id=1 focused on the prop-
theoretical tool$=3 It has been proved extremely difficult to erties of the standard $) Hubbard model which is known
investigate the effect of strong correlations in dimensiond® be @ Mott insulator at half filling from its exact solutich.
greater than 1, and it is only quite recently that, thanks to &\n extension of this model was considered by introducing
new dynamical mean field, our understanding has substaf#ong-range hopping or finite-range interactidmearest-
tially progressed. For one-dimensional systems, the situa-neighbor interaction, for mstan_):é In the present work, we
tion is rather different: There exist powerful analytical andStudy a most natural generalization of the usual Hubbard
numerical approaches at our disposal. Moreover, from th&odel: Instead of considering fermions with a two-valued
experimental point of view, the Mott-transition can be real-SPin index{with SU(2) symmetry we generalize to the case
ized in organic conductotsaand quantum wire$ Therefore, ~ Of an arbitrary SU) spin index. Apart from the theoretical
one may expect to gain a |ot Of information on the physics Oﬂnterest it iIs |mp0rtant to emphaSIze tha.t these addltlonal
the metal-insulator transition. degrees of freedom are realized physically through orbital
In one dimension, it has been recognized very rapidly thaflégeneracy as, for example, in Mn oxidds. this paper, we
umklapp processes are at the heart of the problem. In thehall study the phase diagram of the one-dimensionaN3U(
Abelian bosonization formalism, one can draw a general an&iubbard model for repulsive interaction and at half filling
consistent picture of the Mott transition. Indeed, the charg&orresponding to one “electron” per site. The Hamiltonian
properties are expected to be described, in the absence on a finite chain withL sites that we shall consider reads
umklapp contributions, by a Luttinger liquid with only two LN L N )
independent parameters: The charge velocifyand the + u
charge exponerK, that controls the decay of correlation H:_t; 321 (CiaCi+1atH.C)+ 521 24 Nia @
functions. These quantities, which are nonuniversal, com-
pletely characterize the low-energy properties of a onewhere the fermion annihilation operator of spin indax
dimensional systerh® Within this framework, the effect of =1,... N at sitei is denoted by;, and satisfies the canoni-
umklapp processes are investigated in perturbation theorgal anticommutation relation
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2300 ASSARAF, AZARIA, CAFFAREL, AND LECHEMINANT PRB 60

{Cia ,Cij}: Sandij - 2) sizes. In order to treat bigger systems two types of approach
are at our disposal: The density matrix renormalization group
The density of speciea at theith site is defined byn;, (DMRG) method and the stochastic approaches.
=ciTacia. In the following, we shall consider that the nearest-  Since its discovery a few years ago the DMRG method
neighbor hopping t) and the on-site interactionlU) are has been extensively used for studying various one-
positive. dimensional systems and coupled chain probléfosa re-

The Hamiltonian(1) is not exactly solvable by the Bethe view, see Ref. 15, for a detailed presentation of the method,
ansatz folN>2 and arbitraryU. It is, however, possible to see Refs. 16,17 DMRG is a very efficient real-space nu-
solve the generalization of the Lieb-Wu Bethe ansatz equamerical renormalization-groupRG) approach. The funda-
tions for fermions carrying a SW() spin index:>*3The re-  mental point which makes the method successful is the way
sult is that for anyN>2, there exists a Mott-Hubbard tran- that “important” degrees of freedom are chosen at each RG
sition from a metallic phase to an antiferromagneticiteration. Instead of keeping the lowest eigenstates of the RG
insulating phase at &nite value of the couplingl. The  block considered as isolated from the outside wddd it
transition is found to be ofirst order in contrast with the was usually done in previous approachebke states which
accepted view that the metal-insulator transition in one-are selected are the most probable eigenstates of the density
dimensional systems should be of the KT type. The point isnatrix associated with the block considered as a part of the
that a projection onto the subspace of states having at mogihole system. The main error of DMRG is related to the
two electrons at each site is crucial for the use of the Bethéinite number of states kept at each iteration of the algorithm.
ansatz approach. The other configurations are automaticallyy order to get the exact property the extrapolation to an
excluded by the Pauli principle in the &) Hubbard model infinite number of states has to be performed. At least for 1D
whereas folN>2 it is no longer the case. As a consequenceand quasi-1D problems, and for systems having a small num-
it is believed that the lattice model associated with theber of states per site, the errors obtained are small. Note also
SU(N) generalization of Lieb-Wu Bethe ansatz equationsthat DMRG works especially well when open boundary con-
should coincide with an integrabigonlocal version of the  ditions are used. For periodic boundary conditions, errors are
SU(N) Hubbard model1).**** Although one naturally ex- significantly larger.
pects that the true SB() Hubbard model will share some In this paper we use an alternative approach based on a
properties with its nonlocal partner, in particular the exis-stochastic sampling of the configuration space. Such ap-
tence of a metallic phase at small enougdhthe first-order proaches are referred to as quantum Monte C&QMC)
character of the transition could take its origin in the nonlo-methods. There exists a large variety of QMC approaches. A
cality of the interaction. In any case, in order to study @9.  first set of methods is defined within a finite-temperature
one must abandon the exact Bethe ansatz approaches dnamework (path-integral Monte Carlo, world-line Monte
resort to two powerful techniques available in one dimen-Carlo, etc., see, e.g., Ref. )18n these approaches, the main
sion: the bosonization and numerical approaches. As weystematic error is the high-temperature approximation asso-
shall show, none of these techniques is by itself sufficient taiated with the Trotter break-tp(Trotter or short-time er-
demonstrate the existence of the Mott transition. Regardingor). When interested in obtaining the zero-temperature prop-
bosonization, the mere existence of the metal-insulatoerties the number of “time slices” to consider must be taken
transition—even in the simplest scenario of a KT phasdarge and the computational effort becomes important. Prac-
transition—relies on the knowledge bf dependence of the tical calculations have shown that the method is much less
Luttinger parameteK., a nonuniversal quantity which can accurate than DMRG, at least for one-dimensional systems.
only be computed in a perturbative expansiotinin other  In the second type of approaches used here, the stochastic
words, bosonization cannot tell wghethera given lattice  sampling is directly defined within a zero-temperature frame-
model will undergo a Mott-U transition. However, it defines work. These methods are usually referred to as a Green’'s
a rich theoretical framework in which many qualitative andfunction Monte CarldGFMC) or projector Monte Carlo. For
guantitative predictions are obtained. This provides an esseisystems having a nodeless ground-state wave function as it is
tial guide for the numerical investigation of a particular lat- the case here, the GFMC method can be extremely powerful.
tice model. Regarding numerical investigations the situationThe basic idea is to extract from a known trial wave function
is also not fully satisfactory. Beyond the evident problem ofi its exact ground-state componef. To do that an op-
memory and CPU time limitations, it is well known that it is eratorG(H) acting as a filter is introduced. Statistical rules
very difficult to characterize a KT phase transition. As weare defined in order to calculate stochastically the action of
shall emphasize later, it is almost impossible to discriminatéhe operatorG on a given function. Apart from statistical
between the opening of a charge gafJat0 and at a finite  fluctuations, the GFMC method is an exact method. It does
positive U, even when very accurate numerical data are atot require an extrapolation to zero temperature as in finite-
our disposal. The strategy employed in this work will consisttemperature schemes. In addition, there exists a so-called
in combining both approaches. Very strong evidence will bezero-variance property for the energy: The better the trial
given in favor of a metal-insulator transition occurring at awave functionyy is, the smaller the statistical fluctuations
finite positive value of the interactiod for N>2. are. In the limit of an exact wave function, the statistical

Various numerical methods can be used to study thdluctuations entirely disappedrero-variance property As
ground-state properties of Hamiltonidh). In exact diago- an important consequence, by choosing a good enough trial
nalization method$ the exact ground-state eigenvector iswave function very accurate calculations can be performed
calculated. Unfortunately, the rapid increase of the size ofsee, for example, Ref. 19Note that, in contrast with
the Hilbert space restricts severely the attainable syste@MRG, the efficiency of GFMC does not depend on the
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specific type of boundary conditions chosen and that thelynamics. The practical implementations of the GFMC ap-
number of states per site is not a critical parameter of thgroach for the Hamiltonial) will be discussed in Sec. IV
simulation. Here, it is an important point since the SY(  and the numerical results fdé=2,3,4 will be presented in
model displays Y states per sitgfor the SU4) case treated Sec. V. Finally, Sec. VI gives a summary of the work to-
here it gives 16 states per dite gether with a comparison between the physical results ob-
In order to improve further the accuracy of the approacHained for the SUY) Hubbard model and those correspond-
we present a generalized version of the GFMC method iAg to its nonlocal integrable version. In the Appendix we
which the dynamics of the Monte Carlo process is partially9ive some details of computation occurring in Sec. II.
integrated out. More precisely, we generalize an idea intro-
duced by Trivedi and Ceperley in their GFMC study of the IIl. THE SU (N) HUBBARD MODEL
S=1/2 Heisenberg quantum antiferromagtfein the G_FMC In this section, we shall use a bosonization apprdéah
method the probability that the random walk remains a Celtacent reviews see Refs. 8)2d study the SUY) Hubbard

tain number of Fim'es in the same configuration is descrilOe‘finodel. Before doing that, let us first discuss the symmetries
by a Poisson distribution. It is then possible to sample theyt iho model

corresponding “trapping time” from this distribution and to The Hamiltonian(1) h 1®SU(N trv:
weight the expectations values according to it. As remarked e Hamiltonian(1) has a UL)®SU(N) symmetry.

by Trivedi and Ceperley, doing this can lead to a consider- ci.—eci,,
able improvement in the simulation. This is particularly true
when the wave function is localizethrge U regime for our Cia— U aCib » 3)

model, systems with deep potential wells, getddlere, we ) )
show that the method can be improved further by integrating?€reé the matrixJ belongs to SUN). These symmetries
express the conservation of the charge and spin invariance

out exactly the time evolution associated with this trapping ) ; )
phenomenon. Once this is done we are left with a randonynder a SU(\I) rotation. The associated generators are given
walk defined by an “escape transition probability” connect- PY the following operators:

ing nonidentical configurationghe system never remains in

the same configuratiorand a modified branching term re- N= ni,

sulting from the time integration. Note that introducing trap- ia

ping times in averages helps a lot when optimizing the pa-

rameters of the trial wave function. Finally, we present an SAZZ SA (4)
original method for computing the Luttinger-liquid param- o

eters within a QMC scheme. We show that these parameters,
can be obtained from a series of ground-state calculations it
total energies ofreal—but not necessarily Hermitian— SA—cl T e )
Hamiltonians. In this way we escape from the difficulty of I viafabibe

calculating with QMC ground-state energies of t@mplex where the summation over repeated indetesept for lat-
Hamiltonians resulting from the definition of the charge andtice indexe¥is assumed in the following. In the latter equa-
spin stiffnesses. Although it is difficult to compare the effi- tion, the N°>—1 matrices7” are the generators of the Lie
ciency of our generalized GFMC approach with DMRG algebra of SUK) in the fundamental representation. They
(since the quality of GFMC simulations is too much depen-satisfy the commutation relation

dent on the quality of the trial wave function usede be-

lieve that the accuracy of our results is comparable or even [TA,T%]=if"BCTC, (6)
better to what can be done with DMRG. In any case, our dat
are sufficiently accurate to conclude to the existence of
metal-insulator phase transition in the model studied.

gaBC being the structure constants of the Lie algebra and the
Yenerators are normalized according to 7H7E) = 5*B/2.
. The conservation law associated with thelJusymmetry al-
20
Very recently, Beccarigt al”™ have proposed a QMC lows to study the Hamiltoniafl) for a fixed densityn. The

algorithm based on the use of Poisson processes. Their aBoulomb interaction can thus be rewritten, up to a constant,

proach contains similar ideas. However, in contrast with the . i
. S in terms of the SU) spin operator:
present approach no importance sampling is used and no

integration of the Poisson dynamics is performed. It should ul N 2 UN
also be noted that the use of Poisson processes for describing _( 2 n.a) — —SiASiA, (7)
the time evolution of systems trapped in some configuration 2\a=1 N+1
is not restricted to quantum systems. Krauth and collaboraWhere we have used the identity
tors have proposed related ideas within the context of clas-
sical Monte Carlo simulatiorfs:?2 1
The organization of the paper is as follows. In Sec. Il, a ThTe= 5 | Gaedba™ j Pabdde- ()

bosonization approach of the SN Hubbard model will be
given. Some of the results have already been obtained byhe relation(7) makes explicit the SW\) invariance of the
Affleck®® whereas additional new ones will also be useful tomodel.

compare with the numerical simulations. The purpose of Sec. The Hamiltonian(1) is not exactly solvable by the Bethe
[l is to give a presentation of the GFMC method togetheransatz foN>2 and arbitraryU, even if, as already empha-
with our generalization based on the partial integration of thesized, some integrable nonlocal extension of &g.with a
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SU(N) symmetry can be considered. The situation is simplewvhich shows that they satisfy the SN, Kac-Moody(KM)

in the limit U—c and at half filling (one “electron” per
site), i.e., whenkg= 7/Nag (ag being the lattice spacingin
that case, it can be shown that E#) reduces to the SUN)

Heisenberg antiferromagnetic chain for which an exact solu-

tion is available. As shown by Sutherlafftthis latter model

is critical with N— 1 massless bosonic modes with the same

velocity. In the conformal field theoryCFT) language, the
central charge of the model in the infrar€idR) limit is ¢
=N-1 and using a non-Abelian bosonization of Hd),
Affleck?® identifies the nature of the critical theory in the
spin sector as the SM); Wess-Zumino-Novikov-Witten
(WZNW) model. In the following, we shall present both

algebra2*?®In the same way, the total charge dengityn;,
reads in the continuum limit

g Nia—ag 4 T0(x) +[ &~ 2KEX Yl o(X) har (¥) + H.C]},
(16)
where 7%= 73+ 7° and

17

are the W1) right and left charge currents. These currents
satisfy the OPE

0 _.,t .
Tr)y= War)ParL)

non-Abelian and Abelian bosonization approaches of the

SU(N) Hubbard model(1) at half filling and give a number

of results that will be essential for discussing the numerical

data presented in Sec. V.

A. Continuum limit

In the continuum limit, the spectrum around the two
Fermi points* kg is linearized and gives rise to left-moving
fermions i, and right-moving fermionsg/,r. In this low-
energy procedure, the lattice fermion operatogs are ex-
pressed in terms of these left-right moving fermions as

%i—%(x)ww(x)e%u¢aL(x>e—ikFX, ©

2k
where x=iag. In this continuum limit, the noninteracting
part of the Hamiltonian(1) corresponds to the Hamiltonian
density ofN free relativistic fermions

Ho=—iIVEC Ylrdxthar: — WL dxthaL 2), (10

where the normal ordering with respect of the Fermi sea is
assumed and the Fermi velocity is given by

a
VE=2tag sinN. (11

In the continuum limit, the SUY) spin operato5) decom-
poses into a uniform and &g contribution

‘z—ieSA(x):jA(x) +[ePPNAX)+H.c], (12
where the & contribution is given by
NA= 4L Thotor. (13
whereas the uniform part read& = 75+ 77 with
Th)= Ve Tao¥ore) - (14

These left-right SUY) spin currents obey the following op-
erator product expansidi©PE) (see the Appendix

_ §MB f§ABC

C A B - - c
l'_T/jR(L)(X)jR(L)(y) 8mi(x—y)2 + 2m(X—Y) Truy(Y)
(15

N

- 42(x—y)? (18

lim TRy () TRy (Y) ~

X—Yy

and 7, belongs to the U(1) KM algebra.

With these identifications, it is not difficult to sho(gee
the Appendix that the free part of the Hamiltonigd0) can
be expressed only in terms of spin and charge currghés
so-called Sugawara fopm

Ho="Hos* Hoc (19
with
2TVE A A oA,
HOs:N+1(-~7Ru7R-+-~7Ls7L-) (20
and
Vv
Hoo="ry (:TRTR:+:T000). e

At the level of the free theory, spin and charge degrees of
freedom decouple. The symmetry of the free Hamiltonian
Ho in the continuum limit is therefore enlarged to give
U(1) @ SUNN), ®@U(1)g® SU(N)g. The Hamiltonian?
is nothing but the Sugawara form of the U WZNW
model?*?® It is a conformaly invariant theory with central
chargec=N—-1 (N—1 massless bosonsThe contribution
Ho. describes the 1) charge degrees of freedom and has
central charge=1 (1 massless bospn

The nontrivial part of the problem stems from the Cou-
lomb interaction(7). At sufficiently smallU<t, from Eq.
(7), we see that its contribution will be given by the OPE

N
V(x) = —Uag—

H A A
N+1€I|_r:r(1)8 (x+€)S(X). (22
From Eq.(12), there are three contributions 10
V= Vo+ Vsz+ V4kF. (23)

The first term is the unifornk=0 component while the oth-
ers contain oscillating factors™2*F* and e*4kF*, Neglect-

ing all oscillatory contributions, we are thus left with the
uniform part),. Performing the necessary OPEsee the
Appendi®, one finds that the total effective low energy
Hamiltonian density separates into two commuting charge
and spin parts
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H="H+Hs (24) B. The metallic phase
_ At this point, we introducé chiral bosonic fieldsh,g() ,
with a=(1,...N), using the Abelian bosonization of Dirac
fermiong*
mv
He= N°(:jgjg:+:jﬁj8:)+ecjgjﬁ (25) o
Yar)y = =—="eXPEiVA4Tdar)), (29
and 2m

where the bosonic fields satisfy the commutation relation
27Vs . A A A A [Par:PpL]= (114) 6,5. The anticommutation between fer-
=NF1CIRIRIFITLILD+HGsTRIL,  (26)  mions with different spin indexes is realized through the
presence of Klein factorghere Majorana fermionsc, with
where the renormalized velocities are the following anticommutation rulefk,,xp}=28,,. As in
the N=2 case, it is suitable to switch to a basis where the
charge and spin degrees of freedom single out. To this end,

Hs

Ve=VE— ——, let us introduce a charge bosonic fid g ) andN—1 spin
2m bosonic fieldsPpmsgry, m=(1,... N—1) as follows:
Ua, ® 1
VC—VF+(N_1)E (27) cR(L)_\/N(¢l+ + ONR(L) 5
and the current-current couplings in the charge and the spin 1
sectors are given by D sry=—=(d1+ I~ Mdmi1)r) -
m(m+1)
N—-1 (30
Ge= Uay, The transformation(30) is canonical and preserves the
bosonic commutation relations. The inverse transformation is
G.= —2Ua,. 29) easily found to be
1 "o
Apart from a velocity renormalization, the effect of the Cou- b - ® + 2 IsR(L)
lomb interaction is exhausted in the two marginal interac- RO N A | J(+1)
tions in both charge and spin sectors. Wher 0, the spin
current-current interaction is marginal irrelevant. At the IR 1 a—1
fixed pointG% =0 the Hamiltonian in the spin sector is that bary==Pery~ \V = P(a-1)sR1)
of the SUN); WZNW model. On the other hand, the VN a
current-current interaction in the charge sector is exactly N-1
marginal since one can diagonali#g with a Bogolioubov +> RO a0 N-1
transformation to recover the Tomonaga-Luttinger Hamil- =a Il+1)’ B
tonian. Therefore}. describes the line of fixed points of the
Luttinger liquid. 1 N—1
From the above analysis we conclude that the MU( DInr)==Per)— Tq’(m—l)sm)- (31
Hubbard model at half filling is massless for smél>0. N

Th? spin sector is descriped by the EN“M WZNW mode_l In this new basis, the Hamiltonian density in the spin sector
while the charge sector is a Luttinger liquid with continu- at the SUN), fixed point reads

ously varying exponents. The main point in the above analy-

sis is the absence of umklapp terms which, whés 2, G Nt
opens a gap in the charge sector for an infinitesimal value of HE = 2D [ @ %+ (3,0 m9 %], (32
the interaction. At this point it is worth recalling that the 2 m=1

main approximation made in the above analysis is the 0mis\7vhereu i the spin velocity at the fixed point and
sion of the oscillating contribution]s;gkF andV4kF. Thisis a s P y P

reasonable assumption as farlass not too large. However D =P oLt Prosks
one expects, on general grounds, that umklapp processes
should contribute at sufficiently larg¢ and that a Mott tran- Ome=P o~ Prrcre (33)

sition to an insulating phase should occur at a firitg.

Indeed, in theU—c limit, we have an insulating phase This representation makes clear the fact that the central
where the spin degrees of freedom are described by theharge in the spin sector is indeeet N— 1.

SU(N) Heisenberg antiferromagnet. We shall return to this Let us now concentrate on the charge sector. It is not
point later. For now let us concentrate on the properties oflifficult to show, using Eqs(17), (29), and (30) that the

the metallic phase. charge current expresses as
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o N 1 2
Tr)= - PRy - (34) a= S K. K. (1-Ko)*“. (41)
Therefore, the Hamiltonian densit25) in the charge sector This allows us to give an estimate of the single particle den-
reads sity of states which is related to the electronic Green’s func-
tion atx=0:

Ho= 2 [ (30)% +1(3,00)%]
=7 L (005 +:(5,80)% ()~ @2

Uag Similarly, K, determines the singularity of the momentum
+(N=1)—=0,@c 9 Pcr, (39 distributionn,(k) around the Fermi poirk :
where we have introduced the total charge bosonic fleld Na(k) =n,(kg) + Cte sgiik— kg ) [k— kg | (43
=0 gt P, andits dual® =P, —P.z. The Hamiltonian o .
(35) can be written in the Luttinger-liquid form and the momentum distribution function has a power law
singularity at the Fermi level unlike a standard Fermi liquid.
usf 1 5 ) This anomalous power law behavior for any finite valuéof
HC:? K—c:(aXCDC) Ko (00)% |, (36) s inherent of a Luttinger liquid.

The computation of the SW) spin-spin correlation func-
where the charge exponelt, and the renormalized charge tion

velocity u, are given by

A*B(x,7)=(SA(x,7)SB(0,0) (44)
1
= , is more involved. It can be shown that the leading asymptot-
V1+(N-1)Uag/mve ics of this correlation function is given by thekR part
UC:VF\/1+(N_1)Ua0/7TV|:. (37) AB AB Coiszx)
A ,T)~ 0 . (45
The U dependence of the Luttinger paramet&rs and u, (*.7) (X2 U272)Ke/N(x2 4 y272) 1~ IN 43

given in the above expressions should not be taken too seri- _ .
ously. Indeed, the continuum limit approach is strictly speak_We deduce from the above correlation function the low tem-

ing valid only providedU/t<1. In this regime one has perature dependence of the NMR relaxation fege
Uag 1 2IN+ 2K IN—2
KC~1—(N—1)27TVF, T T c . (46)
Uag As seen, once the dependence of the Luttinger param-
Uc~Ve+(N-1) 20" (39 etersu., K., andug is known, the low energy properties of

the metallic phase are entirely determined. These parameters
The physically relevant question is now what happens folare nonuniversal and cannot be obtained for arbittarigy
higher values of the interactiod. In the absence of um- the continuum limit approach. AlthougK.<1 when U
klapp terms, the accepted view is that the effect of interac=0, one does not know its minimum value. It is only in the
tion corresponds to a renormalization of the Luttinger paramij=2 case, that the Luttinger parameters can be extracted
etersK, andu, as well as the spin velocitys which have  from the exact solutioA’"2 WhenN>2 no exact solution is
therefore to be thought as phenomenological parameters @agailable and one has to use numerical computations to esti-
the Landau coefficients in the Fermi-liquid thedyThese  mate these parameters. This will be done for the two cases
parameters completely characterize the low energy propertig§=3 andN=4 in Sec. V. Before doing that, let us discuss
of the metallic phase as we shall see now. Let us first discusgie Mott transition that should occur in the problem for a
the electronic Green’s function defined by finite critical value of the repulsiot) for N>2.

Gab(X, 7) =(¥L(x,7) ¥,(0,0)), (39)

7 being the imaginary time. This correlation function can be
computed using Eqg9), (29), and(31). After some calcula-
tions, one finds

C. The Mott transition

The very difference between thé=2 andN>2 cases
lies in the fact that there is no umklapp term at half filling in
the bare Hamiltonian in the continuum limit. The reason for
this is that these terms came with oscillating factors and were

Guy(X,7)~ Sab 1] eXplikex) omitted for small value of the repulsion. However, in the RG
ab 27 | X2HUeT?] | (ix+ ugr) N(ix +ugr) L~ N strategy one has to look at the stability of the Luttinger fixed
line and any operator that is compatible with the symmetry

exp(—ikgx) of the problem should be taken into account: they will be

' (40 generated during the renormalization process. In our prob-

lem, the important symmetries are the Sl)(spin rotation
where the exponent is given by invariance, chiral invariance and translation invariance.

+— : -
(—ix+ucn)™N(—ix+ugr)t~ M
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From Egs.(9), (29), and(30), one easily finds that under transition is expected to be of the KT type. Of course when
a translation by one lattice site, the charge fi@ldis shifted U>U_, K. vanishes so that the jump is=12/N and is uni-

according to versal. The present approach cannot give an accurate value
of U.. However, one can get a rough estimateJgf using
™ Egs.(11), (37), and(51):
@C_,(D#\[N' up EOs-(1D, 37, and(5)
. U, mN?>-4 7
Therefore one can add any operator in the charge sector that T2 WSIHN- (52

is invariant under the transformatigd?7) and will be neces-
sary generated by higher order in perturbation theory. The

operator with the smallest scaling dimension that is invariantSp
under Eq.(47) is

Humklappz -G cog \/47TNCI)C): . (48)

Other operators, with higher scaling dimensions, that couple
spin and charge degrees of freedom may also be included.
This is the reason why one cannot exclude the possibility of
a charge density wave€DW) instability. For instance, such where A\, is a nonuniversal constant stemming from the
processes are present in the extende@pHubbard model  charge degrees of freedom. One recovers the result previ-
at half filling.3° Although it requires some formal proof, we ously derived by Affleck® The NMR relaxation rate be-
expect that, due to the fact that in the present model th@aves now as 1, T) ~T?N"2. Finally, let us note that there
interaction is local in the density, the leading umklapp con-are other harmonicsk} ,6ke, . .., in the SUN) spin den-
tribution should only affect the charge sector. We havesity (12) that will be generated by higher orders in perturba-
checked that this is indeed true for the particular cabes, tion theory. Together with the uniform contribution with
=3 and N=43' We have shown indeed by perturbation scaling dimension 1, these terms will give subleading power
theory that the oscillating contributiong,_ and Vs_ gen-  law contributions in the SW) spin-spin correlation func-
erate &g and &g processes foN=3 andN=4, respec- tion (53). These operators correspond to the primary fields of
tively. Up to irrelevant operators, the only contribution we SU(N); WZNW transforming to another representation of
found is precisely Eq48) with N=3 andN=4. In any case SU(N) than the fundamental one. One should recall that for
in what follows, we shall thus make the hypothesis, firstthe SUN); WZNW, there areN— 1 primary fields?® A pri-
made by Afflecii® that all the effects of high energy pro- mary field %, (a=1, ... N—1) of SUN), transforms ac-
cesses are exhausted by E4p) for the general SW) case. cording to theath basic representation of SNY (Young
Consequently, the effective Hamiltonian density in the spintableau witha boxes and a single colummnd has scaling
sector is still given by the SUN); WZNW model and the dimensionA,=a(N—a)/N. We thus expect the following

In the insulating phase, the charge fidid is locked in a

ecial well of the sine-Gordon mod@0) and the leading
asymptotics of the SUY) spin-spin correlation functions is
now

cog 2kgx)

AB — B "~~~ "7
ARB(x,7)~ Ny 8 (Xt U22) - IN
S

(53

effective Hamiltonian in the charge sector is now asymptotics fo\*B with some nonuniversal constants,:
Us( 1 AB
HC:?C K—:(ax®c)2:+Kc:(&x®c)2: ARB(x T)N_a_ 1 n 1
¢ ’ 872\ (ugr—ix)2  (ugr+ix)?
—G,:cog V4mND,):. (49 N-1
AB cog2akegx)
Rescaling the fields ad.—® . K. and®,— 0./ K, the +d 321 )‘aW (54)
Hamiltonian (49) in the charge sector becomes the Hamil- sT
tonian of the sine-Gordon model up to logarithmic contributions originating from the marginal
’ irrelevant current-current interaction in the spin secfor.
__—cr. 2. @ V2T - TNk b - We end this subsection by giving the low-temperature ex-
He=75 [:(xPe)% +:(0,0) %]~ Gyicod VATNK D). pression of the uniform susceptibilifyand the specific heat

(50)  of the SUN) Hubbard model in the insulating antiferromag-
netic phase. The continuum density that describes the behav-
c;pr of the SUN) spins degrees of freedom in a uniform
magnetic fieldH is given by

Since the scaling dimension of the cosine term in G€4) is
A,=NK_., we deduce that a gap opens in the charge sect
when

N—1 N—1

- B)  Tamg 2 [(0Pnd%+i(3009%]1-HS J" (59

On the other hand, wheiki.<2/N, the umklapp term is ir- where we have neglected the marginally irrelevant current-
relevant and the system remains in the metallic phase desurrent interaction. In Eq(55), we have considered a uni-
scribed in the preceding subsection. Therefore,Uasn-  form magnetic field along the diagond™ (m=1,... N
creasesK, will decrease from 1 aU=0 to K.=2/N at a  —1) generators of SU{) that span the Cartan subalgebra of
critical value of the interactiok) . where a Mott transition to SU(N). According to our normalization convention, they
an insulating phase occurs. Within this scheme, the phasean be written ilNX N diagonal matrices as follows:
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1 contained presentation of the basic GFMC method is given.
T"=——diag1,1,...,—m,0,...,0 (56) In addition to introducing our notations for the next part, this
v2m(m+1) section will enable the interested reader to understand all the
with m=1, ... N—1 and—m is located on then+1 ele- practical aspects of the method. The second part is devoted

ment of the diagonal. Using the bosonization correspondendg the presentation of the generalized GFMC method itself.

(29) and the canonical transformati@81), the total density _
Hamiltonian(55) in a magnetic field can be written as A. Green’s function Monte Carlo

As already noticed in the Introduction the basic idea of
the GFMC method is to extract from a known trial wave
function|¢+) the exact ground-state componéat). To do
that an operatoG(7#) acting as a filter is introduced. For

N—1
M= 3, [P+ (0,097 ]

" continuum problems standard choices ar&(H)

- Emz::l P (57) =exp(—7H) (diffusion Monte Carlp or G(H)=1[1
+7(E—"H)] (Green’s function Monte Carlo For a lattice

Doing the substitution problem or any model with a finite number of statéisite

matrix) a natural choice to consider is
H
P s IxP mst ﬁa (58 G(H)=1-1(H—-Ey), (61)
S

) ) ) o wherer plays the role of a timestefa positive constan&and
we obtain the eXpI‘eSSIon of the uniform Susceptlblllty of theET is some reference energy_ﬂﬁs chosen Sufﬁcient'y small

SU(N) Heisenberg antiferromagnet and|y+) has a nonzero overlap with the ground state, the
N—1 exact ground state is filtered out as follows:
= 59 .
X= 2, ®9 lim G(7)P| )~ o). (62

P—wx
which is nothing butN—1 times the uniform susceptibility . ) . . . o
of the SU2) Heisenberg antiferromagnet. This result is easyTiS result is easily obtained by expandipgr) within the
to understand since the critical theory in the spin sector corcOMplete set of eigenstates At , o
responds toN—1 decoupled massless bosonic modes. Fi- " Monte Carlo schemes, successive applications of the
nally, using the general formula of the specific heat at lowPPeratorG(H) on_|<//T> are don_e using probablllstlc rules.
temperatures for a conformaly invariant thedfgne has for | N€se rules are implemented in configuration space where

the SUN) Heisenberg antiferromagnet the trial wave function and matrix eIement_stare gasily
evaluated. In what follows we shall denote [by an arbitrary
m(N—1) configuration of the system. To give an example, in actual
V="ag (600 calculations presented below we consitigr=|i (D). --|i(N)
s with [i®)y=|n,,, ... ,n_,) whereL is the number of sites

Before closing this section, it is important to emphasizethe SUN) color index, andn;, the occupation number of
that the Mott transition expected in the bosonization apSitei (njia=0 or 1) for the species.
proach relies on the full expression kf(U) as function of In this work Hamiltonians considered are of the form
the interaction. However, one should stress that this param- H=T+V 63)
eter cannot be obtained for arbitrddy within this approach '
and only in the weak coupling liml) <t where the model is  whereT is the kinetic tern{a nondiagonal operatpandV is
in its metallic phase. To conclude in favor of the existence ofa (diagona) potential term. For fermions in one dimension it
a Mott transition for a finite value of the Coulomb interac- is known that by choosing a suitable labeling of the sites,
tion, one has thus to compulte,(U) of the lattice model by nonzero matrix elements of the kinetic term can all be made
an independent approach. Since the BYHubbard model negative
with N>2 is not exactly soluble, one cannot determine the
expressionK (U) by the Bethe ansatz as for the standard (i|T[j)=<0 (i#])). (64)

7-29
Hubbard - modef. We shall thus compute the value A most important consequence of this property is that the

Ke(U) Qf the lattice model using very accurate numericalexact ground state has a constant sign. In other words, simu-
calculations based on QMC methods described in the neXtiions presented here are free of the sign problem

section. In Sec. V'. we shall then compare the numenca} '€~ et us now introduce the following transition probability:
sults with the predictions of the bosonization approach given

in this section to conclude on the existence of a Mott transi- 1
tion in the model. Pii(n)=y¢r())(I[1- T(H—EL)]|i>m, (65)
lil. THE NUMERICAL APPROACH where y(i) are the components of the vectapr), ¢(i)

_ _ _ =(i|y7), andE_ is a diagonal operator called the local en-
In this section we present our improved zero-temperaturgrgy and defined as follows:

Green'’s function Monte Carlo method used for computing
ground-state properties. In the first part a sketchy but self- (ilELli)=6&EL(i)
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with Here, it is rewritten as
- AilHyr 1 X
(. (60 E(yn)= lim o 3% ED=(ED)ey, (73
Note the important relation associated with the definition Ofwhere<< >>(P) is the stochastic average over configurations
the local energy i} generated using the transition probabilRyK being the
number of configurations calculated. Equat{@3) holds be-
(H—ED)|¢r)=0. (67) causey(i)? is the stationary density of the stochastic pro-
cess, that is,

To define a transition probabilit;_,; must fulfill the two

following conditions. First, the sum over final staesP;_,;

must be equal to 1. Here, this is true as a direct consequence Z 4//T(i)2Pi_,j(T)= ()2 Vj. (79

of Eqg. (67). SecondP;_,; must be positive. To see this and !

for later use, let us distinguish between the caseg and . o - ] ]

i#]. This property is directly verified by using expressidigs)
Fori=j we have and (67). _ _ _
As already pointed out, the estimate of the exact energy is

based on the stochastic calculation ofl—7(H

—E7) 1" 1), Eq.(62). Introducing between each operator in

the product the decomposition of the identity over the basis

set 1=3,]i)(i| and making use of the definition of the tran-
sition probability, Eq.(65), we get the following path inte-
gral representation:

Pi_i(m)=1+7T.(i), (68)

whereT (i)=E (i) —H;; . Using Eq.(63), T, (i) can be re-
written as

(i|T| )
o ©9
[1—T<H—ET>]F’|¢T>=iZi ¢T<io)2k[[0 Pl iy,

T ()=

T_(i) is called the local kinetic energy. Because of Egf)

it is a negative quantity and the transition probability can be P—1
made positive by taking sufficiently small. More precisely, « 75
the time step must verify I];[ Wit 1 (i p) (| |IP> (79)
O<7<Min[ = 1/T (i)]. (700  where the weightsy;; are defined as follows:
Note that the upper bound is a nonzero quantity for a finite ([1-7(H—ED]lj)
system. On the other hand, whe# | we have W= A= H—EDTID) (76)
- —EL
() licitl
Pi_j(1)=—1H; (i#]), (71 or, more explicitly,
Yr(i)
a positive expression sinag;(i) is chosen to be positive and ]
off-diagonal termsH;; are negativg¢Eq. (64)].
Using expression$68) and (71) for the transition prob- 1—7(H;—E7)
ability random walks in configuration space can be gener- Wiizl_T[H“_ H1’ =]. (77)
I

ated. By averaging over configurations, statistical estimates
for various quantities can be defined. A first important ex- .
ample is the calculation of the variational energy associateg rom Eq.(62) the exact energy can be obtained as
with |¢7) (variational Monte Carlp The variational energy

is defined as i (Yr|H[1— 7(H—ED)1°|yr)

P (Y7l 1= T(H—ED] |y

(78

(el M pr) (72
(grlyr) which is rewritten here in terms of stochastic averages as

Ev(¢r)=

P-1 P-1
Eo= lim <<EL(iP)H Wikik+1>> / << [T Wikik+1>> : (79)
P—oe k=0 P) k=0 (P)
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In order to compute the averages appearing in that exprestep 7. In a configuration|i) associated with a small local
sion two strategies can be employed. First, form@@ can  kinetic energyT (i), the system remains in this configura-
be directly used as it stands: Paths are generated using ttien a relatively large time and a large valuerdf necessary
transition probability and the local energy at each step igo help the system to escape from it. Unfortunately, because
weighted by the quantiyW=II,w;; . This approach of the constraint68) (P;_; must be positiveconfigurations
where the number of configurations is kept fixed and thevith a high local kinetic energy impose a small valueron
weights are carried out along trajectories is usually referre@rder to circumvent this difficulty, we propose to integrate
to as the pure diffusion or Green’s function Monte Carloout exactly the time evolution of the system when trapped in
method. For extended systems such as those considered hetegiven configuration. This idea is developed in the next
this approach is not optimal. Indeed, it is important to sampleection.

less frequently regions of configuration space where the total

weight is small and to accumulate statistics where it is large. B. GFMC and Poisson processes

To regllze th'.s’ a blrth-death_ pro_ce(_ss branching proce_$s .. Consider the probability that the system remains in a
assoqate_d W'th the local weight is mtroduc_ed. In practice, | iven configurationi a number of times equal to. It is
consists in adding to the standard stochastic move defined fven by

the transition probability, a new step in which the current

configuration is destroyed or copied a number of times pro- P(N=P(i,=1,7;...in=1,Tins171,7)

portional to the local weight. Denotingy; the number of

copies(multiplicity) of the statej, we take =[PiLi(n]"1-Pii(n)]. (83
=int(w;;+ 7) (80) Pi(n) defines a normalized discrete Poisson distribution. In

terms of the local kinetic energy it can be rewritten as
where intf) denotes the integer part & and » a uniform

random number on (0,1). Adding a branching process can be Pi(n)y=—7T (I)expnIn[1+ 7T (i)]}, (84)
viewed as sampling with a generalized transition probability

P¥.;(7) defined as where the integen runs from zero to infinity. To describe

transitions towards statgdifferent fromi we introduce the

(N=PiL(Pw;; following escape transition probability:
= yr(i)(iIIL En]li)— 81 R R Y (85)
= ¢r()(I[1—7(H— T)]|I>m (82) =IT1—P (1) :

Of course, the normalization is not constatiite population Using Eqgs.(68) and (69) PHJ- is rewritten in the most ex-
fluctuateg and P* is not a genuine transition probability. plicit form

However, we can still define a stationary density for it. From

Eqg. (81) we see that the stationary condition is obtained ~ Hij () o

whenE+ is chosen to be the exact energy, and that the iqj=m7 J#1. (86)
density is y-(i) o(i). Accordingly, by using a stabilized eiHicbr(k)

population of configurations the exact energy may be nowNote that this transition probability is positive, normalized,
obtained as and independent of the time-step Now, by using both

probabilities?;(n) and PI_,,, the path integral representa-

Eo=((EL) - 2 tion of G(H)P|7), formula(75), can be rewritten as

Note the use of an additional subscnptin the average to
recall the presence of the branching process. [1-7(H—Ep)]Plyr)

At this point, we shall not expand further the method. For -1
more details regarding the implementation of GFMC to lat- _
tice systems the interested reader is referred to Refs. 19, (i,récp ¥r(io) {H PP 'k_"k“}P"(n')
34-36. Let us just emphasize on two important aspects. |
First, there exists a so-called zero-variance property for the H i, 87

energy: The better the trial wave functigh is, the smaller .k U ||)

the statistical fluctuations are. In the limit of an exact wave

function for which the local energy is a constant, fluctuationswhere the sum is performed over the set of all families of

entirely disappeatzero variance From this important re- states (o--11) with multiplicities (no---n;) verifying

mark follows that in any QMC method, it is crucial to opti- Si_o(N+1)+n=P. In a given family successive states

mize as much as possible the trial wave function used. O#ire different and the variable, represents the number of

course, in practice, a compromise between the complexity dimes the system remains in configuratign The set of all

the wave function and the gain in reduction of variance hagamilies is denoted’, and an arbitrary element is written

to be found. (i,n)=(ig---i;,ng---n;). Since off-diagonal weights are
Once a good trial wave function has been chosen, the onlgqual to 1, Eq(77), a shortened notation for the diagonal

room left for improvement is the implementation of the dy- weightsw;=w;; has been introduced.

namical process itself. In the algorithm presented here the Now, let us remark that the time steyplays a role in the

only dynamical parameter which can be adjusted is the timgath integral formulg87) only when the system is trapped
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into a given configuration. Indeed, both the escape probabil- (| He 1O ED| yr >
ity P and the off-diagonal weight;; are independent of. = lim D) (93
As an important consequence the limi>0 andP— oo with toe (drle [¢m)

Pr=t can be done exactly. In this limit the discrete Poissonin terms of stochastic averages it gives
processP;(n) defined in Eq(84) converges to a continuous

Poissonian distribution for the variabte=nr ) — ! 5 ! 5
Eo=lim EL('l)Gi,H Wi, 9i,H Wi, ,
K=o ) ()

| —o =

Pi(6)=—e %, (88) (94)
0; where configurations are generated using the escape transi-
tion probability P.

As in the standard approach it is preferable to simulate the
weights via a branching process. Here also, the reference
energy E; stabilizing the population is given by the exact
energyEy. The new stationary density is written as

In this formuIaH represents the average time spent in con-
figurationi. In what follows we shall refer to it as the aver-
age trapping time, its expression is

0=—1T.(i). (89

— _ - (i)~ ¢rr() o)/ 6 (95)
The fact thatt; is inversely proportional to the local kinetic ) _ o _
energy is explained as follows. When the kinetic energy i&/P 0 an immaterial normalization constant. Finally, our es-

small the system is almost blocked in its configuration and timator for &, is
is large. In contrast, when a large kinetic energy is available, — L
the system can escape easily from its current configuration E :<<0iEL(')>>(P’V\f) (96)
- 0 —
and 0 is small. As already remarked the escape transition (o)) W)
probability is independent of and is therefore not affected
by the zero-time-step limit. Finally, after exponentiating theWhere configurations are generated usMgand branched
product of weights, the path integral can be rewritten in thewith W. Note that the variational energy can be recovered by

form removing the branching proces& € 1)
e VED]y ((BEL(D) @
K Ev(¢r)= &?T() (97
+ o0 . =
=3 dgo"‘fo doyyr(io)? e
O
1 IV. COMPUTATIONAL DETAILS
x| T1 Pl Gk)IBik_,ikH}Pil(G,)eEL—oﬁk(EL(ik)ET) In this section some important aspects of the practical
k=0 implementation of the GFMC approach to the SLy(Hub-
1 bard model are presented.
XWW (90)
T A. Hardcore boson Hamiltonian
with the constraint that the trapping times vermzoak The Hamiltonian considered here is the one-dimensional
=t. SU(N) Hubbard model described by Ed). Simulations are

In order to compute ground-state properties the limit performed for a finite ring of length. In one dimension the
—oo must be performed, E¢62). In this limit the constraint  sites can be labeled in such way that the hopping term con-
S _o0c=t can be relaxed and, quite remarkably, integra-nects only sites represented by consecutive integers. As a
tions over the Poisson distributions for the different trappingconsequence no fermion sign appears, except eventually
times can be performed. For large enough tinvee obtain ~ when a fermion crosses the boundary«IL or L—1). By

choosing either periodic or antiperiodic boundary conditions
- this sign can always be absorbed and our m¢tlebecomes

e =By~ > vl Pisi TI W equivalent to a model made up with hardcore bosons and

iy k=0 KTk=o K described by

-1 1 L
TL(iI) l//T(iI)lll>, (91) H:_tiz Z |+1aC|a+HC+ 2 (2 nla) ' (98)

where the new integrated weigliisare found to be wherec;, creates a hardcore boson of codoon sitei, n;, is
+

the occupation numbert,,=c;.c;,, andc,, ,=c;;.

s To(i)
' Er—Hy’

(92
B. Trial wave function

In the same way as before the exact energy can be obtained As already emphasized a most important aspect of any
as Monte Carlo scheme is the choice of a good trial wave func-
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tion. To guide our choice, let us consider the exact solutiorUsing this representation, the wave function is giverefy
atU=0. In this case the ground state is obtained by filllhg Configurations connected by the Hamiltonian differ from
independent Fermi seas consisting of planes waves with m@ach other by removing a particle of a given caaon a site
mentak,=27n/L (n=0,=1,...). For agiven type of fer- i and putting it on a neighboring sife In the occupation-
mion, the ground state can be written as a Vandermondeumber language it corresponds to add one to the component
determinant’ and the following expression for the ground ja and remove one to the componeat of vector fi. For

state is obtained: convenience let us introduce the vec&?) whose compo-

nents are zero except the componentvhich is equal to 1.
o . L . . i :
%J_o(ll, ip)= H SIF{E(H—IV)}, (99) Using the new variables just defined we have
<1’

whereiq, ... ip are the positions of th® fermions on the (A,Ay,Ng)— | A+ 802 — 502) 7+ A, 508 — A5,

chain,iy=1,... L. In terms of occupation numbers the so-

lution can be rewritten as t(S(ia)_ g(ja))AU(g(ia)_ sa))

Lo No+
é(ny, ...n) =602 (100 2
where the matrix4, of size L XL) is given by (80— Fia)y | (104)
=y . 7T - =y
Ao, i")=Insin =i =i"){. (101 In the simulation the set of new variables is stored for

each configuration. At each Monte Carlo step they are reac-
Note that Eqs(100 and(101) describe a system of particles tualized using Eq(104). Finally, the numerical effort is lim-
interacting via a logarithmic potentiéne-dimensional Log ited to O(L).

gag. The exact ground-state wave function of the complete

SU(N) model atU=0 is simply obtained by writing the V. RESULTS
product of theN wave functiong100) associated with each
color. Let us now present the results for the @Y SU(3), and
When the Coulomb interaction is switched on, we haveSU(4) Hubbard models. S@2) results have been obtained by
Chosen to take the same functiona| form as beforeﬂfpr SOIVing numerica”y the Lieb'Wu equatioﬁ%.othel’ resu|tS
have been obtained with the GFMC method presented in the
¢T(ﬁ)5etﬁAUﬁ/z_ (102 previous section. In all calculations we have setl.
Here, Ay is an arbitrary matrix of sizeNLXNL). Taking A. Charge gaps

into account the translational and SWU( symmetries, at
most L+ 2 independent variational parameters can be de-
fined. In all GFMC calculations presented in this paper the _ _ _

entire set of parameters has been systematically optimizeg.C(Ne’L)_EO(NeJr LL)*+Eo(Ne—1L) 2E0(Ne,L),(105)

To do that, we have generalized the correlated sampling

method of Umrigaret al® along the lines presented in the WhereEq(Ng,L) is the total ground-state energy of a ring of
preceding section. To be more precise, the set of configurdengthL with N, electrons. In this expressidi,+ 1 means
tions used to calculate the quantities to be minimigetia-  that a fermion of an arbitrary color is added to or removed
tional energy or variance of{, see Ref. 38are generated from the system. Denotinly the number of colors, calcula-
using the escape transition probability and weighted with thdions are done for a number of fermions of each color equal
corresponding average trapping times. Doing this, the effecto L/N, and therefore for a total density=N,/L equal to 1.
tive number of configurations is increased and the optimizatn order to get the exact charge gap the liinitsc must be
tion process is facilitated. We have found that large numberperformed. As usual this is done by calculating charge gaps

The finite-size charge gafp.(N¢,L) is defined as

of parameters can be easily optimized. for different sizes and extrapolating to infinity. Here, SU
and SU4) calculations have been done fbr=9,12,18,27
C. O(L) algorithm and L=8,16,24,32, respectively. The finite-size gaps have

] ) i been found to converge almost linearly as a function of the

In the occupation-number representation the numerical ef,erse of the size. Accordingly, the limit—o of the gap
fort fzor calculating the trial wave functiotk-(n) is of order 155 peen obtained from a fit of the data with a linear or
O(L). To evaluate the local energy the Hamiltonian has tog,adratic function of 1. Figure 1 presents the charge gaps

be applied to the vectdyr). Since a given configuratidi)  ptained forlN=2,3,4 as a function of the Coulomb interac-
is connected by to aboutO(L) states, the total computa- g .

tional cost per Monte Carlo step is abdD|¢L3).'In fact, this A first important remark concerns the quality of the
cost can be reduced ©(L). To do that, we introduce the \onte Carlo simulations. As it can be seen in Fig. 1, the
following set of NL+1 variables: error bars on the different gaps are quite small. A typical
A value is about 0.001. Errors are small because total energies
- -4 = NAgN are calculated with a very high level of accuracy. For ex-
=\ n,A . 1 .
(M ,no) =| 1, Ay, ) (103 ample, for the S) model withL =32 andU=0.5, we get
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example, using Eq(106) possible representations ar€ (
=25.313,G=11.318), C=274.634G=26.745), and C
=515.649G=32.755), forN=2, 3, and 4, respectively.
Although no clear physical content can be given to the mag-
nitude of coefficients, it is nevertheless satisfactory to verify
that in the case of S@2), the gapful(106) leads to not too
large values for the coefficients. This should be contrasted
with the SU3) and SU4) cases for which the parameters are
important. Within a KT scenario all data can also be very
well fitted. In the case of S(2) where we know for sure that
no KT transition exists, the “critical value” issued from our
fits ranges from 0O to about 0.5. For example, a possible rep-
resentation is given byQyxr=541.310Gxy=11.053, and
N BRI U.=0.384). For the S(B) model accurate representations
0 1 < 3 4 5 can be obtained with a value &f; ranging from 0 to about
2.3 ForU.=2.2 (the value we shall propose later for the
FIG. 1. Charge gaps as a function of the interactibrior the  Cfitical valug we get Cyr=45.050,Gyr=6.567, andU.
SU(2), SU@3), and SW4) Hubbard models. The values of the gaps =2.2). For SU4) the interval is larger. Allowed values
have been extrapolated lo—« (see text range from O to about 2.9. F&i.=2.8 (our proposed value,
see below we get Cy1=17.889,Gxr=5.144, andU,.
Ey(32,32)= —52.13056(15) for a total number of elemen- =2.8). In contrast with the gapful representation, it should
tary Monte Carlo steps equal to<d0’. Clearly, the relative be noted that coefficients are now much larger for thé¢23U
error of about X10 © is very small. In the larg&) regime  model than for the S(B) and SU4) models.
where the trial wave function is not expected to be as good as In conclusion, using accurate values of the gaps no con-
for small U, we still get excellent results. For example, for clusions can be reasonably drawn about the existence or not
U=4.5 we getE,(32,32)=—23.7118(13) (1.&10° MC  of a KT-type transition at a finite value df. Numerical
steps with a relative error of about10~°. Using the stan- evidence based on other quantities are therefore called for
dard GFMC methodpresented in Sec. Il Awe get, forU (see next sections From the fitting of our data the only
=0.5, E((32,32)=-52.13050(40) and, forU=4.5, conclusion we are allowed to draw is that a KT transition is
Eo(32,32)= —23.7210(110)[in both cases the maximum only possible within the range0,2.3 for SU(3) and within
time-step allowed has been chosen, see (F)]. The im-  the range(0,2.9 for SU(4). In addition to this, if such a
provement resulting from the new approach, particularly atransition actually occurs in both models, we should expect a
largeU, is noticeable. Finally, using the approach of Trivedi difference for the critical values given by [SU(4)]
and Ceperle¥’ (introduction of the Poisson process but —UJSU(3)]~0.5-0.6(see Fig. L
no integration in timg we get for U=0.5 Ey(32,32)

0.6 -

=-52.13041(22) and for U=45, E,(32,32) B. Spin gap
=—23.7121(30). These results illustrate the improvement The spin gap is defined as the change in ground-state
resulting from the time integration. energy produced when destroying a fermion of a given color

Having at our disposal such accurate results we can try tand creating a fermion of a different coldn the SU?2) case
find out whether or not a gap opens for a nonzero value.of it consists in flipping one spinNote that in this process the
Considering only continuous transitions, two scenarios argharge number is kept fixed. For a finite system we have
possible. A first possibility is to open a gap for any non-zero
value ofU. In that case we write the gap versusas fol- Ag(Ne,L)=Eq(Ne+1.L)—Eq(Ne,L), (108
lows: whereN*1 involves an arbitrary pair of electrons of dif-
ferent colors(one created, one destroyed
Ac=Cexp—G/U). (106 For the SUW2) case the system is known from the exact
A second scenario consists in looking for the existence of &olution to be gapless for an arbitrary value of the interaction
KT-type transition at a finite valug, of the Coulomb inter- ~ strengthU. For a number of colors greater than 2, it is an
action. In that case the gap is written as open question. This is an important point since the existence
of a gapful regime would very likely indicate the existence
Gkt of a coupling between spin and charge degrees of freedom.
oG T o0,
Cc

(107) In all calculations performed faX=3 and 4, and for a cou-
pling constantU ranging from very small to very large val-

for U>U, and zero otherwise. The three sets of results havees (up to U=10) no evidence for the existence of such a
been fitted either using Eq&L06) or (107). The fitting pro- gap has been found. Thus, it can be quite safely concluded
cedure used is a standard one, based on the minimization tfat the spin sector of SB() N=2,3,4 is gapless for an
a chi-square type function including statistical errors. Ourarbitrary interaction in full agreement with the bosonization
most important conclusion is that all sets of data can berediction. To illustrate this point we present in Fig. 2 a
correctly represented within our small statistical errors eithetypical behavior for the spin gap of $8) as a function of
using the gapful representation, Eq.06), or using a KT  1/L at the relatively large valu&l=4.5 (at least two times
scenario, Eq(107), with a not too large value o). For  greater than the maximal value expecteddqrin the charge
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FIG. 2. Spin gap as a function ofl1ffor the SU3) Hubbard FIG. 3. u. as a function ol for the SU2) Hubbard model.
model atU=4.5. The solid line is a linear fit of the data.
. . . . CI++La eI‘PC|a' (114)
sectoj. The behavior of the gap is essentially linear and

extrapolation to the origin leads to a vanishing gap. for an arbitrary sitdé and colora.

By calculating with GFMC total ground-state energies for
different numbers of electrons, formuld12) allows a direct
calculation of the compressibility. In contrast, the GFMC

In this section we present calculations of the Luttingercalculation of the charge stiffness is more tricky due to the
liquid parametersi; andK. For that we shall make use of presence of a complex hopping term at the boundary. To
their relations with the compressibilityand charge stiffness  circumvent this difficulty we resort to the second-order
D, of the system. For a model witN colors[SU(N)] we  perturbation-theory expression of the charge stiffness. We

C. Luttinger-liquid parameters

have the following relations: have
e =1 (109 -2 ———— <k|‘]|o>|2 (119
Ke¢ 2 < k#0 Eo

and

whereT=—t=(c;", 1,Cia+ H.C.) is the kinetic-energy opera-
D.=NuK,, (110 tor, J=—it2(ci++1ac_ia—H.c.) is the_ paramagl_wetic current

operator(---) denoting the expectation value in the ground
wheren=N./L (N, total number of electronss the elec- state, all quantities being evaluatedgat 0. To evaluate the
tron density. The compressibility is defined as the second kinetic term we make use of the Hellman-Feynman theorem
derivative of the ground-state enerfy with respect to the (T)=E,—U(JEq/dU). In practice, the following finite-
density of particles difference expression is used:

2 Eo(U+6U)—Eq(U—5U
1 1%, (119 (T)=Eg—U ol ;éuo( )’ (116

K E 0’0n2

A convenient finite-size approximation of the compressibil-
ity is

L [ Eg(Ng+N,L)+Eg(No—N,L)— 2E(N,,L) | ~*
K= —5

N2 N2

(112

whereN.+=N in E; means thatN fermions—one of each
color—are added to or removed from the system.
The charge stiffness is given by

<V 2 ;
L d¢ ¢=0 ! N 1 l
whereg is a charge twist in the system. This charge twist is 0 L 2U 3 4

imposed by introducing the following twisted boundary con-
ditions: FIG. 4. u, as a function oU for the SU3) Hubbard model.
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U FIG. 7. K. as a function oU for the SU3) Hubbard model.

FIG. 5. ug as a function ol for the SU4) Hubbard model. have the same velocity. Of course, such a property is easily

implemented within a QMC framework.
Figures 3-8 present the Luttinger parameigrand K.
for the SU2), SU(3), and SW4) Hubbard models as a func-
jon of the interactionJ and for different sized.. For the
U(2) model, parameters have been obtained by computing
ground-state energies issued from the standard Lieb-Wu
equations [computation of the compressibility, formula
(112] and from their generalization to the case of twisted
~ boundary conditions as presented by Shastry and
[(k|9j0)® _ E P*Eo(M) (117 Sutherland® [computation of the charge stiffness, formula
& Eo—Ex 2 a\* (113)]. For the SW3) and SW4) models we have followed
_ the general route just presented above.
whereEj is the ground-state energy of the new Hamiltonian A first striking result emerging from the figures is the
defined by strong qualitative differences between the general behavior
of Luttinger parameters of the $2) model on the one hand,
~ N N and of the SB) and SU4) models, on the other hand. Let
H= _(H)‘)% (Ci+1acia)_(t_)‘)% (Ci-1aCia) TV(U) us first have a look at the charge veloaity.
(118 In the SU2) case the charge velocity has been calculated
for various values ofJ and for the sizet =6, 10, 14, 18,
andV(U) is the potential part of the problem. Using formu- and 22. Results are presented in Fig. 3. The upper curve
las (117) and(118) the charge stiffness can now be obtainedcorresponds td. =6, the lower one to the maximum size,
from a series of GFMC ground-state calculations of totall =22. In between, the curves are ordered according to the
energies ofeal Hamiltoniangmore preciselyE,, Eq(SU), magnitude ofL. For a given sizel, the charge velocity is
andE,(— 8U) for H, andEy(\) for H, EqQ.(118)]. It should  found to decrease as a function@f For a givenU, u. also

be emphasized that the new Hamiltoniéinis real but not ~decreases as a function of the size Such a behavior is
symmetric: Left-moving and right-moving electrons do not

with U small enough to make higher-order contributions
negligible.

The second-order part of formuld15 can be reinter-
preted back as the second-derivative of the total ground-sta
energy of a new Hamiltonian consisting of the original
Hamiltonian plus a perturbation associated with the flux op
eratorJ. This leads to the relation

T T :
1
. A
0.75
0.75
a’ S
0.5 0.5
0.25 L 0.25 i
0 ‘ ! 1] oL ! ! ! I
0 1 2 3 0 1 2 3 4

FIG. 6. K as a function oU for the SU2) Hubbard model. FIG. 8. K as a function oU for the SU4) Hubbard model.
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quite typical of a gapped system in which collective chargeexistence of a finite correlation lengthA very similar situ-
excitations are damped away. In the limit of large sizes, thation is obtained in the S4) case. Using the same type of
charge velocity is expected to vanish for a nonzero value oirguments U, is found to be around 2.8. When studying
the interaction. The charge velocities of the (8)Umodel, charge gaps we had observed a differenceJgf Fig. 1,
Fig. 4, and of the SUY!) model, Fig. 5, display a very similar between S(B) and SU4) of between 0.5 and 0.6. This is in
behavior which is dramatically different from the one ob- very good agreement with what is found here from indepen-
served for SW2). Starting from their free value dt/=0 dent data orK.. A second prediction which can be tested is
[u.=v3 and u,=v2 for SU@3) and SU4), respectively, the estimate of the value &f. itself. Formula(52) gives

they increase as a function &f with a finite slope at the 5

origin. After some critical value olJ both velocities go mN°—=4 7

down quite rapidly. In the first part of the curvésmall and Ue=3 N=1 5"y

i i | he ch locity is f
intermediate values of)) the charge velocity is found to For N=3 andN=4 one getsU,=3.40 andU,—4.44, re-

converge quite rapidly as a function of the size. All curves tivelv. As alread inted out. th imat th
presented cannot be distinguished within statistical errorss.pec_(';/e y('j S'tf? reat.y p0|_||n ed ou "t ise |§S |_mat(re]s mus te
Although the calculations presented here are limited to sys(-:ons'I ered with caution. However, it should give the correc

; - ; trend as a function olN. Here, if we look at the ratio
tems with a maximum size ofE =27 [SU(3)] or L=32 '
[SU4)] some preliminary calculations at larger sizes_"JC[SU(.4)]/U°[SU(3)] we get about 1.31 from the theoret- :
strongly suggest that the values plotted are indeed co cal estimate and about 1.27 from our data. The agreement is

verged. Such results strongly support the existence of a gaﬁxcellent. Another point which can be checked is the value

less phase for the S8) and SU4) models. At larger values of the slope at the origin. For the $8) case, it is found to be

of U the situation is rather different. The charge velocities 0'1511.)' —0.191), and—0.19(2) forL =9, 18, and 27, .
decrease quite rapidly both as a functiorLbnd as a func- respectively. These results are in very good agreement with

tion of L. This behavior indicates the existence of a gappe he theoretical prediction of 137 = —0.183 given by Eq.

phase. In order to be more quantitative let us have a look 138)' For SU4) we find a slope of-0.31(1), —0.331), and

the value of the slope at the origin. The theoretical prediction 0-32(2) forL=16, 24, and 32, respectively. These results

can be obtained from Eq$38). For SU3) the slope at the are also in total agreement with the theoretical prediction of
origin is found to be 0.3@), 0.321), and 0.382) for L=9, 3/2/2m =—0.337. . .

18, and 27, respectively. These results are in perfect agree- Finally, it can be very useful for mteres.ted readers to give
ment with the theoretical prediction of #/~0.318. For the some compact and accurate representations of the Luttinger
SU(4) model the slope at the origin is found to be Q46 parameter_ﬂ(_C andu; as a functlon ofU. For_both param-
0.471), and 0.482) for L=16, 24, and 32, respectively. eters a minimal representation we may think (sée Sec.
Here also, the results are in perfect agreement with the théI—B) IS
oretical prediction of 3/2=0.477. Let us now consider our

results forkK .. Here also, there exists a common behavior for K = 1

the cases S(3) and SU4), and a different one for S). In ¢ J1+kU+k,U?'

the latter case, Fig. & decreases either as a functionlbf

or as a function of the size. The slope at the origir 0, is Ue=Vey1+u,U+u,U2 (119
essentially zero an#l; is expected to vanish at large sizes,

except, of course, in the free case. Once again, this behaviéior SU3) we obtain

is typical of a gapped system. In the two other cases, the

situation is rather different. In the same way as for the charge k,=0.33452%,=0.08789,

velocity, two regimes can be distinguished, see Figs. 7 and 8.

At small and intermediaté), the values oK, are found to u; =0.3792%,= —0.025509.

be very well converged within statistical errors as a functionygie that these values are not too far from the bare values
of the sizeL. The curve is smooth with a finite slope at the corresponding to Eqs(37), k%=u%=2/mvg ~0.36755K3

origin. In the second regime corresponding to larger values_ 0_g

of U the curvesK, versusU go down as a function of the —U2=t :
) .C 4 For SU4) we obtain

size. Clearly, this latter regime corresponds to a gapped

phase. Having nearly exact valueskf up to some critical k,=0.62065K,=0.12298,
valueU, for SU(3) and SU4), the next logical step consists
in comparing these values to the predictions of bosonization. u;=0.71486y,= —0.052705

A first important prediction was the opening of a gap in the

charge sector for a value &f. equal to 2N, Eq.(51). In Fig.  to compare to the bare values given kY=ul=3/mv¢

7 corresponding to the SB) case, a dashed line has been=0.675237 k3=uJ=0.

drawn at the valu& .= 2/3. The intersection of this line with As already discussed we have found no evidences for the
the curves oK. appears at aboul.~2.2. A most remark- opening of a spin gap in the case of the (3Uand SU4)

able result is that this value &f is both consistent with the models. In other words, the system remains critical with re-
critical value extracted from the calculation of the chargespect to the spin degrees of freedom for any value of the
gaps, Fig. 1, but also with the fact that it lies in the domain ofinteraction. For these models the slope at the origin is pre-
U where the values df . begin not to converge as a function dicted to be equal to- 1/27m=-0.159 [Eq. (27)]. Once

of the size(a fact usually interpreted as resulting from the again, this value has been recovered using our numerical
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[T T T T at half filling. Using a combination of bosonization and
35 QMC results, we have clearly shown that the SWY(Hub-
I bard model forN>2 behaves very differently from the
SU(2) case. Strong numerical and theoretical evidences have
been given in favor of a Mott transition, between a metallic
and an insulating phase, occurring for a finite value of the
Coulomb repulsiord >0 for N>2.
i The picture emerging from the bosonization approach
. consists in a spin-charge separation at low energy. The spin
| degrees of freedom are critical for arbitrddyand described
by the SUN); WZNW model with a central charge=N
—1 (N—1 gapless bosonic moded he effective theory as-
sociated with the charge degrees of freedom corresponds to a
L sine-Gordon model g8%2=4wNK_(U). For a small value of
0 1 2 3 4 5 the Coulomb interactiotV, the interaction is irrelevant. The
U charge sector is then critical and described by a massless
] N ] bosonic field. In this weak coupling phase, the system is
FIG. 9. Effective number of critical modes as a functionlbf  atqlic with anomalous power law behaviors in the physical
for the SUS) Hubbard model. quantities typical of a Luttinger liquid. For a finite value of
the interactiond, such thatk.(U.)=2/N, a KT phase tran-
ition to an insulating phase is expected in the bosonization
pproach. In this strong-coupling phase, the charge bosonic
field becomes locked and the infinite discréte symmetry
AyN,,L) related to the periodicity of the potential of the sine-Gordon
Szi_ (120 model is spontaneously broken. The only degrees of freedom
27l that remain critical in this strong coupling phase are khe

For SU3) and SU4) we get for the slope-0.18(2) and —1 spin modes and after integrating out the massive charge
—0.193), respectively, in very good agreement with the degrees of freedom, the low-energy theory of the model cor-
theoretical prediction. responds to the SW) Heisenberg antiferromagnet.

A final piece of information which can be extracted from ~ Very accurate numerical simulations based on a generali-
our data is related to the way the total ground-state energgation of the GFMC method and fully optimized trial wave
converges to its asymptotic value. To be more precise, it i$Unctions have been performed to obtain the spin and charge
known that the ground-state energy per sigeL) of a Lut-  9aps, and the Luttinger-liquid parameters as a function of the

tinger liquid is expected to behave’s Coulomb interaction for the S@), SU(3), and SUW4) Hub-
bard models. A metal-insulator phase transition at a finite

- value U, is clearly seen for S(3) (U.,~2.2) and SW4)
eo(L)=¢ey(+xo)— —22 uj, (121 (U.~2.8) in contrast with the standard &) case. In addi-
6L" tion all the results obtained fdl=3 andN=4 are fully
| consistent with the theoretical framework drawn in Sec. Il.
This provides an accurate test of the bosonization approach
to the SUN) Hubbard model for small and large values of
U. It is therefore natural to expect that the physical picture
emerging from the two cases studied here can be extended to
arbitrary values ofN. Thus one may conclude that the oc-
(furrence at a finite value of the interaction of a Mott transi-
tion of the KT type isgenericin the SUN) Hubbard model
for N>2 at half filling. In addition, it should be emphasized
that the calculations of the Luttinger paramet&rsand u,
6b presented in Sec. || B are of very good qualiiy particular
Nej=—. they are converged as a function of the saed thus provide
VE an accurate characterization of the low-energy properties of

The result is presented in Fig. 9. Although the transition isthe metallic phase of the §8) and SU4) Hubbard models.
not as sharp as for the Luttinger parameters, the loss of one Let us now compare our results with the exact solution of

critical mode(passing from 3 to Ris clearly seen whet ~ the integrable model based on the Sl)(generalization of
varies from zero to infinity. A similar curve may be obtained the Lieb-Wu Bethe ansatz equatiorisAs discussed in the

for the SU4) case. Introduction, an exact solution of an SN generalization of

the Hubbard model is available. Although the underlying lat-

tice Hamiltonian of the model is not known, it involves very

likely long-range interactions that dynamically exclude
In this work, we have studied the SN generalization of three-electron configurations. The question that naturally

the one-dimensional Hubbard model for repulsive interactiorarises is whether the physics described by the latter model is

SU(3) L=9,18,27

Effective number of critical modes

data. To compute the spin velocity we have used the formul
expressing the spin gap as a function of the size for a critic
system®

where X;u; denotes the total velocity associated with al
critical excitations. In the free casBl degrees of freedom
are critical, and the total velocity is equal&vr . When the
interaction is turned on, it is possible to follow the evolution
of the total velocity as a function df. This has been done
for the SU3) model. Taking our data for the sizeés=9, 18,
and 27 the ground-state energy has been fitted with a for
adapted to Eq(121), e,=a—b/L2. From this fit an effective
number of critical modes can be defined as

VI. CONCLUDING REMARKS
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similar, whenN>2, to that of the lattice SUY) Hubbard tion. This work wa.s.supported by the “Center National de la
model that we have studied in this paper. At half filling, the Récherche Scientifique{CNRS.

SU(N) integrable model undergoedfiest-order phase tran-

sition, as one variedJ, from a metallic to an insulating APPENDIX

phase'® This is in disagreement with the KT transition pre- _ _ _ _ _
dicted by our analysis. In the metallic phase the integrable !N this appendix, we give some details of computations to
model is a Luttinger liquid for everi (Refs. 13,41with the  €Stablish the separation of spin and cha@® at the Hamil-
same physical properties as those obtained by the bosonizi2nian level in the continuum limit of the SB( Hubbard
tion approach for the SUW) Hubbard model. However, the Model and fix the expressions of s andG s given by Egs.
charge stiffnes&; obtained from the Bethe ansatz equations(27)' (28).

varies between N and 1 asJ decreases frort, to 034!

The value at the transitionK(=1/N) is thus two times 1. Sugawara form of the free Hamiltonian

larger than the value obtained for the 3U( Hubbard To begin with, we shall recall some basic things on the
model. This clearly confirms that the integrable model d|ffersSU(N) non-Abelian bosonizatioffor a review see Refs. 23

from the lattice SUN) Hubbard model in the charge sector. 5, 26. As seen in Sec. Il A, the chiral SM) spin current
As already pointed out, this difference should result from theJA’ .

) ) ) . rL Ccan be expressed in terms Nfright-left moving fer-
presence of nonlocal interactions in the lattice model assocmdnsw i
ated with the integrable SBY) model. aRL-
Regarding perspectives, it is clearly of interest to further JA gt A . (A1)
explore the phase diagram of the $U)(Hubbard model: R = Yarw) TabYori)
case of an attractive interaction, dependence on the fillingrpe |eft- (right-) moving fermions are holomorphi@ntiho-
etc. For an attractive interaction at half filling, bosonizationbmorphio fields of the complex coordinatez€ 7+ix, =

predicts that a phase transition should also occytasar- being the imaginary time i, (2), ¥.r(Z). These fields are
ies. For incommensurate fillings, it is easy to see, within theyefined by the following OPE's:

bosonization framework, that the system is a Luttinger liquid
for arbitraryN and positived where the leading asymptotics

S,
of the electronic Green's function and spin-spin correlation P (2) o (@)~ TE‘E)+:¢;L¢DL:(w)
coincide with those computed in the metallic phase. The situ- m @
ation is less clear for commensurate fillings= 7n/(Nay) +(z— w)-(;,/,TwaL (w)+- -
. a . 1

(N/n being an integer In the bosonization approach, a gap

opens in the charge sector fig=2n?/N. The existence of s

a Mott transition for commensurate fillings clearly requires 1 (2) hpr( @)~ __Zab L.t ()
the full knowledge ofK.(U,n) of the lattice model. Some Var(2) o 27m(z— w) Vartbr
preliminary calculations show that there is a very special

e PR . ...
commensurate fillingn=N/2, where no Mott transition ex- + (2= w): 9paripri(@) + (A2)
ists and for which the charge and spin degrees of freedom are, — . L
massive folN>2 and arbitraryU.* with d=4,,, 9= d5 and there are no singularities in the OPE

Let us end by noting a very interesting connection pe-when one does the fusion of two operators belonging to dif-
tween the metal-insulator transition predicted in the B)( [€rent sectors. _
Hubbard model and the existence of plateaux in magnetiza- L€t Us now consider the OPE between two left S))(
tion curves of spin ladders under a strong magnetic figléf ~ SPin currents, for instance,
Using the Jordan-Wigner transformation, one can indeed in- N 5 N .
terpret the SU{) Hubbard model as K-leg S=1/2XY spin TN TP (@)= 4k Tathor :(2): g ThetbeL (@)
ladder in a uniform magnetic field along the axis and _ + +
coupled in a symmetric \gllvay by Ising inte%action. The rela- = TavTdetha (2) Ve (@) o (2) g ().
tion between the Fermi momenta and the magnetizgfibh (A3)
(normalized such that the saturation valuedid) is kg i ) ,
— m(1—(M))/(2a,). The Mott transition found in this work USing the OPE'$A2), the commutation relatio(6), and the
for the SUN) Hubbard model at half filling corresponds to Normalization of the generators of the 3Y(Lie algebra,
the appearance of plateaux (@)= (N—2)/N in the mag- ©ne obtains
netization curves of the previoud-leg XY spin ladder.

Moreover, the existence of a Mott transition for the SI( A "8 ifABC
Hubbard model at commensurate filling will give additional T T (w)~ — ot _ Ti(w).

. o 87m(z—w)° 27w(z— w)
plateaux located afM)=(N—2n)/N in the magnetization (A4)

curves of the corresponding spin ladder.
In the same way, we find for the right spin current
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Evaluating these OPE at equal time, one recovers the OPEollecting all terms, we finally obtain the Sugawara form of
(15) showing thatJQL are SUN); spin current. With the the free Hamiltoniar¥{, (10):

same procedure, one can compute the OPE between the

charge curren/x | using its definition(17) in terms of the —iCYlpdutlar: = kL Oxtbal )

underlying fermions

T 21
= NCTRIRF TLIL )+ g CTRTRF TLTL).
0 0 _
T2 T (@) 42— ) (A13)
j%@f%(®~ — Y — (AB) 2. Sugawara form of the SUN) Hubbard Hamiltonian

47 (z2— w)?

We shall now investigate the effect of the Hubbard inter-
so that the charge curregty,, belongs to the U(1) KM action in the continuum limit to fix the expressiof&) and
algebra. (28) of the velocities @.s) and the coupling constants

The next step is to obtain the Sugawara fa@@), (21) of (G, ). Using the continuum description of the SUY spin
the free part of the Hamiltoniar). Let us consider, for  density(12), the interacting part?) is given by dropping all
instance, the left sector of the theory since we shall obtaiscillatory contributions:
the same result for the right part with the substitution

—R, (zW)—(Z,®) andd—d. We need now the following UagN

OPE for the spin sector: N ]

CTA Th A NACNAT VAT VA,
(A14)
T TN @)= 9 Taothor (D)0, Taetber () S
The OPE between thek2 parts of the spin density can be

1 1 computed using Eqg13) and (A2) as in the previous sub-
5 5ae5bd_ N 5ab5de

2 N section. We find up to constant terms
XYL (D) el (@) Yo (D P (), (A7) N2 DN (w,0)+ N (22N (0, 0)
where we have used the relati¢8). Using Eq.(A2) and N2—1 72— @
keeping also the first regular terms in the fusion, we get VT = lﬂLﬂlﬂaL ()
7N z2—w
N2-1 N+1 2 15—
A Al N ot to. N°—1z—w —
T ()T (@) 872z—w)? 2N “a YaL oLy (@) ST EW;R(?%R:(E)
NZ2— . _ gt T .
- e daL (). (A8) L ¥aL YortbR: (0, 0)
27N 72
1
Therefore, one obtains + N: zﬁ;,_wb,_z,bngaR:(w,E). (A15)
N+1 N2—1 i - ons | ;
CTAZA ot T ot ) Using Egs.(A9), (A10) and similar equations in the right
LI N Waadoldbol T o YadYal (A9) sector together with the definition of the charge curf@m,
) we end with
In the same way, we obtain for the left charge current
N2-1
1 jAjA+NANAT+NATNA~— (:j0j0+j0j0:)
LTI == el eLdol Y ddal (AL0) aN? IRIRTILL
1
One can eliminate the four fermions terms by considering the + —CTRTRt T0T)
following combination: N
N+1
w 2m +2——JRJL
NI+ N TOT L == e (ALD) N VR
N%-1
Since one ha9y, = —idy i, within our convention, the - Vj%jf. (A16)

identity (A11), the so-called Sugawara form, states that the
free Hamiltonian ofN relativistic left-moving fermions can As a consequence, the continuum limit of the S(Hub-

be written only as a function of left current-current terms. Iy 5.4 model at half filling exhibits the spin-charge separation
the right part, we have also a similar identity

™ 2 H=H.+Hs (Al17)
N TRTR+ 7 TRIR = ardxart (A12)

N+1 with
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mVv Ua
Ho=" CTRIR:+:T0T0 )+ GoTRTY (A1 ve=vet(N=1)52, (A20
and . .
whereas the current-current couplings in the charge and the
27V spin sectors are written as
He=15 1(:j§j§:+ L TNTE )+ GeTRIE. (A19)
N—1
The renormalized velocities are given by GCZTUaO,
_ Uag
VsTVRT G.=—2Uay. (A21)
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We present a general approach to greatly increase at little cost the efficiency of Monte Carlo
algorithms. To each observable to be computed we associate a renormalized observable (improved
estimator) having the same average but a different variance. By writing down the zero-variance
condition a fundamental equation determining the optimal choice for the renormalized observable is
derived (zero-variance principle for each observable separately). We show, with several examples
including classical and quantum Monte Carlo calculations, that the method can be very powerful.

PACS numbers: 02.70.Lg, 05.10.Ln, 05.50.+q, 75.40.Mg

Since the pioneering work of Metropoliet al. [1] Now, the renormalized observab®(x) associated with
Monte Carlo methods have been widely used in manyhe observabl®(x) is defined as follows:

areas of natural sciences. At the root of Monte Carlo ~ [ dyH(x, ) (y)
methods lies a very efficient stochastic method for calcu- O(x) = O(x) + - . (6)
lating many-dimensional integrals (or sums) written under V7 (x)
the general form As a direct consequence of Eq. (1) and of the very
() = [ dxm(x)O(x) 1) definition of the Hermitian operatdi, Eq. (5), we have
[edxm(x) the important property
where O(x) is some arbitrary observable (real-valued (0) =(0). (7)

function) defined on the configuration spatéontinuous

or discrete) andr(x) some probability distribution. In used as estimators of the desired average. However, the

Monte Carlo methods the integrals are evaluated using S atisti . <
I . () - Statistical errors, which are controlled by(O) ando (0),
large but finite set of configuratiods'’};—; y distributed can be very different. The optimal choice e, i) is

according tor and generated by a step-by-step stochastic, . _. ; . ; ’
procedure (Markov chail\r?), Obtained by imposing the renormalized function to be

| constant and equal to the exact average. This leads to
(0) = v > o[x"] + s0, (2) the following fundamental equation:
i=1
wheres O is the statistical error associated with the finite [ dy Hx,y)(y) = —[0(x) — {O)]4/7(x)
statistics. For a large enough numi@érof Monte Carlo
steps, standard statistical arguments lead to the following & o(0)=0. (8)
expression of the error:

In other words, both quantitie®(x) and O(x) can be

At this point it should be emphasized that the idea of
§0 = K—= (3)  using renormalized estimators for reducing the variance is

h . .. VN’ ional h not new. A number of applications have been performed
where K is some positive constant proportional to t € using various “improved” estimators having a lower vari-

amount of correlation between configurations, an®)  jnce (see, e.g., [2,3]). The basic idea is to construct new
is a measure of the fluctuations of the observable, estimators by integrating out some intermediate degrees

o(0) = V(0% — (0)*. (4)  of freedom and, therefore, removing the corresponding

In this Letter, it is shown that by introducing a suitably source of fluctuations. However, to the best of our knowl-
renormalized observabl@(x) the statistical error can be edge, no general and systematic approach based on a zero-
drastically reduced and even suppressed, thus definingvariance principle and valid for any type of Monte Carlo
zero-variance principle for the Monte Carlo calculationmethods has been proposed so far.
of observables. To realize this, a trial operatbrand a In this work the following strategy is proposed. First,
trial function ¢ (x) are introduced (a trial matrix and a trial a Hermitian operato verifying (5) is chosen. Second,
vector in the discrete case). The operaiois supposed to  some approximate solution of Eq. (8) is searched for. The
be Hermitian (in all practical applications, real symmetric)various parameters enterigigare then optimized by mini-
and is chosen such that mizing the fluctuations of the renormalized observable
over a finite set of points distributed according 1o

f dy Hx,y)y7(y) = 0. ®) and obtained from g short Monte Carlo calc%lation.
On the other hand, the trial functiaf(x) is a rather arbi- Finally, a standard much longer Monte Carlo simulation
trary function which is simply supposed to be integrable.is performed using) (x) instead of0(x) as estimator.

4682 0031-900799/83(23)/4682(4)$15.00 © 1999 The American Physical Society
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Choice of H.—Clearly, a large variety of choices are
possible for the trial operator H. For Monte Carlo algo-
rithms satisfying the detailed balance condition (in prac-
tice, the vast mgjority of MC schemes) a very natura
choice is at our disposal. Denoting p(x — y) the tran-
sition probability distribution defining the Monte Carlo
dynamics, the detailed balance condition is written as
m(x)p(x — y) = 7(y)p(y — x) for al pairs (x,y) in
configuration space. A most natural operator to con-
sider is
Hexy) = | 25

y) =8 —y)]. (9
From the detailed bal ance condition it follows that the op-
erator H issymmetric, H(x,y) = H(y,x). Thefundamen-
tal property (5) is verified since the sum-over-final states
for a transition probability is equal to one. For continu-
ous systems Schrodinger-type Hamiltonians can aso be
considered

[p(x

d
e 3 v, (10

where V(x) is some local potential constructed to fulfill
condition (5):

2/ (x)

J
24/ (x) ; ax?

where d is the number of degrees of freedom. Note that
in Eqg. (10), H is written using the standard quantum-
mechanical notation for alocal Hamiltonian in the x-space
realization.

Choice of .—Once the operator H has been chosen,
the optimal choice for ¢ isthe exact solution of the funda-
mental equation. Of course, in practice only approximate
solutions are available. What particular form to choose
for ¢ is very dependent on the problem at hand, on the
type of observables considered, and aso on the form cho-
sen for the trial operator H. However, a most important
point to be stressed is that the global normalization fac-
tor associated with ¢ is a pertinent parameter of the trial
function. Minimizing the fluctuations of the renormalized
function o (0) with respect to it, we get

<0(X) [y Hx)w(y) >2
N
<<[dyH(x,y)¢(y)>2> '
NED)
The correction to o (0)? being negative, we obtain the
important result that, whatever the choice made for
the trial function (even the most unphysica one), the
optimization of the multiplicative factor always leads to
areduction of the statistical error.
Our first application concerns the Monte Carlo calcu-
lation of the internal energy of the standard 2D Ising

model at various temperatures and linear sizes L =
5,10,20, and 25. The observable considered is the en-

V(x) =

(11)

a(0)* = o(0)* - (12)

ergy function given by E(S) = — > ; S:S; (coupling
constant J = 1, sum limited to nearest neighbors, and
periodic boundary conditions). The probability distribu-
tion is 7(S) = exp[—BE(S)] with 8 = 1/kgT. Here,
S=(S,...,Sy)with §; = =1,and N = L X L isthe
total number of spins. Simulations have been performed
using a Swendsen-Wang—type agorithm [4] (nonlocal up-
dates of clusters of spins). To construct the trial operator
H we have chosen to use the transition probability dis-
tribution of Monte Carlo algorithms with local updates
(“heat-bath” -type algorithms). The probability of flipping
thespin §; = =1 at site i isgiven by
eﬁsS,S,

eﬁsigi +
where € = 1 (no flip) or —1 (flip), and S; is the sum
of neighboring spin values. With this choice and using

Eqg. (9) the fundamental equation (8) can be rewritten
under the form

N
> p(s — T,8)[0(S) —

p(S;i — €S;) = (13

e BSS:’

O(T;S)] = E(S) — (E),

i= (14)
#(S) = Q(Sh7(S),
where the application 7; (i = 1,...,N) describes a flip
a site i, and is defined by Ti(S],...,Si,...,SN)=
(S1,...,—=8i,...,8y). At B8 =0 (T = «) the transition

probability distribution becomes constant and the exact
solution is easily found to be Q(S) = E(S)/2. For finite
temperatures some approximate solution has to be found.
Here we introduce for Q(S) a polynomial expansi onupto
the fourth order in the variables X = Z —1S; (magneti-
zation) and Y = _1 g(8;S;) [“generalized energy,” the
usual energy being recovered for g(x) = x]. Precisdly,
we have chosen the form Q(S) = e 2>, ,u=4 ComX" Y™
where Z = YV h(S;8;). The set of variational parame-
ters of ¢ consists of al coefficients c,,,,, of the polynomial
plus the ten possible values of functions ¢ and . All
coefficients have been optimized by minimizing the fluc-
tuations of the renormalized energy o (E) defined by (4)
and calculated from 2000 to 5000 different spin configu-
rations S) drawn according to 7. Finally, the last step
consists in performing a long Monte Carlo simulation to
compute accurately the various quantities. The number
of clusters built varies from 10° (for the larger size) to
2 X 108 (for the smaller size). Results are presented in
Table |. Three different temperatures have been consid-
ered. T = 3 corresponds to the low-temperature regime,
T =T.=4/In(~2 + 1) is the critica temperature for
the infinite lattice, and T = 8 is in the high-temperature
regime of the model. At T = 3, our representation is
extremely good whatever the size of the lattice consid-
ered. The variance associated with the renormalized en-
ergy is drastically reduced with respect to the bare value
and the gain in computational effort can be as great as
~360. Here, the gain in computational effort is defined
as the ratio of the squared statistical errors (8E/SE)>. In
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TABLE I. Interna energies for the 2D Ising model at different temperatures. N is the number of sites. Statistical uncertainties
on the last digit are indicated in parentheses.
Size 5X5 10 X 10 20 X 20 25 X 25 % X
T =3
o(E)*/N 1.789(1) 1.777(2) 1.78(1) 1.79(1)
a(E)?/N 0.0125(4) 0.006 1(1) 0.006 0(2) 0.006 1(2)
Ratio of variances ~143 ~291 ~297 ~293
(E/N) —3.902044(31) —3.902200(55) —3.90217(21.4) —3.90242(29)
(E/N) —3.902020(2.4) —3.902229(3) —3.90225(1.2) —3.90222(1.5)
Gain in computational effort? ~167 ~336 ~318 ~360
(E/N) Exact value —3.9020214... —3.9022331...°
T =T.=453837...
o(E)*/N 18.581(4) 25.97(3) 33.1(2) 35.3(2)
o(E)?/N 0.215(2) 4.85(1) 16.5(1) 16.9(2)
Ratio of variances ~86 ~54 ~2.0 ~2.1
(E/N) —3.07334(13) —2.95214(33) —2.8902(12) —2.8800(14)
(E/N) —3.07345(1.3) —2.95236(13) —2.8908(7) —2.8788(8)
Gain in computational effort? ~100 ~6.4 ~3 ~3.1
(E/N) Exact value —3.0734396... —2.8284271...°
T =238
o(E)*/N 13.17(2) 10.96 11.1(2) 10.9(3)
a(E)?/N 0.041 0.455 0.8(2) 0.9(2)
Ratio of variances ~321.2 ~24 ~13.9 ~12
(E/N) —1.164 40(33) —1.11556(48) —1.1156(20) —1.1165(25.6)
(E/N) —1.16348(1.6) —1.11502(8.2) —1.1145(4.4) —1.1145(5.6)
Gain in computational effort? ~425 ~34 ~20.7 ~20.9
(E/N) Exact value —1.1634926... —1.1145444...°

aSee text for definition.
PReference [5].

other words, according to Eq. (3) it represents the factor
by which it would be necessary to increase the number
of Monte Carlo steps in the standard approach to get the
same accuracy. Note that for L = 5 our Monte Carlo
value coincides with the exact one (computed by exact
numeration of the 2V configurations) with an accuracy of
less than 107%. Note also that our MC values converge
as the size is increased to the exact infinite-lattice value
as given by the Onsager solution [5]. At T = 8 (high-
temperature regime) our representation is not as good, but
still very satisfactory. As afunction of the size, the gain
in computational effort converges and a value of about
20 is gotten. At the infinite-lattice critical value the re-
sults are less spectacular but still of interest. A converged
value of about 3 for the gain in efficiency is obtained. At
this temperature the correlation length for the spin vari-
ables diverges and more accurate representations for the
solution of EqQ. (14) are needed. Starting from our basic
equation built from a transition probability corresponding
to local moves we need to resort to approximate solutions
which contain in some way the collective spin excitations.
Alternatively, we can change our fundamental equation
by resorting to a nonlocal transition probability density,
and then to a new operator H. A natura choice is, of
course, the transition probability of the Swendsen-Wang

4684

algorithm used here to generate configurations. Prelimi-
nary calculations show that statistical fluctuations are in-
deed strongly decreased. However, to sum up anaytically
all contributions corresponding to the different Swendsen-
Wang clusters (action of H on ) is very time consuming,
and the advantages of the method can be lost. Some ap-
proximate scheme is clearly caled for; this is left for fu-
ture development. Finaly, a last important point is that
the gain in computational effort is found to be systemati-
caly greater (by about 50%) than the corresponding ra-
tio of variances. This result is a direct consequence of
the fact that the integrated autocorrelation time known
to control the amount of correlation between successive
measurements (see, e.g., [3]) has been decreased when
passing from the bare observable to the renormalized one.
Note that a similar behavior has aso been obtained in
applications based on improved estimators [2,3]. With-
out entering into the details, it can be shown that this re-
sult is directly related to the fact that the fluctuations of
the renormalized observable are much smaller than in the
bare case.

The second application illustrates the method in the case
of a continuous configuration space (calculation of multi-
dimensiona integrals). We have calculated a mean en-
ergy asit appears in the so-called variational Monte Carlo
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TABLE Il. Energy of the helium atom. All quantities are
given in atomic units. Statistical uncertainties on the last digit
are indicated in parentheses.

Variational Monte Carlo

o(EL)? 0.0409(2)
o(EL)? 0.006 88
Ratio of variances ~5.9
(E) —2.89671(4.8)
(EL) —2.89674(1.6)
Gain in computational effort? ~9

Exact Green's function Monte Carlo®
o(EL)? 0.0411(9)
a(EL)? 0.00855(8)
Ratio of variances ~4.9
(EL) —2.903 745(99)
(EL) —2.903 734(33)
Gain in computational effort?® ~9
Exact energy —2.903724377...°
See text for definition.
bReference [9].
‘Reference [10].

(VMC) methods [6]. Starting from a quantum Hamilton-
ian Hy (to be distinguished from our trial operator H) and
aknown trial-wave function ¢, our purpose isto compute
the variational energy E, associated with 7. E, can be
easily rewritten as an average over the probability distribu-
tion y7, E, = (E.) where E, = Hp i/ is caled the
local energy. Here, we consider the case of the helium
atom described by the Hamiltonian Hy = —1/2(V12 +

> 2

Vo) —2/r1 —2/ry + 1/r» (atomic units) with usual
notations. Astrial wave function astandard form has been
chosen [7],

Yr(Fi, 7)) = exp[

arin

T+ brn c(ry + Vz)}ls("l)ls(rz),

(15
where 1s(r) is the Hartree-Fock orbital as given by
Clementi and Roetti [8], and the variational parame-
ters have been chosen to be ¢ = 0.5, b = 0.522, and
¢ = 0.0706. Asaready remarked, anatural choicefor the
trial Hamiltonian H is a Schrddinger operator admitting
Yr as ground state, Egs. (10) and (11). Regarding
we have chosen a form similar to the trial wave function
multiplied by some function of the potential energy.
Configurations are generated using a standard Metropolis
agorithm with local moves constructed using a Langevin
equation [7]. Results are presented in Table II. It is seen
that the introduction of the renormalized local energy
increases the efficiency of the Monte Carlo calculation by
about 1 order of magnitude.

In the last application it is shown that the method can
even be used in exact (zero-temperature) quantum Monte
Carlo (QMC) calculations. In QMC a combination of
diffusion and branching process is used to construct a
stationary density proportional to 7y, where i is the
exact unknown ground-state wave function. By averaging
the local energy over this distribution, an estimate of the
exact energy Ey is obtained [6]. Although the analytical
form of the stationary density is no longer known, a
renormalized function whose average is identical to that
of the bare local energy can still be defined, £, = E; +
(H — Eo)¢ /¢, where H admits ¢y as eigenvector,
Hyr = 0. Calculations have been done using the exact
Green's function Monte Carlo of Ceperley and Alder [9].
Results are presented in Table II. They are of a quality
similar to that obtained in the variational case. About
1 order of magnitude in computer time has been gained.

To conclude, we have presented a simple and powerful
method to greatly increase at little cost the efficiency
of Monte Carlo calculations. The examples presented
have been chosen to illustrate the great versatility of
the method (discrete and continuous configuration spaces,
classica or quantum Monte Carlo, loca or nonloca
Monte Carlo updates). Although our examples have only
been concerned with total energies, let us emphasize
that the zero-variance principle is valid for any type of
observable including important quantities such as loca
properties other than energy, differences of energies,
spatial correlation functions, etc.
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In this paper we discuss various aspects of diffusion Monte Carlo methods using a fixed number of walkers.
First, a rigorous proof of the divergence of pure diffusion Monte C&ABMC) methods(DMC without
branching in which the weights are carried along trajectpigegiven. Second, a bias-free Monte Carlo method
combining DMC and PDMC approaches, and based on a minimal stochastic reconfiguration of the population,
is discussed. Finally, some illustrative calculations for a system of coupled quantum rotators are presented.

PACS numbes): 02.70.Lg, 75.40.Mg

I. INTRODUCTION In a Monte Carlo scheme, successive applications of
G(H) are done using probabilistic rules. In short, it is based
Quantum Monte CarlgQMC) methods are powerful ap- on the fact that the quantity

proaches to compute the ground-state properties of quantum L
systems. They have been applied with success to a great * PP .
variety of problems including quantum liquids and solids, PI_i(n=y¢r()(I[1-7(H-Ep]i) (i) ®
nuclear matter, spin systems, the electron gas, the electronic
structure of small atoms and molecules, é€see, e.g., Refs. can be viewed as a “generalized” transition probability and
[1-4]). The basic idea of QMC is to extract from a known can be used to sample stochastically the actio®@f) on
trial vector| ) its exact ground-state componeéri). This  an arbitrary vector. This statement can be made more explicit

is realized by using an operat@(7{) acting as a filter, by rewriting Pi’;j 7) under the form
lim G(H)"|4r)~ o)., (1) PLi(N=Pi_j(w, 6)
L—oe
where
where H is the Hamiltonian operator of the system. For
problems defined in a continuous configuration space two . 1
forms for G() are usually introduced; they define the two Pioj(n=¢r((IL=7(H=-ED]II) (i) @)
following types of approaches.
(i) Diffusion Monte Carlo(DMC) methods is now a genuinetransition probability:P;_,;(7)=0 and
c 2;Pi_;j=1 (the latter condition is not fulfilled bPi*ﬂ- , eX-
G(H)=e "M"FD, (2)  cept when|y7) is the exact ground stjtand where the

quantityw;; is defined as follows:

o 2 I r(H=En1li)
3) 1= 7(H=ED )
In both expressiong, is the so-called local energy which

whereE+ is some reference energy anglays the role of a plays an important role in any QMC scheme
time step. For lattice problems or any problem described by

(ii) Green’s function Monte Carl§GFMC) methods

8

SO =T m—E

a Hamiltonian matrix in a finite linear space, a most natural IR [ Hlgr) 9
choice is L= (ilgm) - ©
G(H)=1-1(H—Ey) 4 In order to apply stochasticall&(7), two type of ap-

proaches have been considered. A first type of approaches
and the method is usually referred to as lattice Green’s funceonsists in using the transition probabilig;_; to generate
tion Monte Carlo. Note that the denomination “projector successive states and then introducing at each step the quan-
Monte Carlo” is also found in the literature to refer to any of tity w;; as a weight in the averagé4o carry” the weights.
the previous variants of the method. For simplicity we shallln this type of approaches the number of configurati@rs
use here the general denomination “diffusion Monte Carlo” “walkers” ) is constant by the very definition of the stochas-
for QMC methods based on E@l) and present our results tic process. These methods are usually referred to as(pare
for afinite linear space with the choid@) for the operator branching diffusion Monte Carlo(PDMC) methods. In the
G('H). All results presented in this paper can be straightforsecond type of approach a birth-deébh branching process
wardly generalized to continuous models. associated with the local weight is introduced. In practice, it

1063-651X/2000/6)/456610)/$15.00 PRE 61 4566 © 2000 The American Physical Society
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consists in adding to the stochastic move defined by the trarimits. Finally, we illustrate and compare the respective
sition probability, a new step in which the current configu-qualities and drawbacks of the different approaches on some
ration is destroyed or copied a number of times proportionahumerical examples.

to the local weightw;; . In these methods—generically re-  The organization of the paper is as follows. In Sec. Il we
ferred to as the diffusion Monte Carlo method—the numbedive the basic ingredients of the diffusion Monte Carlo meth-
of configurations is no longer constant. Remark that in0ds. Section lll is devoted to the derivation of the proof of
theory there is no need to go beyond the pure diffusiorf€ divergence of PDMC approaches. Section IV discusses
Monte Carlo method. In practice, this is not true since then€ construction of a DMC method including a minimal re-
numerical experience has shown that for extended and/gonfiguration process. In Sec. V some practical calculations
complex systems, the efficiendgomputer time needed to for a system of coupled quantum rotators are shown. Calcu-

achieve a given accuracys drastically reduced when con- Iatl(_)ns are intended to |Ilustrate the Important aspects of the
. . . ) . various DMC approaches discussed in this work. Finally, a
figurations are let to go to regions of configuration space . .

; o summary of our results is presented in Sec. VI.
where the weights are small. In other words, it is important
to sample less frequently regions where the total weight is
small and to accumulate statistics where it is large. This is
the basic reason which motivates the introduction of the In this section we give a very brief account of the main
branching process and justifies the widespread use of DM@spects of diffusion Monte Carlo methods. This part is es-
compared to PDMC methods. Now, since in DMC the num-sentially designed to introduce formulas and notations used
ber of walkers can fluctuate, some sort of population controin the following sections. It will also enable the nonexpert to
is required. Indeed, nothing prevents the total popuIatioande_rStand the major steps 9f DMC app.roaches. For more
from exploding or collapsing entirely. Various solutions to detailed presentations of the implementation of DMC to lat-
this problem have been proposed. The most employed agice (finite) systems the reader is referred to R¢és-12].
proaches consist either in performing from time to time a

random deletion/duplication step or in varying slowly the A. Pure diffusion Monte Carlo

reference energy to keep the average number of walkers ap- as already mentioned in the Introduction the basic idea of
prOXimately constant. In both cases, a finite bias is intrO'QMC approaches is to extract from a known trial Ve¢w>
duced by the population control step. In order to minimizejts exact ground-state componént,y). Note that such ap-
this undesirable source of error it is important to control theproaches are in a very close relation with power-type meth-
size of population as rarely as possible and in the most gentleds in which the ground-state eigenvector is obtained by
way [1]. applying a large number of times the matrix on an arbitrary
Very recently, following an idea introduced by Hethering- initial vector. Here, the major difference is that the basic step
ton [5], Sorella and co-workeri6—8] have reconsidered the (matrix times a vectgris no longer done exactlfthe size of
use of stochastic reconfiguration in diffusion Monte Carlo.the linear space is too largbut in a probabilistic way using
Their motivation is to combine the best of both worlds: effi- a Markov chain. Once the ground-state eigenvector has been
ciency of DMC and absence of bias as in PDMC. Theirdetermined, a number of properties can be obtained. As an
approach is derived within a PDMC framewd(itke walkers  important example, the energy is given by
“carry” some weighy but the population is “reconfigured” L
using specific rules. The reconfiguration is done in a such Eq= lim (r|H[1—7(H—Ey)] |¢T>_ (10)
way that the number of walkers is kept constant at each step. Lo (7] [1— 7(H—E7)] 1)
In this work we present a number of results regarding
diffusion Monte Carlo methods and stochastic reconfiguralsing the basic formula relating the matrix elements of the
tion strategies. First, we present a rigorous proof that anyamiltonian and the “generalized” transition probability al-
PDMC method is expected to diverge as the simulation timeeady presented in the Introduction, E¢8)—(8), we easily
and the number of iteratioris[as defined by Eq.l)] are let  get
to go to infinity. This result is not surprising and has already
been realized by a number of authors. However, to our Eo= lim,
knowledge no rigorous arguments have been given so far to Lo
clarify this point. In general, it is stated in a more or less L1 L1
detailed fashion that the variance of the product of weights .
w;; explodes as the number of iterations is made large. Quite < < EL( L)k[[o W‘kik+1> > / < < kl:[o W‘kik+1> > - D
interestingly, the derivation of the proof of the divergence of
PDMC presented here shows that this result is in fact fain this formula the symbol(---)) denotes the stochastic
from being trivial. In particular, the proof of the divergence average over all realizations of the Markov chain described
requires some care from a mathematical point of view. Secby P;_;, Eq. (7). It is easily checked that the stationary
ond, we present a variant of the stochastic reconfiguratiodensity of the process verifying
method which we consider to be a minimal bias-free QMC
method combining efficiently PDMC and DMC ideas. This
approach is built such as to minimize as much as possible the
fluctuations associated with the reconfiguration step and also
to recover the PDMC and DMC methods as two well-defineds given by

II. DIFFUSION MONTE CARLO METHODS

2 P, _(n) =1, (12
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I = (i), (13 my; = int(w;; + 1), (19
The probability of a given realization of the chain corre- where inti) denotes the integer part & and » a uniform
sponding toL steps and a total time @=L 7 is random number on (0,1). In theory, such a process is prop-
o ) _ erly defined only for an infinite number of walkers. Of
Plip—ig—- i =i J=1L Py i (1) Py (7). course, in practice only a large but finite number of walkers

(14 (a populationis considered. Adding a branching process can
be viewed as sampling directly with the generalized transi-

Remark that in the limiP—c and 7—0 with t=L 7 fixed, }ion probabilityP* () defined above, Eq5). The fact that

this probability defines a functional measure on the set of al
“trajectories” of time-lengtht. View from that point, for-
mula (11) is nothing but a generalized version of the well-
known Feynman-Kac formul@l3—-15. Using the ergodic
(recurrent property of the Markov chain, the sum-over-all
trajectories restricted to a finite time interval can be rewritten

i—
its normalization isJ, not constant is responsible for the fluc-
tuations of population. However, a stationary density for this
modified process can still be defined. By writing the station-
ary condition

as a sum alongne singlearbitrary infinite realization of the > PP (1) =P; (20
chain '
1t -1 we see from Eq(5) that this relation is fulfilled ifE; is
- E EL(j)H Wiges 1 chosen to be the exact enerBy and for the following sta-
L= k=0 tionary density:
EOZ lim L -1 , (15)
e S T Wis Pi= (i) (). (2D)
=1 k=0

By using a stabilized population of configurations the exact
where different states are denoted for simplicity asenergy may be obtained as
[0,1,2 ... ,L]. In practice, numerical calculations are based
on this formula which is particular simple to implement on a Eo=({E))w- (22)
computer. Now, for later use, let us remark that the basicN

. . . ote the use of an additional subscriptin the average to
equation(11) can be rewritten as a simple sum-over states )
under the form recall the presence of the branching process. Formally, ex-

pressiong16) and (22) for the estimate of the exact energy
in PDMC and DMC methods, respectively, are identical. The
Eo=2 EL(DPI/X Py, (16)  same for the expressions of the probabiRtyof a given state
! ! i in both approaches, Eqél8),(21). However, there is an
essential difference which distinguishes both methods. This
is the way that this probability is realized stochastically. In
PDMC, the stationary density of the Markov chain Ik
L1 =2 and P; represents some effective probability obtained
P=lim >  Plig—ig—-ip—i ] Wi .,» from averaging the weights along trajectories of infinite
L—ee foddgr---dL-1 k=0 time-length, formulg17). In DMC, the probabilityP; is re-
17 alized by the stochastic process itself. There is no need to
where, for simplicity of notation, stafeis identified to state [ntroduce additional weights in averagee formula(22)].
i, . By using Eqs.(7), (8), (13, and (14) it can be verified As a consequence, the DMQ appro'ach isa muph more stable
that P, is given by meth_od from a num_erlcal point of wew._The price to pay for
that is the introduction of a bias resulting from the popula-
Pi= (i) (i) (18  tion control (done either by random deletion/duplication or
smooth variation of the reference energy, see discussion in
up to an immaterial normalization constant. Note that whenthe Introduction. In contrast, with PDMC there is no need
the weights are all taken to be equal to oRereduces to the  for population control. However, as we shall see in the next
stationary densityI; of the Markov chain as it should be.  section, the method is intrisically unstable.

where the probabilityP; associated with a given stateis
given by

B. Diffusion Monte Carlo Ill. DIVERGENCE OF THE PDMC

In the pure DMC method just described the number of
configurations is kept fixed and the weights are carried ou
along random sequences of states. In DMC approaches t
weight is introduced directly into the stochastic process via 7

0,

In this section it is shown that the estimate of the effective
robability P; associated with a given stateas defined in
MC, Eq.(17), does not converge to a finite deterministic
alue. Let us defina (i) (n=1) the product of weights be-
een the (— 1)th andnth occurences of staten the Mar-
oV sequence:

birth-death or branching process. In practice, it consists
adding to the standard stochastic move of the PDMC metho
a new step in which the current configuration is destroyed or
copied a number of times proportional to the local weight. Np—1
Denotingm;; the number of copie@multiplicity) of the state Ap(i)= H
j» we take I=Np—1

(23
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whereN, denotes the time index of the Markov chain. Let usAs an important consequence of the Markov property all
denoteX,(i) the total weight associated with all states oc-pairs of random variablgsX,,(i),\,(i)] are independent and
curing between timé\,_; and timeN, equidistributed(same lay. Only random variableX and \
corresponding to the same indexand same stateare de-

Np k-1 X X X i
N N pendent. Using the ergodic property of the chain and previ-
X“(I)_k:%:’m |:1N_L1 Wit 1 24 ous definitions, expressidii7) for P; can be rewritten as
|
N(D) NN+ - NN - - - Ny (i
P.(n)= (D) + g (D)No(1) 1(DAo(1) - Np(i) (25

Xa(D) + N (D) Xo(1) + - - AN (DAR(1) - Ny g (1) X (1)

when the numben of occurences of statebecomes large. Let us now suppose thatF/ converges to a constant. Then
Now, our problem is to determine whether or not this quan-t follows that in the limit of largen, the random variables
tity has a well-defined limit as goes to infinity. For reasons Y,/Z, and X;+Y,)/(\1+Z,) converge to the same con-
we shall understand later, two different cases must be distirstant. Now, sinceY,,,Z,) are independent ofX;,\;) [and
guished. Denotingz[In(\)] the finite expectation value of the same for ¥,_1,Z,_1) and (X,,\,)] it follows that the
the random variabl@ we consider separately the two casesrandom variables X;,\;) must reduce to some constants,
|E[In(\)]|>0 and E[In(\)]=0. Note that the time or state and the same for allX;,\;). This result shows that, except
indices are not specified since all random variableare in the trivial case where the weights are equal to ¢me

independent and of the same law. branching, P; cannot converge to a well-defined limit as
goes to infinity. Note that similar arguments can be given in
A. |[E[In A]>0 the caseE(In \)<<0, after the transformation;— 1/\; .

Now, the important remark is that all these arguments are
valid only if the random variabl&, converges to a finite
distribution. For our purposes, the convergenc¥ phas not
to be considered here since the two conditiahsonverges

Let us first consider the cad€ In \]>0. After some el-
ementary manipulations the inverseRy{n) as expressed by
Eq.(25) can be rewritten in the equivalent for(eame law

i i i and P; finite and different from zenoimplies the conver-
o Xo(0) Xs(i) Xa(1) .
1 Xq(i)+ () + WY ORE m gence ofY,,. In the casde[In A]>0 the convergence &, is
~ 2l 2(D) A5 2(D)- - An _ a consequence of the law of large numbers. Indeed, accord-
P A(D)+ 1+ 1 N 1 L 1 ing to this theorem, for a given realization of the Markov
1 No(i)  No(i)Ng(i) No(i) -+ Ny(i) chain there exist two constan®>0 andB>1 such that
(26)
Ai(i)- - Np(D)=CB" (30)

Note that, while deriving this expression, subscripts of ran-

dom variables have been interchanged. Such a manipulatiagg, p large enough. As a consequengg converges to a
is allowed since random variables are independent and equipsitive andfinite distibution almost surely. In the case
Qi_stributed. To proceed further we define the following quan-g[|n \]=0 this is no longer trueZ,, tends to infinity for large
uties: n and no direct constraint on the law of random variat{es
X,(0) X(i) X, (i) or A; can be drawn. As a consequence, this case must be
Yy =22 T LA S treated separately. Before doing that, let us emphasize that
TN N(i)Ng(i) No(i) -+ (i) this case is in fact general. Indeed, the expectation value of
In\ does not depend on the particular sti@s a result of the
and Markov property and by multiplying all weights by a suit-
1 1 1 able constant we can always impds@n \)=0.

RSV W R VRS W 5. E(n =0

(27)
To treat this case we try to depart as less as possible from
We then have the previous case. For that we introduce some new quantities
vn(i) which will play a role similar to that played by quan-
i_ X1+ Yn (28) tities \y(i), except that by their very definitiory,(i)=C
P, Nt+Z, whereC is some constant strictly greater than 1. As a direct
consequencé&(In y)>0 and arguments similar to those em-
and ployed previously will be invoked.
Let us definey,(i) as the product of weights

Z,=1+

Y Xo+Y . . ikik+l be-
_n_n22z ‘nl (29)  tween two occurences of statsuch that the ratio of the total
Zy NotZyg product of weights at the two occurences is greater than the
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constantC>1. y,(i) can be written as

Ng(n)-1

I1

1=Ng(n-1)

Yn(i)= (3D

Wijiy,yr

where ¢(n) denotes thep(n)th occurence of stateverify-
ing the condition associated with the thresh@ldMore pre-
cisely, ¢(n) is defined as

Nk

I1

_ M+1
I=Ngn-1)+1

d(n)=inf= gyn-1)+1)

Note that the functionp(n) is well defined[successive val-
ues ofp(n) are finitg because we have

Uy(i) + ya(D)Ua(0) + - -
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k
SUstsnE NN\ (i)—+o°
=1

as n—+oo  for a given realization.

(33

This property is a consequence of the theor@® which

will be presented later. Roughly speaking, what is done here
is to extract from the full set of occurences of statesubset

of occurenceglabeled by the functior) corresponding to a
series of “stopping times” along the random sequence. Once
more, as a result of the Markov property the random vari-
ablesy,(i) are independent and equidistributed. In addition,
from their very definitiony,(i)=C>1. Using previous defi-
nitions we can rewritd®; as

YD ya(i)- - - yn-a(DHUR(I)

(34

Pi(n)=

whereU (i) represents the sum of the products\gf) be-
tween the occurences(n—1) and¢(n)

Ng(n) k

> I

kK=Ng(n-1) 1=Ng(n-1)

Un(i)= N(1) (39

V(i) +y()Va(i) + - -

+y1(1) y2(i) - - yp_1()Vp(i) '

vation of the convergence df, is not necessajylf Z,, con-
verges we can concludsame arguments as befptbat P;
converges to a finitédeterministi¢ value only if the ratio
V,/U, is a constant, which is not the case. To do that let us
first introduce the following theorem.

Theorem Let X, be a family of independent, equidistrib-

andV,, the sum of all weights between the two occurences uted and centere(zero meanrandom variables. If all mo-

N (n) k X, (i
V= > | T ) kk—g:; (36
=Non-1) L1=Ng(n-1) K

The triplets U,,V,,y, are independent and equidistrib-

uted. After some elementary manipulations the inverse;of
as expressed by E¢34) can be rewritten in the equivalent
form (same law

1 Vi+T,
P Ui+ W, 87
and
T, Vo+T,1
Wy Uyt Wy 39
with the following definitions:
LoVl Vs V(D)
" ya(i)  yali) ys(i) ya2(i)- - - yali)
and
oY Ush o Ug(D)
" oya(i) o yali) ya(i) Ya(i) -+ yali)
(39

In order to complete the proof we need to show that the

series associated witW,, converges to some finite distribu-

tion (as already discussed in the preceding section, the deri-

ments of the random variables are finite we have

k
Suptsksn;l XI

1
—+o asn—+owo Va<z.
n< 2

(40)

This theorem is a consequence of the central-limit theorem.
Using rough arguments we can say that the sum of the inde-
pendent variables in the numerator converges to some
Gaussian distribution with a variance proportionalntand

that the greatest value is expected to behave as the square
root of the variance/n. As a consequence, the ratio of the
numerator and denominator must diverge as soonaxas
>1/2. Although these arguments are correct, a rigorous deri-
vation is actually not so simple. It requires some mathemati-
cal care which is beyond the scope of this work. The deriva-
tion will be presented elsewhef@0]. Now, the important
point is that the random variablesN({(i) verify the hypoth-
eses of the theorem. They are independent, equidistributed
(with zero meaj and as a consequence of the finite variation
of the weights and “stopping times[as defined by the func-
tion ¢(n)] all their moments are finite. Using the fact that
@(n) is a series extracted from the full series of occurences
of statei we obtain the following property:

K
SUB <K= ¢(n) 21 In X\ (i)

d(n)*

—+0o asn—+xo Va<s

(41)



PRE 61 DIFFUSION MONTE CARLO METHODS WITH A FIXED. .. 4571

or, equivalently, Before considering this point, let us determine the depen-
| dence of the error as a function of the computational effort in
. a PDMC scheme. The fluctuations of the weight from itera-
21 In (i) 1 tion n to iterationn+ 1 will be described by the variangg?
—— —+© asn—+w VY a<§. (42 defined as

$(n)”
< (W(n+ 1)) 2>
Note that, in the particular cage=0, we recover the prop-
erty (33), a result which guarantees that the functipfn) is > w® 47)
well defined. From its definitior§35) the seriesU (i) is a p= wh+1) z
sum of at mosibut not equal ¢(n) terms all smaller than < o >
the constan€C except the last one which ig,(i). Therefore, w

we have By definition B is greater or equal to one. The equality is
=11 (i< ; obtained in the optimal case corresponding to constant
0=Un()=Chm+¥n(D). “3 weights(no branching Let N be the total number of Monte
From this relation we can write Carlo steps of the SimulatiO('[he Computational effort is
proportional toN). The systematic error due to a finite pro-
U,(i) Ce(n) 1 jecting time T (number of iterationd.=T/7) is of order
= y2(i) - yn(i) = Ya(i)- - yali) + Yoy exp(~TA) where A is the gap in energy of the model (
(44) =E,;—Eq, whereE is the ground-state energy alkg the

energy of the lowest state having a nonzero overlap with the
The series of general term/(i)- - - y,(i) is convergent trial wave function. The statistical error due to the finite
since all y,(i) are greater or equal t6>1. Regarding the statistics on some quantity evaluated at some fixed projecting
other termA,=C(n)/y,(i)- - - yo(i) we can write as are- time T is given by 87/\/N/T. By equating both errors an
sult of Eq.(42) that there exists a constalt(«) such that  estimate of the relation between the computational effoat
N) and a given accuracy can be obtained. In the larde-

" ) Ve 1 limit the relation is easily found to be
d(nN)<M| >, Iny(i) for 0<a<y. (45
I=1 1
Therefore, we have TN
n 1/ .
with
[T »()

Cém) CMiyy(i)— (46) A
—g I - n —
YD)yl TR Y= ETE (48)

|H1 (i) A

When =1 (no fluctuations of the weightsy=1 and the

From the fact that the functiofinx]“®/x decreases fok efficiengy of the simulatio_n is optimal: th_e -standardfﬁl
large enough and thag,>C it follows that A, is bounded Iavy 9fd|ffu5|on processes is recovered. Ass mpreasgd the
from above byCM 1y, (i)[n In C]¥*/C", the general term of a eff|C|'ency of the simulations can decrease quite rapidly. Ac-
convergent series. Finally, we can conclude that the serig"dingly, to enhance the efficiency of PDMC the fluctua-
W,, converges to some finite positive distribution. This resultions of the weights must be decreased. An elegant solution
completes our proof of the nonconvergence of the PDMP this problem has been introduced more than ten years ago
estimate of the effective probabilit, . by Hethe_r|ngton[5]. The |de.a consists in carrying many

walkers simultaneously and introducing a global weight as-
sociated with the entire population instead of a local weight
for each walker. The global weighW is chosen to be the
average of the local Weighwi|

IV. DMC WITH MINIMAL STOCHASTIC
RECONFIGURATION

As seen in the previous section PDMC is intrinsically "
unstable. As already remarked, the basic reason for that is the 1
increase of variance of the products of weights as a function Wiy iy = M 21 Wi
of the number of iterationgr projecting time. However, as
illustrated by a number of applications performed using thisvhereM is the number of walkers consider&d avoid con-
type of approachege.g., Refs[15,11,16—19 the method fusion between various indices only one subscript has been
has proven to be very useful. This is the case when the triaised for individual weighis By increasing the numbév of
wave function is accurate enough to allow the convergencevalkers the fluctuations of the global weight is reduced and
of the various averages before large fluctuations associatg8l as defined in Eq47) is decreased. It is easy to check that
with large projecting times arise. When convergence ishe quantity In3 decreases as the inverse of the number of
achieved no finite bias due to a population control process iwalkers. As a consequence of Ed8) the gain in computa-
introduced. In order to make PDMC approaches effective théional efficiency can be very important. Now, the method
fluctuations of the weights must be decreased in some wayonsists in defining a PDMC scheme in the enlarged linear

(49
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space defined by the tensorial produbt (ime9g of the ini-  no source of systematic error has been introduced and that it
tial linear space. In this new space the full transition prob-is equivalent to the original reconfiguration process of Heth-
ability is defined as the tensorial product of individual tran-erington. However, in contrast with the latter the average
sition probabilities. Note that no correlation between thenumber of reconfigurations is kept minimal and, conse-
stochastic moves of different walkers is introduced at thisquently, the efficiency of the simulation is significantly en-
level. Second, and this is the important point, each individuahanced. In addition, the average number of reconfigurations
weight carried by a walker is rewritten as a function of thevanishes as the weights become constant. In other words, the

global weight reconfiguration method reduces in this limit to the standard
PDMC method. In their recent work Calandra-Buonaura and
w; w,l( i)W Sorella[7] (CBS) have proposed to use a reconfiguration
process which is essentially identical to that of Hetherington,
with except that the reconfiguration step is not necessarily done at

each iteration. Besides reducing the finite bias on the station-
ary density they have shown that their approach allows to
calculate efficiently ground-state correlation functions within

a forward walking approach. Here, our reconfiguration pro-

This rewriting allows us to introduce the global weight as acess is built in order to minimize as much as possible the
weight common to all walkers and thus to define a standardluctuations of the weights at each step. As a consequence,
PDMC scheme in the tensorial product of spaces. To takéhe finite bias on the stationary density is also reduced as
into account the new Weigﬁvil a so-called reconfiguration much as possible. In particular, and in contrast with the CBS

o . scheme, our algorithm is found to be optimal when the re-
process Is ‘|‘ntroduped. A,t, each step the t_otal pop“'??“d”“ of configuration process is applied at each iteration.
walkers is “reconfigured” by selecting with probability pro-

portional tow the same numbe¥ of walkers. Note that, at
this point, some correlation between different walkers is in-
troduced. Now, let us discuss the two important limits of the In this section we present some calculations illustrating
algorithm, namely, the case of an infinite number of walkersthe various aspects of DMC approaches discussed in the pre-
M—o and the case of constant weightg,— 1. WhenM ceding sections. The system considered is a chaitNof
—oo the global weight converges to its stationary exactcoupled quantum rotatof®ne per sitg In the angular rep-

value. As a consequence, the different weightassociated ~resentation the Hamiltonian is written
with each walkefas given by Eq(50)] become independent Ne o N
from each other and the reconfiguration process reduces to N xS cos 6: 1~ 6) (52)
the usual branching proce§g9) without population control S 245 i+ i

and systematic bias since the population is infinite. In the '

limit w;—1 the method does not _reducga to the standargvhere (9, - - - gN) are angular variableg, e R/27Z and pe-
PDMC approach. Indeed, the reconfiguration step “reconfig tiodic boundary conditions are used,\@l— 6,). In this for-

ures” the entire population whatever the values of the | defi h | ht of th
weights. In order to improve the efficiency of such methodg"u'a X is a parameter defining the relative weight of the
tential and kinetic terms. It can be shown that the model

this undesirable source of fluctuations must be reduced a
the limit of the exact PDMC should be implemented in the _escrlbed by this Hamiltonian has the same critical proper-
ties as the two-dimensionaY spin model[21]. The finite-

method. For that we divide the population of walkers into . ; .
two different sets. A first set of walkers corresponds to allfemperature Kosterlitz-Thoule$KT) classical phase transi-
tion of the spin model is equivalent to a zero-temperature

walkers venfylng_w =1. Thes? wa_ll_<er§ can be potentially quantum phase transition in the rotator model occuring at
duplicated and will be called “positive” walkers. The other (. critical value for the parameter Monte Carlo simu-
walkers verify 0<w<1, they can be potentially destroyed |ations have been done in the angular momentum represen-
and will be called “negative walkers.” The number of re- tation. In this representatioH is expressed in the discrete
configurations is defined as basis,|I;- - -In.) (Ii€Z), consisting of the eigenvectors of

the angular momentum operators at different sites. We have

Wil

Wi (i1 i) = (50

i1 iy

V. AN ILLUSTRATIVE EXAMPLE

NReconf:iE+ |Vvi_1|:i2_ |Vvi_1|: (52)

NS S
=2, -5 2 (¢lagitHe), (53

I\)|><

whereX;, (Z;_) indicates that the summation is done over
the set of positivelnegative walkers. The equality in Eq. .
(51) is a simple consequence of the definition of positive andvhere the operatorsf(”, ¢; ,J;) are defined as followfLie-
negative walkers. In practice, an integer number of reconalgebra ofO(2)]:

figurations is obtained by considering iNi¢.ont 7), Where

7 is a uniform random number on the interv@,1). Once ¢i+|ll' sl =[l L),
the number of reconfigurations has been draMjg,,,swalk-
ers are added to or removed from the current population by Gilly 1y =[lg- - li=1- ), (54)

drawing separateli,..onfWalkers among the lists of positive ~
and negative walkers. It is easily verified that by doing this Jillg- -l )=y 1),
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Here we are interested in calculating the ground-state energyherek is some positive parameter.

of the model. Note that the ground state belongs to the fun- The unstable character of PDMC at large times is clearly

damental representation @(2) corresponding to a total illustrated. At zero-projecting time the variational energy as-

momentum equal to Zer@iN_Sl'iZO- In what follows the Sociated with the trial wave function is recovered with small
luctuations,E,= —4.10284(25). The fact that this value is

quite different from the exact one illustrates the poor quality

. . of the trial wave function. Now, when the projecting time is

aptual calcqlatlons we have Paké{lg:.G. By using exact nqreased the estimate of the energy converges to the exact

diagonalization methodgLanczes algorithm and after ex- ae(number of iterations of about P5For larger times the

trapolation to an infinite basis se{~>) we getEo  estimate of the energy begins to wander and no stabilization
=—4.37367626(all digits convergel for parameters X s observed.

parameterx is taken to be 1.78, a value expected to be ver
close to the exact critical valugee, Hameet al. [21]). In

=1.8,N;=6). _ _ In Fig. 2 we present some DMC calculations performed
In Fig. 1 a PDMC calculation of the exact energy is pre-py ysing the standard branching process associatedwyith
sented. The trial wave function used is given by [Eq. (19)] and a population control step to keep the number
N of walkers under control. The population control has been
kS 2 done by adjusting the reference energy to the fluctuations of
Ypr=e "4, (59 population by using a formula of the type
-4.373 T T T T T T T
Exact Energy
aana| ° 1 I _
-4.375 - .
I
-4.376 - .
o FIG. 2. DMC calculation of
L the exact energy as a function of
-4.377 | 7 the size of the populatior, is in
Diffusion Monte Carlo units of )%, Egs. (53),(54).
-4.378 - 4
-4.379 | { T
_438 1 1 1 1 1 1 1
0.01 0.012 0.014 0.016 0.018 0.02 0.022 0.024 0.026

1/M
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-4.364 . T T T
-4.366 | 1
4368 - Stochastic Reconfiguration .
I.IJO I FIG. 3. PDMC with stochastic
-4.37 - ; reconfiguration methodg, is in
I units of 32, Egs.(53),(54).
-4.372 |
ANNABARARAAREAE ,
4374 - “Exact energy i

0 20 40 60 80 100
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E(t+ 7)=E1(t)+K/7In[M(t)/M(t+ 7)], (56) wave function has been used. With more sophisticated and
fully optimized forms the error would be much smaller.

In Fig. 3 we present a PDMC calculation with the original
reconfiguration process of Hetherington. The number of
)&valkers used iM =50. When compared to the PDMC cal-
step. In the opposite casg; is raised and more walkers are culat.i.on _Of Fig. }(same range for the projecting tingehe
duplicated. sta_b|I|zat|on in time re_sultmg from the use of the global

Calculations have been done with populations of differentv€ight and the reconfiguration process is clearly seen. A
sizes ranging fronM =40 toM = 100. AtM =40 the bias is chaotic behavior similar to that observed in Fig. 1 at large
small (systematic error of about 1/1006ut much greater fimes is also expected but for much larger projecting times.
than the statistical error. The error is seen to decrease as the In the next figure, Fig. 4, we present our improved version
size of the population is increased. Adr=100 it is smaller  for the stochastic reconfiguration process. The convergence
than the statistical error. It should be emphasized that thas a function of time of the energy is very satisfactory and
magnitude of the systematic error is very dependent on ththe fluctuations are reduced. Note that the value of the en-
quality of the trial wave function. Here a quite simple trial ergy at the origin(no projection Eq=—4.37115(16) is

whereM (t) is the total number of walkers at timeandK is
some positive constant. Whén(t+ 7)>M(t) the reference

-4.364 T . . :
-4.366 <
4.368 |- Minimal Stochastic Reconfiguration -
LIJO FIG. 4. PDMC with minimal
R 7 stochastic reconfiguratiok is in
units of 32, Egs.(53),(54).
-4.372 i1 i
'“ﬁﬂ@ﬂﬂ:ﬂ:-ﬂ-: ! H:JI_T_ILT{IFJ:H_HEHP|T|T|T|T|T|T|T|T| TTT i i ﬁ'"'"H”””HIHTITH+-
4374 ' “Exact energy 1
0 20 40 60 80 100

Number of iterations L (projecting time)
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much closer to the exact resuE{= —4.37367 - -) than in  tive probability associated with a given state as calculated in
the standard cadéig. 3) Eo=—4.36708(24). This resultis a PDMC scheme does not converge to a finite deterministic
a direct consequence of the fact that the average number ghlue. This is in sharp contrast with what happens in DMC
reconfigurations with our minimal scheme is much smallerwhere a different —but biased— estimate is used for the
than in the previous case. In other words, the effective numsame quantity. Quite interestingly, the derivation of the proof
ber of walkers has been increased and, then, the finite bias @Qirns out to be far from being trivial. In particular, it was
the stationary density has been reduced. Note that in the IimHecessary to deal in detail with a difficult cag@@(In \)=0

of an infinite number of walkers the finite error on the energyyitn our notation$ from which a convergent variant of

would entirely disappear. PDMC could have emerged. Second, based on an original
estimate of the PDMC errofformula (48)] we have dis-
VI. SUMMARY cussed the most natural generalization of PDMC which can

In this paper we have discussed various aspects of diffu"ake the method effective for problems associated with
sion Monte Carlo methods at fixed number of walkers. First/arge fluctuations of the weights. By introducing stochastic
we have concentrated our attention on the so-called pure difeconfiguration processes as proposed by Hetherington and
fusion Monte CarldPDMC) methods in which no branching very recently reconsidered by Sorella and co-workers we
process is introducedhe weights are carrigénd for which ~ have proposed an alternative approach to realize what can be
the number of configurations is kept fixed at any level of thecalled a minimal stochastic reconfiguration DMC approach.
algorithm. As already remarked by a number of authors;The method has been designed to reduce as much as possible
PDMC methods are powerful, but they suffer from a severghe statistical fluctuations associated with the reconfiguration
problem at large projecting timegapid increase of the vari- process and also to recover both PDMC and DMC limits.
ance. In this paper this statement has been made much morehe numerical calculations presented have illustrated the va-
precise by showing that the statistical estimate of the effeclidity of such an approach.
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We present a simple and stable quantum Monte Carlo approach for computing forces between atoms
in a molecule. In this approach we propose to use as Monte Carlo estimator of the force the standard
Hellmann—Feynman expressidncal force expressed as the derivative of the total potential energy
with respect to the internuclear coordinatdavoking a recently introduced zero-variance principle

it is shown how the infinite variance associated with the Hellmann—Feynman estimator can be made
finite by introducing some suitably renormalized expression for the force. Practical calculations for
the molecules K, Li,, LiH, and G illustrate the efficiency of the method. ®000 American
Institute of Physics.S0021-960600)31330-7

I. INTRODUCTION to be proportional tay? and Eq.(1) is nothing but an esti-
mate of the standard quantum-mechanical variational energy
Over the recent years quantum Monte Ca@MC) associated with the trial wave function. In diffusion Monte
methods have become more and more successful in COMpUs, o (DMC) schemes, the stochastic rules employed to gen-
ing ground-state properties of atomic and molecular systemgate configurations are essentially similar to those of VMC,
(see, e.g., Refs. 13:3However, the vast majority of applica- gy cent that a new step—a branching process—is added to
tions has been limited to the calculation of the ground—stat%ass from the VMC distribution to the so-called “mixed”
total energy. Although this is clearly a most important quan-yistripution given bydoir, Where ¢, denotes the exact
tity, other properties(dipole moments, forces, polarizabil- 4.ond.state wave function. In that case, Ex).realizes an
iti_e_s, etc) are also of _primary interest._ I_n the(_)ry_, there is N0 oy ot estimate of the energy. From expressibnit is clear
difficulty for computing such quantities within a QMC ,5; the statistical error on the energy is directly related to the

framework. However, in practice, the convergence of thenagnitude of the fluctuations of the local energy. In turn,

Monte Carlo calculations is much more slower and, there—such fluctuations depend on the “quality” of the trial wave

fore, much more computationally demanding than the case Qfction. The closer the trial wave function is to the exact
the energy. Thus, only a limited number of calculations ofghe “the smaller these fluctuations are. In the limit of an
properties can be found in the literature. The fundamental, »ct trial wave function the local energy becomes strictly
point allowing very efficient and accurate calculations of the o nstant and the statistical error vanishes completely. This is
energy (compared to other propertiess the existence of a he resyit which is known as the “zero-variance” property.
so-called “zero-variance” property for this special observ- |, oractice, this property is of great importance: very accu-
able. To understand this point, let us first briefly recall how 56 caiculations can be performed with a reasonable amount
the energy is com_puted with QMC. In short, th(_a energy 1Sy¢ computer time only if accurate enough trial wave func-
expressed as a simple average over some suitably chosgfng are at our disposal. When no particular trial wave func-
distribution tion is used ;=1 in the preceding formulal)] the local
Eo=(E.), (1) energy reduces to the total potential energy. In this case the
statistical error on the energy is very important since the bare
where the bracket§- - - ) denote the statistical average and potential fluctuates enormously. Introducing a trial wave
EL is a local function defined as function can be viewed as defining a “renormalizing proce-
EL(x)=H /s @) dure” a}pplied to the bare potential in olrder to reduce its
' fluctuations. Of course, such a process is allowed only be-
and usually referred to as the local energy. Hétajenotes  cause both the bare potentigthe total potential energyand
the Hamiltonian under consideration ami¢ a trial wave the renormalized onéhe local energyhave the same aver-
function. The distribution for the average defines the type ofige.
guantum Monte Carlo calculation performed. In variational ~ Very recently, we have generalized this zero-variance
Monte Carlo(VMC) schemes, the distribution is constructed property to any observable defined on the configuration
space’ DenotingO some rather arbitrary observable we have
3Electronic mail: assaraf@sissa.it shown that it is possible to construict a systematic wag

PElectronic mail: mc@Ict.jussieu.fr renormalized observabi® verifying:
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(B)=(0) @3) Fa()=—VV(x,9). ®)
and In these formulag) represents the set of theN3,. nuclear
. 5 coordinates o being the number of nuclgiV the total
0°(0)<0*(0) (4) potential energy operator of the problefag(qg) the total
wherea?(A) represents the variance of operafor ground-state energy for a given molecular geometry, énd
o ) the corresponding ground-state wave function.
o (A)=((A=(A))%). ) As remarked by a number of authors, one of the major

When usingO instead ofO as estimator of the observable, difficulties in computing forces by QMC via formulas)

the convergence of the calculations can be improved sinc@nd(8) is the presence of uncontrolled statistical fluctuations
the statistical error on a finite Monte Carlo sample is directly(S€€, €.9., Ref.)3Indeed, the variance of the Hellmann—
proportional to the variance of the quantity to be averaged'.:ey”ma” estimator of the force is infinite. This is a S|mplg
As we shall see later, the renormalized observable depend@nsequence of the fact that at short electron-nucleus dis-

on two auxiliary quantitiesi and% which play a role simi-  2n¢es’, the local force behaves &~ 1%, so that(F?)

lar to that played byH and#+ in the renormalized version of = Varlou_s SOIUUO”? to Fh|_s p“’b'e!'” have been proposed.
the bare potential, Eq2). Some preliminary classical and A common idea consists in introducing some sort of .cutoff
guantum Monte Carlo calculations on simple systems havé:hen the electrpns approgch the nu&lbiowev.e'r, by doing
shown that very important reduction of the computational IS a syst_emanc error 1S mtroduced._ In addition, 10 con_trol
effort can be achieved by using this general zero-varianCttehIS error 1S a very tricky prob_le_m since any extrapolation
principle? In the present paper we apply this idea to theprocedure(cutoff gomg_to _ze_ra) is ill-defined.

problem of calculating forces between atoms in molecules. To escape frqm this difficulty we propose“to replace the
The calculation of forces is known to be a very difficult task §tandard exprQSS|o~n of the Ioc'al foreg(x) by a “renormal-

for QMC methodsS Some calculations limited to very small 1z€d” expression,Fq(x), having the same average but
molecules (typically H, and LiH) have been reportetf smaller.fluctuatlo'ns. It §hou|d be gmphasged thgt the de-
However, their extension to bigger systems is essentially ndt"€ase in fluctuations _W|II be dramatic here since, in c_ontrast
realistic. Note that very recently Filippi and Umrigar have With the bare expression, the renormalized version will have
presented a new method for computing fort@eir method ~ NOW finite fluctuations. Let us give the explicit expressions

is based on a special transformation coordinates and a corri®" the renormalized quantities. We shall consider two dif-
lated sampling approach. Here, we follow a quite different€rent cases. The first case corresponds to variational Monte

route. It is shown that forces can be computed in a Ver)parlo (VMC) calculations. The distribution of walkers in

natural way by using the standard Hellmann—Feynihtfy ~ configuration spacez(x) is given by

theorem. More precisely, the fqrce is_computed as th(_a aver- WVMc(X)N'#%(X)- 9)

age of the local force, a quantity defined as the gradient of

the potential energy with respect to the internuclear coordiThe second case corresponds to calculations within the dif-
nates. In previous worksee, e.g., discussion in Ref.&uch  fusion Monte CarldDMC) approach. In that case the distri-

a possibility was excluded because of the uncontrolled stabution employed is the so-called mixed distribution given by
tistical fluctuations associated with the bare fofadinite _

variance. Here, it will be shown that with the help of the Tomc(X)~ #r(X) bo(X). (10
generalized zero-variance principle, the pathological part ofn the variational case and for a particular comporgmte

the force responsible for the infinite variance can be removedonsider the following renormalized expression:

exactly in a simple and general way. Once this is achieved, it —— -

is possible to perform stable calculations of the forces by ¢ (X)=F4(x) + ﬂ_%
using standard variational and diffusion Monte Carlo meth- d a Ut
ods. The first applications presented here illustrate the accu- - ) . N
racy and efficiency of the method. whereH _Is some rather arbitrary auxiliary Hermitian opera-
tor and ¢ an arbitrary auxiliary functionsupposed to be
square-integrab)e Note that the choice of the auxiliary
quantities depends on the particular compormgrnsidered.

To compute forces between atoms in a molecule we tak@ecauseH is Hermitian we have | H| %)= (4|H| 1) and
advantage of the Hellmann—Feynman theorem. According t¢ js an elementary exercise to check that the average value of

4

%, (11

Il. METHOD

this theorem the average force defined as the bare and renormalized expressions over the VMC distri-
(Fg)=—"V4Eo(q) (6)  bution (9) are identical
is given by the expectation value of the gradient of the po- (|~=q)=(Fq). (12

tential (local forc . . . .
( 9 Note that this result requires that both the trial function and

fdx ¢§(x,q)Fq(x,q) its first derivatives are continuous over the whole configura-
= [dx 42(x.q) (7 tion space. The_se conditions are fulfilled by th_e trial wave
o functions used in VMC schemes. Now, regarding the vari-

with ances we have the following expression:

(Fo)
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o(E )E((TZ _<|~: 1)2) To make the connection with the variational case, re-
d @ mark that the latter expression can be rewritten as
=0?(Fg)+2(Fqg AH w)+(AHZw?), (13 ~ 5
- . FqO0=Fg"“(x)+[EL—Eqlw, (20)
where, for the sake of simplicity, we have used the following

notations: where E; represents the local energy function associated
i with the trial wave functionyr, Eq.(2), andFy"°(x) is the
[

1
<
—

(14) variational Monte Carlo expression of the renormalized
force, Eqg.(11). Note that the correction between the VMC
and DMC estimators in formulé20) consists of a product of
two quantities, nameljfg, —E, and w. The quantityE,
—Eg has a vanishing average and its statistical fluctuations

(15) are in general much smaller than thosenofAccordingly, it
is quite efficient to introduce a centered version of the vari-

Now, let us show that, from an arbitrary auxiliary function @blew. Indeed, it can be easily shown that the fluctuations of

he product are in this way greatly reduced. Our final version

¥, we can always construct a renormalized expression hav!

ing a smaller variance. For that we consider the muItipIica-Of the DMC force used in our calculations is therefore

AH=

<
i

and

W=

sl

tive constant ofyy, denoted hergx, as a variational param- l~:q(x)="lng°(x)+[E,_—(E|_)][W—(W>]. (22)
eter. Minimizing the variance?(F,a) with respect tax we , , .
get the following optimal value: Finally, it shogld be noted that the force ca_lculated accordlng
to the preceding formulas are not exact since the DMC dis-
aop= —(Fq AH W)/{AH?W?) (16) tribution is the mixed distribution instead of the exact one.

This point is discussed later.
Now, in order to illustrate the method we consider the
oA(F, aop) = 04(F) —(F AH W)/(AH2 W?), (17)  case of a diatomic molecul&B consisting of an atonA
(nucleus chargeZ,) located at R,0,0) and an atonmB
In general, the quantityF AH w) will not be equal to zero.  (nucleus charg&g) located at the origin. Note that the gen-
As a consequence, equati¢h7) shows that, whatever the eral case corresponding to an arbitrary number of nuclei does
quality of the auxiliary functiony chosen, the use of the not involve particular difficulties. It can be obtained by
optimized prefactoi(16) always leads to a decrease of the straightforward generalization of what is presented below.
statistical fluctuations. Clearly, this gain in variance can beFor a diatomic molecule we have the following expression of
small but let us emphasize that it is a systematic gain. Ofhe force:F=(F,0,0), with
course, this is only by choosing appropriate auxiliary func- N
tions that large gains can be expected. _ZaZs _ IU(X—R)
e F(x)= Za R (22
In the case of a diffusion Monte Carlo scheme the sta- R? =1 |r—R|®
tionary distribution, Eq(10), is no longer known analytically
since it involves the unknown exact wave function which isWNereNeiectis the total number of electrons angrepresents
stochastically sampled, and our general procedure whicH'€ Position of electron The second term on the right-hand
supposes the knowledge of the distribution cannot be readil§ide of Eq.(22) is responsible for the infinite variance con-
applied to. However, in the particular case of the mixed dis{ribution. Let us now show that this contnbl_mon can bg_ ex-
tribution, a renormalized expression can still be defihéd. actly removed. In what follows we shall write the auxiliary

and, therefore,

natural choice is function as
- HY 7 () =Qyr, (23
Fa()=Fq(x)H| —=~Ey _T (18) whereQ is some arbitrary function. Using this form it can be

verified that the simplest form f&@ canceling the pathologi-
whereE, is some unbiased estimator of the exact ground<al part of the bare force is the following:

state energy. In this case also, it is quite easy to verify that Nejoct

the averages of the bare and renormalized estimators over the (x—R)

mixed distribution(10) are equal Q ZAi:l Ir—R|" 249
<|~:q>:<|:q>. (19 Finally, we get for the renormalized force in the variational
case[Eq (11)]:
It should be emphasized that this result is valid only if the
wave functiongq and its first derivatives are continuous ev- ~ ZpZg
erywhere. This is true for the exact solution of the problem. ~ F(X)=—;==VQ-Vir/ir, (25)

. o ; R
However, in general it will not be the case for the approxi-

mate solution obtained with a fixed-node diffusion Montewith a similar expression in the DMC cakgee Eqs(18) and
Carlo calculation. We shall return to this important point in (20)]. It can be checked that this latter expression has now a
the next section. finite variance.
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As already mentioned the QMC calculations presentederent and the FN solution corresponds to the eigensolution
here are done at two different levels of approximation. Firstdefined in the domain corresponding to the lowest energy.
we present variational Monte Carlo calculations of the force Without entering more into the details of the fixed-node ap-

The average of the force is then obtained as proach(for that, see, e.g., Refs. 12 angv@e just remark that
dx 2 a most important point with FN calculations is that the
<f>vmc=—f leT(X)]:(X), (26 sampled fixed-node solution displays in general some dis-
[dx ¢$(x) continuous derivatives at the nod@eroes ofi;). Because

h i the trial functi e s h of that, some mathematical care is necessary when integrat-
W’the ret'f]T It? ef na;pvxallzveEum;mn, t?\n repres?n Sd ere ing quantitiegenergy, derivatives of the energy, ¢tihat are
either the bare forcel-=F, Eq.(7), or the renormalized one, defined over the entire configuration space; in other words,

F=F, Eq.(11). We also consider averages over the mixedine various nodal domains must be properly connected. A
distribution as obtained in a diffusion Monte Carlo scheme:firsi example illustrating this remark is the problem of the

JdX do(X) h7(X) F(X) validity of the HeIImann—FeynmaﬂﬂF) theorem in fixed _
(F ) mixed™ , (27)  node QMC calculations, a point which has raised some dis-
de ¢0(X) wT(X) . —15 .
cussion very recentl{?~*°Due to the presence of the discon-
where ¢, is the exact wave function. Herg; is given either tinuity at nodes the HF theorem is not true in general in that
by Eq. (7) or by Eq.(18). In order to get a more accurate case. It can be shown that the theorem is valid only when the
approximation of the unbiased exact force, corresponding t@erivative of the total fixed-node energy with respect to the
the density3, we shall also have recourse to the following coordinateq is done without changing the nodes of the trial
“hybrid” formula: wave function when varying).* However, since in the
(Fy=2(Fmixec—{(Fumc - (28) present work no finite diffgrenc_e e.xpressions for the fixgd—
node energy are used, this point is in fact of no practical
This formula is constructed so that the first-order Contribu-importance_ Let us just mention that the average force ob-
tions in the differencedo(x)—¢(x) for the quantities tained in our fixed-node DMC calculations corresponds to
(F )mixed @NA{F )ymc COMpensate exactlgee, e.g., Ref.)3  the Hellmann—Feymnan force we would obtain by perform-
From a practical point of view, expressi¢@8) is particu-  ing such finite differences fixed-node calculations with the
larly interesting. Both quantities involved can be straightfor-nodes kept fixed.
wardly computed in routine DMC and VMC calculations. A second example of difficulties, which is here of fun-
Note that in principle it is also possible to get an exact estigamental importance, concerns the validity of the equality
mate of (F) but it requires some more elaborate schemeyetween the bare and renormalized expressions(1By. To
involving some kind of forward-walking® We shall not clarify this point let us have a closer look at the condition we
consider here such calculations, but let them for future pubgould like to fulfill. Using expressioli18) the condition can

lication. be written as

FN\ 7
IIl. A FEW REMARKS REGARDING THE PRACTICAL ~ o oeH-EDy
IMPLEMENTATION (F)—(F)=(¢q |—¢T lpr)=0, (29)

As seen in the preceding section we use both VMC anq/vhere E
DMC approaches in our actual computations. Regardingjomain
variational Monte Carlo no particular difficulties arise. In
practice, the main weakness of the VMC approach lies inthe  ~ N ENe~
fact that the average force obtained according to(E6). is (F)—(F)= JQdX ¢o (H=Eg))¢. (30)
quite dependent on the trial wave function used. This is par-
ticularly true sincey is optimized in order to improve the Now, decomposingd under its kinetic and potential parts
total electronic energy but not its derivatives with respect toand invoking Green’s formula this quantity can be rewritten
the internuclear coordinates. However, as illustrated by thes an integral over the nodal hypersurface
practical calculations presented belgsee Table I, com-
bining DMC and VMC calculations of the force according to
the hybrid formula, Eq(28), seems to represent a simple but
accurate solution to this problem.

Let us now consider the specific difficulties associated=rom this expression it is seen that a nonzero bias may in-
with DMC calculations. In order to avoid the famous “sign deed appear in a fixed-node calculation of the renormalized
problem” for fermion$ all calculations presented here are force. Clearly, a simple way of removing this bias is to use
done using the stable but approximate fixed-nd&®\) auxiliary functionsy having the same nodes as and,
method. In this approach the ScHioger equation is solved therefore, the same nodes ¢§N. The actual simulations
separatelyin each nodal domairfor “pocket”) where it presented below fulfill this condition.
has a definite sign. When the trial wave function satisfies the Finally, let us end this section with some words about
tiling property'®!! all nodal domains are equivalent and re- the nature of the errors introduced. Since the exact nodes are
lated by the permutational symmetry. When this is not thenot known there is some difference between the exact and
case, energies associated with each nodal domain can be diixed-node functions

tNis the fixed-node energy. Denotin@ a nodal
of the fixed-node solution we can write

~ 1 e e N
B-Fr=-5] GETI-Trehds @
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TABLE I. Total energies in variational Monte Car[d,(VMC)] and diffusion Monte Carld Eq(DMC)] with the trial wave functions employed here.
E‘C’MC(%) andECDMC(%) are the percentages of correlation energy recovered in VMC and RI@MC) is the variance of the local energy in VMC. Bond
lengths are in Bohrs and energies in Hartree atomic units. Statistical uncertainties on the last digit are indicated in parentheses.

Molecule Eo(HF) Eo Eo(VMC) a3(VMC) E.MC(%) Eo(DMC) EMC(%)
H, (R=1.4) —1.13363 —1.174 475 —-1.1728Q7.7) 0.005Q1) 95.92) —1.174 4%6.7) 99.92)
LiH (R=3.019 —7.987 -8.070 21 —8.055 5426) 0.0702) 82.313) —8.067 5770) 96.98)
Li,(R=5.051) —-14.87152  —14.9954 —14.942946) 0.1961.2 57.64) —14.991@3.7) 96.473)
C, (R=2.3481) —75.4062 —75.9235) —75.5812.9 1.0886) 33.96) —75.8545.2) 87(1)

#From experimental data analysis.

Sb= SN~ ¢y, (32 S(X) =S1X+ S+ Sgx3+ 5,4,

where ¢ and ¢5N are the normalized exact and fixed-node P (x) = p{¥x+ psIxZ+ p{x3+ piIx?.

solutions. The fixed-node bias can be evaluated as ] ) )
b, can take two different values depending on the spin of the

(61 160" — (ol Fl o) = 2( 5| Fl po) + O(5p?). pairs of electrons considered. The different parameters of the
trial wave function have been optimized using the correlated
In other words, the fixed-node bias fétis of order 1 ind¢ sampling method of Umrigaet all’ The total energies ob-
in contrast with the FN bias on the energy which is of ordertained at the variational and DMC levels are presented in
2 in the same quantity. Finally, it is easy to see that the biagable I.

on the mixed average, Eq27), is of order O(yr— 5N The calculations have been done at the experimental
+ O(8¢) while the bias on the “hybrid” estimator, E¢28), bond lengths. The quality of our trial wave functions is good
is of orderO[ (r— ¢g) 2]+ O(5). since a non-negligible part of the correlation energy is recov-

ered at the variational level. Note that more sophisticated
IV. RESULTS AND DISCUSSION trial wave functions could be usddee, e.g., Ref. 18

o At the heart of the zero-variance principle employed

We present a number of variational Monte CANMC)  here s the choice of the auxiliary quantitiBsand . Ex-
and diffusion Monte CarldDMC) calculations for the di-  actly in the same way as for the total energy we need to
atomic molecules b LiH, Li,, and G. Standard imple-  construct some optimal choice guided by a zero-variance

mentations of the VMC and DMC methods have been usedquation. In the case of the energy the zero-variance equation
and will not be detailed here. For some general presentatiog nothing but the usual Schdimger equation

of these approaches the interested reader is referred for ex-

ample to Refs. 1, 3, and 16. As already indicated in the EL(X)=Hu/¢r=(E.), (36)
preceding section all DMC calculations have been don%nd the optimal choicézero-varianckefor ¢ is = do.
within the fixed-node approach. Numerical experience Showﬁere, the ideal zero-variance condition is written as
that the fixed-node error on the energy resulting from the

approximate location of the trial nodes is rather small when |~:q(X)=<Fq>- (37)
good enough trial wave functions are used. As we shall see . . ) . )
later, this will also turn out to be true when calculating " the variational case, using expressidri) this equation

forces. In order to remove the short-time error all DMC cal-€&n be written as

culations have been systematically performed with different Ay N
time-steps and extrapolated to zero time-step. Regarding the |H— —— b= —[ﬁq(x)—<Fq)]wT. (38
trial wave function we have chosen a standard form consist- T

ing of a determinant of single-particle orbitals multiplied by |n the DMC case, we have

a Jastrow factor _ _ -
[H—Eol¢=—[Fq(x)—(Fg)lir. (39)

yr=D'D! exp% 02» Uria Tjasfij), (34 In this latter case we just need to construct an “accurate”
! _ solution of this equation. In the variational case we have
where the sum ovew denotes a sum over the nuclei and 56 freedom since the auxiliary operafdris also to be
2.,y @ sum over the pair of electrons. Here, the functibis ., ,qen Here, in order to demonstrate the feasibility and the
chosen to be simplicity of the approach we will consider the simplest
U(fia,fja,fij)=S(Xij)+D(“)(Xia)JrClXiZanza choice possible for the auxiliary quimtities. Regardin~g the
5 2. o 5 auxiliary operator we will just choosel =H. Regardingys
+Ca(Xio T X]o)Xjj + CaXij (39 we choose the minimal form required to get a finite variance
with of the force, namely as given by(24). Note that using such
forms for the auxiliary quantities there are no free parameters
X = i L Xi= Mia ’ left. Our results are presented in Table Il. Before discussing
I 1+4b,ry “ 1+Db,ri, these results let us first look at the convergence of the vari-
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TABLE Il. Forces at the experimental bond lengtlhasomic unitg for the four diatomic molecules considered.
(F)ymc and(F)myeqare the standard forces obtained with VMC and DNE}yyc mixes € the same quantities

obtained with the “renormalized” expression of the force, Et). (F) is the “hybrid” estimator combining
the VMC and DMC results, Eq28). Statistical uncertainties on the last digit are indicated in parentheses.

Molecule (F)ume (Fome (F) mixed (F)mixed (F)
H, (R=1.4) 0.067) —0.00471.5 —0.003410) —0.00413.6) —0.00355)
LiH (R=3.015) —0.037112 —0.02632) -0.032) —0.01259) —-0.001311)
Li, (R=5.051)  —0.8(4) ~0.1961.9  —0.22) ~0.0962.5  —0.0044)
C, (R=2.3481) 23) ~0.10122) 1.(4) ~0.052) ~0.004)

ous estimators. Typical behaviors are shown in Figs. 1 and 2rrors have been obtained, our estimates of the force are
Calculations are VMC calculations of the for¢at experi- essentially exact=€0) within error bars. Note that in the
mental length for the two larger molecules treated here, three cases where a fixed-node error on the result is expected
namely Lp and G. (LiH, Li,, and G) no significant bias on the results is ob-

Both figures show the convergence of the estimators oferved. As already remarked in the introduction there are
the bare and renormalized forces, respectively, as a functiovery few results to compare with in the literature. Regarding
of the simulation timea quantity proportional to the number H, we can cite the work by Reynoldz al® At the equilib-
of Monte Carlo steps In both cases the difference betweenrium distance, they obtained for the force a value of
the two curves obtained is striking. In the case of the bar®.0009(24). Note that within statistical errors dstightly
force the estimator of the force converges with a lot of dif-biased result is compatible with this value. However, our
ficulty. The fluctuations are very large and at some placestatistical error is about 5 times smaller. In the case of LiH
“jumps” in the curves are observed. These jumps corre-we get a much more accurate value than the one given by
spond in the simulation to some configurations where an/rbik and Rothsteirf, namely F=0.12(16). Quite remark-
electron approaches a nucleus. Their location and their magdbly, our statistical error is about two orders of magnitude
nitude are very dependent on the sequence of random nursmaller. Comparisons with the very recent results obtained
bers and initial conditions used. In fact, there is no hope tdy Filippi and Umrigaf are not easy because the quantities
obtain a converged value of the bare force in a finite simu<alculated are different. In their work the authors present the
lation time (whatever its length Be This behavior is of error in the bond lengths obtained in their correlated DMC
course related to the infinite variance of the estimator. Thealculations and not the force like in the present work. In
second curve associated with the renormalized force, Edprder to make some quantitative comparisons it is necessary
(11), has an entirely different behavior. In sharp contrastto compute the dependence of our results on the distance and
with the bare case the convergence is now reached very eas-
ily. At the scale of the figure the fluctuations of the curve
have almost disappeared.

Table Il summarizes the various calculations we have
performed. All calculations have been done at the experi- ,
mental bond lengths, the expectation values of the force are 2 ML b, Molecule 7
therefore expected to be very close to zero. ~

The bare VMC and DMC values presented are reported
as given by the output of our program. However, as just
remarked they have to be considered with a lot of caution.
Indeed, the values are not and cannot be converged due to
the infinite variance. Consequently, the values quoted just
give a very rough estimate. Their actual values depends
strongly on the initial conditions and on the series of random
numbers used. In contrast, the renormalized value are per- LN
fectly well-defined and the estimate of the average and of the L
statistical error are converged. At the variational level the il
average values of the renormalized forces are significantly 5
different from zero. These values depend on the choice of the
trial wave function. The mixed estimators are less dependent. B
In our calculations the results display a systematic error [

<F>VMC
()
[

P T T I S S R Y N S RO N I |
about 2 times smaller than the variational ones. Combining 0 200 400 600 800 1000
both sets of values and using formul28) to remove as Simulation time

much as possible the dependence on the trial function we ~ _ _ _
FIG. 1. Convergence dfF )yuc and(F)yyc as a function of the simulation

obtain very accurate estimates O_f the for¢eslumn <F>) time (proportional to the number of Monte Carlo stefer the Li, molecule
Except for the molecule Hfor which very small statistical at the equilibrium geometrnR=3.015.
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cal force we apply to this observable a generalized zero-
variance property. In practice, this idea is implemented by
I ] replacing the bare local force by some renormalized expres-
sion depending on some auxiliary quantities. A simple pro-
cedure to construct the renormalized fofchoice of auxil-
| iary quantitieg is presented. As emphasized, it is a general
Bt i Il i procedure; It can be performed without prgctical difficulty
ey k e illlmlllllml iz for an arb_ltrary molecular syst_em. Introd_u<_:|ng the simplest
I H i | ||| form possible for the renormalized foréminimal form, no
H AR 7 free parametejsand using standard forms for the trial func-
I LT ‘ tions we get very satisfactory results for some simple di-
atomic molecules. Applications to bigger systems and calcu-
lations away from the equilibrium geometry are now under
_op C, Molecule - investigation.

<F>VMC
=

ACKNOWLEDGMENTS

We thank C. Filippi and C. Umrigar for useful discus-
‘ i sions and P. Reinhardt for some useful comments on the
manuscript. This work was supported by the “Centre Na-
BT E <‘)o‘ ‘8(‘)0‘ “ tional de la Recherche ScientifiquelCNRS. Part of the
0 <00 si 400 600 1000 work has been done by R. Assaraf at SISSA under EU spon-
imulation time X
sorship, TMR Network FULPROP.

FIG. 2. Convergence dfF )yyc and(F)yyc as a function of the simulation
time (proportional to the number of Monte Carlo stgfm the G, molecule 1J. B. Anderson, irReviews in Computational Chemistiyol. 13, edited
at the equilibrium geometryR="5.051. by K. B. Lipkowitz and D. B. Boyd(Wiley, New York, 1999.
2See contributions, iRecent Advances in Computational Chemisttyl.
2, edited by W. A. Lester, JWorld Scientific, Singapore, 1997
3B. L. Hammond, W. A. Lester, Jr., and P. J. ReynoldsMante Carlo
define some estimate of the equilibrium distance. Such aMethods in Ab Initic Quantum Chemistrworld Scientific Lecture and
Study is out of purpose here and is let for future investiga_ course notes in chemistry, Vol.(World Scientific, Singapore, 1994

: : : o : 4R. Assaraf and M. Caffarel, Phys. Rev. L&8, 4682(1999.
tion. Flnally, let us emphasize that_the aUX|I|ary_funct|0n 5p. J. Reynolds, R. N. Bamett, B. L. Hammond, R. Grimes, and W. A.
used here is the simplest form allowing the reduction of the | ester, Jr., Int. 3. Quantum Cheo, 589 (1986.
variance of the local force to a finite value. Clearly, more ®J. Vrbik and S. M. Rothstein, J. Chem. Phg6, 2071(1992.
icti ili ian C. Filippi and C. J. Umrigar, cond-mat/991132899.
general and sophisticated forms for the auxiliary function ;

. A . . 8M. Caffarel and P. Claverie, J. Chem. Phgs, 1088(1989.
can be introduced and opt|m|zed. There is no doubt that Slgg\]. B. Anderson, inUnderstanding Chemical Reactivitgdited by S. R.

nificantly smaller errors on the computed forces can be |anghoff (Kiuwer, Berlin, 1995.
achieved. 0D, M. Ceperley, J. Stat. Phy83, 1237(1991).
. 11

In summary, we have presented a simple and stable ap-\(’l’ég'\g C. Foulkes, R. Q. Hood, and R. J. Needs, Phys. ReG0BA558
proach for computing forces within a QMC scheme. To dowzp " Reynolds, D. M. Ceperley, B. J. Alder, and W. A. Lester, Jr., J.
that, we propose to use the Hellmann—Feynman theorem tochem. Phys77, 5593(1982.
re-express the force as a standard local average of the graélijF- Schautz and H.-J. Flad, J. Chem. PhyK) 11700(1999.
ent of the potential. The force is computed approximately (lf(.)n((iiml_gtj/agg%ZZRé.lSJ‘ Needs, and G. Rajagopal, Comment on Ref. 13,
using standard variational Monte Carlo and fixed-node diffu<sg schautz; and H.-J. Flad, Reply to CommerRef. 14
sion Monte Carlo approaches. To remove as much as poS-cond-mat/9912277.
sible the dependence of the results on the trial wave funct®D. M. Ceperley and M. H. Kalos, iMonte Carlo Method in Statistical
; « g ; Physics edited by K. Binder(Springer-Verlag, Heidelberg, 1992
tions we resort to the commonly used “hybrid” estimator ., "0 o Wilson, and J. . Wilkins, Phys. Rev. L60, 1719
combining both VMC and DMC results. In order to suppress (jogg.

the unbounded statistical fluctuations associated with the Io¥c. Filippi and C. J. Umrigar, J. Chem. Phyi05, 213(1996.

Downloaded 10 Mar 2010 to 130.120.228.223. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



	h1
	pgA
	A
	pgB
	B
	pgC
	C
	pgD
	D
	pgE
	E
	pgF
	F
	pgG
	G
	pgH
	H
	pgI
	I
	pgJ
	J
	pgK
	K
	pgL
	L
	pgM
	M
	pgN
	N
	pgO
	O
	pgP
	P
	pgQ
	Q
	pgR
	R
	pgS
	S
	pgT
	T
	pgU
	U

